AJITOPUTM PA3BOPAYNMBAHMA BCEX YMC/IOBbBIX
OTHOIIEHUN 13 OTHOIIEHUS PABEHCTBA
M MIEAJIBHBIE YN CITA INTATOHA

A. . llletHnkoB

1. VicrouyHuKH, B KOTOPBIX ONMcaH «anroputm Hukomaxa»

Hacrosmas cratbs mocpsiieHa QITOPUTMY Pa3sBOPAuMBAaHMA BCEX YMCIIOBBIX OT-
HOILIEHUII 13 OTHOLIEHN PaBEHCTBA, OTKPBITOMY [JpeBHErpedecKMMI MaTeMaTuKa-
MI. DTOT QITOPUTM U3BeCTEH HaM IO [BYM Heomndaropeickum TpaKTaTaM
II B. H. 3. OHaKO ero 6e3bIMAHHBIN ABTOP KM B TOpasfio 6ojiee paHHIOKI 3IIOXY, He
nosgHee III B. o H. 3., a cKOpee BCEro, faKe paHbllle — MPEANOIOKUTEIBHO B
IV B. fo H. 3., Bo BpemeHa [I1aToHa 11 €ro IKOJIBI.

IlepBoe counHeHNe, B KOTOPOM COXPaHUIOCHh ONMMCAHNE 3TOTO AJITOPUTMA — 3TO
Beeoenue 6 apugpmemuxy Huxomaxa I'epasckoro (II B.). Hukomax ommceiBaeT aToT
anroput™ BecbMa noppo6Ho (I 23.4-11 2), ogHako MPMBOAMMOE UM OIMCAHKE JIU-
IIEHO KaKUX-M1M00 060CHOBAHMII 1 TOKa3aTe/NbCTB. KOMMeHTUPYs pyccKuit mepeBoj
Bsedenust, st cTan [isi KPAaTKOCTY HA3bIBATh 3TOT aITOPUTM «aaroputMom Hukoma-
Xa», — XOTA MOHATHO, 4YTO caM HMKOMax K ero OTKpBITHIO He MMe/l HUKAKOTO OT-
HOIIIeH NS,

B mocnenytome Bexa Bsederue 6 apugmemuxy HeOTHOKPATHO KOMMEHTMPOBaA-
JIOCh ¥ TIepeBOAMIOCh Ha Jpyrue A3bIKU. [lo Hac momm KoMMeHTapuu SMBnmxa
(III B.), a u3 6omee mo3gHUX aBTOpoB — Ackienus u Voanna @umonona (0b6a —
VIB.). Bo Bcex 3TX KOMMEHTapUsIX YCTPOVICTBO aITOPUTMA M3/IAraeTcsl 10 MCXOf-
HoMy TeKcTy Hukomaxa, 6e3 BOCCTaHOB/IEHMSI [JOKA3aTe/IbCTB.

Bropoe ommcanme aToro anropmtMa mmeerca B TpakTare TeoHa CMMpPHCKOTO
(I B.) M3nosxierue mamemamuueckux npeomemos, nonesHvix npu umenuu Ilnamona.
OHO NOCTPOEHO IO TOIT Xe cXeMe, YTO U BO Beedenuu 6 apupmemuxy, HO 6oree
KpaTKo. JTa KPaTKOCTb BOCIIONHAETCS TeM, YTO TeoH Ha3blBaeT T€ MCTOYHUKMU, U3
KOTOPBIX OH 3alIMCTBYET CBOM MaTepMasbl — COUMHeHNe [Inamonux, MpuHafIeKa-
Ijee 3HAMEHNUTOMY ajlleKCaHApuUiickoMy yuéHomy Opatocdeny (III B. mo H.93.),
U TpaKTaT nepumnateruka Anpacra (I B. H. 3.).

2. Kmaccnukanyst YMcIoBbIX OTHOMICHMIT

st mOHMMaHUs JaapHEIIero MO3HAKOMMMCS C KaaccuduKaiyeii COOTHECEHHBIX
KOJINYeCTB, U3nokeHHo y Hukomaxa u Teona. CormacHo 3Toit Kimaccudukanum,

I/IsI COOTHECEHHOTO KO/MMYECTBA HAMBBICIIVM PONOBBIM [e/IEHUEM CIIY>KUT fe/leHNe Ha
PaBEeHCTBO ¥ HepaBeHCTBO... HepaBHOe MOIEXUT HanbHEIIeMy pasfe/eHIIo, U OFHO
Oyzer 60/1bIIMM, A PYrOe MEHBUINM. .. Bosbliiee ofpasyensercs Ha IATh BULOB, KaKo-
BbIe CyThb MHOTOKpaTHOe (moANamAdotov), cBepxyacTHOe (¢mUdPLOV), CBEPXMHOrOYacT-
Hoe (émipepéG), MHOTOKPATHO-M-CBepXYacTHOE (TOAAATAACLETIUOPLOV), MHOTOKPATHO-H-
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cBepxMHorodacTHoe (moAanmAaotenipepés). ¥ mpoTUBOMONIOXKHOE, MEHbIIIee, CXOLHBIM
06pasom mozpasensieTcst Ha ATh BuoB (Beederue 117, 2-8).

Ilagum omycaHue IATY BUOB OTHOIIEHNs OOTbIIETO K MeHbleMy. Bcrony Hipke
m>1,1 < k < n, u k B3auMHO IIPOCTO C 1.

e MHOrokpaTHoe oTHouIeHNEe A : B = m — Korja 6ojbliiee YUCI0 COEP>KUT B
cebe MeHblIIee LIETMKOM HECKOIBKO Pas.

e CsepxuacrHoe orHomenne A: B =141 — xorga 6onbliee 9nCI0 COfep>KUT B
cebe MeHblIIee OFVH pa3 ¢ fobaBIeHeM eI OIHOI €T0 JOIIN.

e CepxmHOroyacTHoe oTHomennme A:B=1+% — xorma 6onbiree uncmo co-
IepXXUT B cebe MeHblIlee OJMH pa3 ¢ JoOaBIeHeM HECKOTIBKIX €T0 JJOTIelL.

¢ MHOTrOKpaTHO-M-CBepxYacTHOe oTHomenne A:B=m++ — korma Gombuiee
9UCTIO COMEPXKUT B cebe MeHblllee HECKOIBKO pa3 ¢ M0OAB/IEHNEM €Ilé OIHOI ero
TOJINA.

e MHOTOKpaTHO-U-CBEPXMHOTOYACTHOe OTHomtenue A:B=m+% — xorga
GoJIblilee YUCIIO COLEPKUT B cebe MeHblllee HECKOIbKO pa3 ¢ H06aBIeHEM HECKOIIb-
KUX ero JoJen.

STta KHaCCI/ICbI/IKaHI/IH COOTHECEHHBIX KOMMYECTB OXBATHIBAET TOIBKO pannoHaIb-
HbI€ OTHOLIE€HN:, NPENCTaBMMbIE MapaMI HATypaJbHbIX 4YMCEI; OTHOIIECHNMS HECOo-
N3MEPUMBIX BEJIMYMH OCTAOTCA 3a eé mpenenaMn.

3. IlepeBop Tekcra: Hukomax

(123.4 m cn.) ...Vl 3TOT M3ALIHEIINIT M HEOOXOAMMENIIINI TyTh K IO3HAHUIO IIPUPOJBI Iie-
JIOTO SICHBIM M HeJBYCMBIC/IEHHBIM 00pa3oM IIOKa3bIBA€T HaM, YTO IIPEKPACHOE, OTIpeNeéH-
HOe I TI03HaBaeMoe IIepPBUYHO 10 CBOel! pUpoJie B CPaBHEHUY C Heollpeie/IéHHbIM, Heorpa-
HUYEHHBIM U 0e300pasHbIM; M [ajee, 9YTO YacTM ¥ BUABI HEOTPAHMYEHHOTO U
HeoIIpe/ie/IéHHOTO NprobpeTaroT 6/1arofapsi IepBOMY CBOI (GOpPMY ¥ TPAHMIIBI, ¥ HAXOMASAT
NOK00AINIT UM HOPSIOK M PAacIONOXKeHUe, M CTAHOBATCS HNOCTYIIHBIMYU M3MEPEHUIO, U
npuobpeTarT HEKOTOpoe MOKobMe M OFHOMMEHHOCTD. Befb MOHATHO, YTO pasyMHas 4acTh
Oy IPUBOJUT B IIOPALOK HEPA3YMHYIO 9aCTh, €€ IIOPBIBBI U BIIEYEHM, CBA3AHHbIE C IBYMSA
BMAMI HEPaBEHCTBA, M IIOCPE[ICTBOM Pa3MbILIIEHNs NTOJBOANUT €€ K PABEHCTBY U TOX/IECT-
By. A IJI1 HacC 13 3TOTO YPaBHMBAHVA IIPSAMO BBITEKAIOT TaK Ha3bIBaeMble 9TIYeCKUe JOOpo-
ZeTeny, KaKoBble CyTh O1aropasymie, My»XeCTBO, MATKOCTb, caMOOO/IajjaHue, BIiepXKKa U
MIOIOOHbBIE VIM KavyecTBa.

Temepb HaM HY)XHO KakK C/IefiyeT pacCMOTPeTb IPUPOMY 3TO TEOPEMbI, COITIACHO KOTO-
POI MOXXHO [JOKa3aThb, YTO BCE MHOTOOOpasue BUOB HEPABEHCTBA U Pas[eioB STUX BUOB
CBOJATCA K IIEPBOMY U €JIHCTBEHHOMY PaBEHCTBY, KaK K X MaTepPy 1 KOPHIO.

ITycts HaM [aHBl paBHBlE YNUCIA 11O TPU, U NEpPBBIMU OyAYT eNUHMIBI, 3aTeM — TpU
IOBOJKY, 3aTeM — TPOMKM, 4eTBEPKY, MATEPKM, U CKOIb YrogHO Aanee. VI u3 Hux, mpamo-
TaKy 10 6OXKECTBEHHOMY, a He II0 4elI0BEYeCKOMY IIOBEIEHNIO, a MHa4e CKa3aTh — I10 CaMOil
IPUPOJie, NIEPBbIMY BO3HMKAIOT MHOTOKpATHbIE, a M3 HUX CIIepBa NBYKpaTHbIE, 3aT€M TPEX-
KpaTHbIe, 3aTeM UYeTbIpEXKpaTHBIE, 3aTeM IATUKPATHbIE, I 9TOT MOPANOK Mbl MOXKEM IIpO-
IO/DKaTh 10 6ECKOHEYHOCTU. BTOphIMU e — CBepX4acCTHBIE, U 3[jeCh CHa4yaaa MOSBIISETCA
MepBbIit BUJ, MOTYyTOPHOE, 32 HUM CBEPXTpETbe, a 3a HUM IPAMO IO NMOPAAKY UAYT CBEpX-
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JeTBepTHOE, CBEPXILATEPHOE U flajiee aHAJIOTMYHO [0 OeCKOHeYHOCTU. TpeThuMU — CBepX-
MHOT'OYacCTHBIE, U 3/IeCh CHa4ajla IOABIAITCA CBEPX/IBYXYACTHBIE, a IIPSAMO 32 HUMM CBEPX-
TpEXYaCTHbIE, CBEPXUYEThIPEXYACTHDIE, CBEPXIIATUYACTHDIE, I CKOIb YTOZHO Jlajlee B TOM JKe
HOpsZKE.

/ Tebe Hy>XHBI TaKye IpaBWUIa, KOTOPble OYAYT MOZOOHBI HEM3MEHHBIM M HEPYIIVMBIM
3aKOHAM IIPMPOJBL, U IO KOTOPBIM BCE BbIIIEHa3BaHHOE OyIeT PacXOMUThCA BO BCE CTOPOHBI
OT paBeHCTBa 0e3 Kakmx-mmOo MCKmodeHnit. VI atu mpaBmma TakoBel: «I10/moxm mepBBIit
YjleH paBHBIM II€pBOMY, BTOPOJ paBHBIM CyMMe IIEPBOTO M BTOPOTO, a TPEeTUIl — CyMMe
IepBOTo, YIBOGHHOTO BTOPOTO U TpeTbero». V ecimy Thl 6ymelIb AeiicTBOBATb IIO 9TOMY 3a-
KOHY, Thl CHa4a/Ia IIO0Ty4MIIb 10 IOPAAKY BCe BUIbI MHOTOKPATHOTO, MICXOJS U3 TPEX YIEHOB
PaBEHCTBa, 11 OHU B3OMAYT U BBIPACTYT Oe3 TBOEJ MOMOIIM ¥ YIACTIsT; IPUIEM HEIIOCPE/CT-
BEHHO M3 PaBE€HCTBAa BO3HMKHET [IBYKPAaTHOE, 3aT€M M3 JBYKPAaTHOTO — TPEXKpaTHOE, U3
TPEXKPATHOTO — YETBIPEXKPATHOE, 3 HETO — IIATUMKPATHOE, M TaK Jjajiee BCErfa B TOM JKe
HOpsZKE.

A 13 3TUX MHOTOKPATHBIX, €C/IY IIEPECTAaBUTD VX YJIEHBI, IIPSMO-TaKy 110 IIPUPOSIHOI He-
06X0AMMOCTY TIPUMEHEHNEM 3THUX JXe TPEX MPaBMI BO3HUKAIOT CBEPXYACTHBIE, IPUIEM He
CITy4aitHO 1 6eCropAT0YHO, HO B IPHCYLIeil UM II0C/Ief0BaTe/IbHOCTI. V 13 IepecTaBlIeHHO-
TO IEPBOTO JIBYKPAaTHOTO BO3HMKAET IIepBOE IMONYTOPHOE, U3 BTOPOrO TPEXKPATHOTO — BTO-
poe B CBOEM IOpSAJKE CBEPXTPETbE, ¥ CBEPXYETBEPTHOE — M3 YETBIPEXKPATHOTO, U flajee
HasBaHHbIE 10 MMEHAM C/Ie[YIOLINX.

W onATk, 3 3TUX yIOPALOYEHHBIX CBEPXYACTHBIX, €C/IY NIEPECTaBUTD UX YJIEHBI, €CTECT-
BEHHO BO3HMKAIOT CBEPXMHOTOYacTHBIE: M3 TIOTYTOPHOTO — CBEPXJBYX4YacTHOE, U3 CBEPX-
TPETbEr0 — CBEPXTPEXYACTHOE, 13 CBEPXUYETBEPTHOTO — CBEPXYETBIPEXYACTHOE, I Jajiee 1o
6eCKOHEYHOCTH IO 3TOII XKe aHaIOTUIL.

A ecnu 4jIeHBl He TIEPECTAB/IATD, TO MPAMO U3 3TUX XK€ YHOPANLOYEHHbIX CBEPXYACTHBIX
II0 TeM >Xe IpaBWIaM BO3HMKAIOT MHOTOKDAaTHO-M-CBEPXYacTHBIE: IBYKpaTHOE-U-TIO0/IO-
BMHHOE U3 NEPBOTO MOJIYTOPHOTO, NBYKPaTHOE-M-CBEPXTPEThE M3 BTOPOTO CBEPXTPETHETO,
IOBYKPaTHOE-JI-CBEPXYETBEPTHOE I3 TPETHETO CBEPXYETBEPTHOTO I TaK Jjajiee.

JTak, 13 cBepX4acTHBIX C IePeCTAHOBKOJI YWICHOB BO3HMKAIOT CBEPXMHOTOYACTHBIE, a Oe3
IIepeCTAaHOBKM — MHOTOKPAaTHO-U-CBEPXYACTHBIE, M 9TO MPOUCXOIMUT OFHMUM M T€M e CIO-
co00M M I10 OJHUM I TeM JKe IIPaBUIaM, HO MO0 ¢ COXpaHeHMeM MOPsIAKa WIEHOB, Mo ¢
obpalleHeM €ro, 1 IOTY4MBIINeCs YICIIa ITOKa3bIBAIOT OCTA/IbHbIE COMPSKEHNUA.

OmmcaHHOe Bblllle YIOPAKOYEHHOE NPOU3BOACTBO, KOTOpPOe MAET b0 B IPSIMOM IIO-
psaxe, MO0 C IepeCcTaHOBKOII WIEHOB, MBI PACCMOTPUM TeIlephb Ha IIpUMepax.

W3 conpsikeHMs U IPONOPIVM IIOTYTOPHOTO, NIEPECTABIEHHOTO TaK, YTOOBI OHO Haul-
Ha/I0Ch C GOJIBIIErO YIeHa, COCTABILIETCS CBEPXMHOTOYACTHOE CBEPXABYXTPETbE COIpsIKe-
HI€; a €CIM OHO IPsAMO HAa4MHAETCA C MEHbBIIETO YJI€HA, TO IOMy4YaeTcsd MHOTOKPaTHO-U-
CBEpXYacTHOE CONpsDKEHNE, a MMEHHO [IByKpaTHoe-u-monosuHHoe. K nmpumepy, us 9 6 4
nony4aercs 9 15 25 mu6o 4 10 25. VI3 cBepXTpeThUX, KOTAA OHYM HAYMHAIOTCS C GOMbIIEro
YJIeHa, B CBEPXMHOT04aCTHOM IIOTy4YaeTCsl TPYK/bICBEPXYeTBEPTHOE, @ KOT/Ia C MEHDBIIIETO —
ABYKpaTHOe-u-cBepxTperbe. K mpumepy, us 16 12 9 nomygaercs 16 28 49 nmubo 9 21 49. Us
CBEpXYeTBEPTHBIX, KOITla OHM HAUMHAIOTCSA C OOJIBIIETO WIeHa, B CBEPXMHOTOYaCTHOM IIOJTy-
YaeTcs YeThIPEXIbICBEPXNIATEPHOE, a KOTAa C MEHbBILETO YIeHa, BO MHOTOKPaTHO-U-CBEPX-
YaCTHOM IIOJIy4aeTcs IByKpaTHoe-U-cBepxueTBepTHOe. K mpumepy, us 25 20 16 momydaercs
2545 81 nm6o 16 36 81.

U B ToM, 4TO moOTy4aeTcss 06ouMM crrocobamu, HOCTIeNHNUIT YWieH Bcerga OyneT ofHIM
U TeM >Ke KBAafpaToM, a IIEePBBII — HaMMeHbLINMM, 1 00a KpallHMX WieHa Bcerpa OymyT
KBafipaTaMM.
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A oTHoOcALIMECS K APYTUMM BMUIAM CBEPXMHOTOYACTHbIE M/IM MHOTOKPATHO-Y-CBEPXMHO-
FOYACTHbIE IIOTYYAIOTCS MHBIM O00pasoM U3 CBEPXMHOTOYACTHBIX. TaK, U3 [BaX[bI-
CBEPXTPETbUX, KOTJla OHM HAUMHAIOTCA C MEHDBUIETO 4YI€Ha, MOIy4YaloTCsA JABYKpaTHbIE-U-
IBaKIBICBEPXTPETbY; a KOT/Ia HAUMHAIOTCSA ¢ OONbIIero — TPYDKAbICBEPXIATepHble. Tak, us
9 15 25 monyuaetcs 60 9 24 64, mu6o 25 40 64. A U3 TPIDKABICBEPXYETBEPTHBIX, KOTTIA OHU
HAuMHAIOTCA C MEHDIIETO YIeHa, IOMY4aloTCs IBYKpaTHbIE-U-TPUK/bICBEPXYeTBEPTHbIE;
a KOTZla HAUMHAIOTCSA C OOJIBIIETO — dYeThIpeXXAbIcBepxceMepHble. K mpumepy, us 16 28 49
nosy4aTcs mbo 16 44 121, 6o 49 77 121. U TakKe U3 4eTHIPEKABICBEPXIIATEPHBIX, Ka-
KOBBbI 2545 81, Korga OHM HAYMHAIOTCA C MEHDBLIETO 4Y/I€Ha, IOIYy4YaloTCA ABYKpaTHbIE-U-
4eTBIPEXXAbICBEPXILITEpHbIE, KAKOBI 25 70 196; a KOTla HAYMHAIOTCA C GOJIBIIET0 — IIATh-
I0CBEPX/IeBATbIE, KaKOBbI 81 126 196. V1 aHanmorn4Hble COIZTaCOBAHHbBIE PE3YIbTATHI MOXKHO
IIPOJOJDKATD O 6ECKOHEYHOCTL.

(IT 1-2) DmemeHTOM Ha3BIBAETCA U ABAETCA TO ITOCIENHEE, U3 YEro BCE CIaraeTcsa M Ha
4TO BCE pasnaraercs (K IpyMepy, 6YKBBI ABJISIOTCS d7IeMEHTaMy 3Bydalliell peuy, 160 13 HUX
C/laraeTcs IMPOM3HOCKMAs pedub M Ha HMX OHA B MTOTe pasjaraeTcs; a 3BYKU ABJIAIOTCA 3Jle-
MeHTaMU MeJIOfNY, MO0 M3 HUX OHa M3HAYATbHO C/IAraeTcsl M Ha HMX PA3/IardeTcs; a Tak Ha-
3bIBa€MbIMM OOIVIMM 3/IEMEHTAMM BCETO KOCMOCA SIBJISIIOTCS YEeTBIPE MPOCTHIX Te/la: OTOHb,
BOJIa, BO3JYX U 3eMJIs, — BeJb M3 HMUX KaK M3 MEePBBIX COCTOUT BCA MPUPOJA, I HA HUX YK€ MBI
eé B KOHIIe KOHIIOB MBICJIEHHO pasjiaraeM). Mbl ToKa3any, 4TO PaBEHCTBO ABJIAETCS J/IeMeH-
TOM JI51 COOTHECEHHOTO KOJIMYECTBA; a /I KOJIMYEeCTBa CaMoro 10 cebe mepBOHAYAIbHBIMMU
37IeMEHTAMM ABJIAIOTCA €QVHULIA U OBOJKA, 3 KOTOPBIX KaK U3 IOC/IENHUX BCE C/IAraeTcs fo
6eCKOHEYHOCTH U Ha KOTOPBIE MBI MBICJIEHHO BCE pasjiaraeM.

MbI Taxoke IOKas3ajy, YTO PacIpOCTPAaHEHME M HapacTaHUe HEPABHOIO UAET OT PaBEHCTBA
Yl 4TO OHO IIPSIMO YIIOPAKOYEHO IO BCEM COILPSDKEHVAM COIVIACHO TPEM IpaBmiaM. VM 4To6bI
y6enuThCsl B TOM, YTO PaBEeHCTBO MOMCTMHE SIB/LSIETCS 9/IEMEHTOM, OCTAlOCh I10Ka3aTb, YTO
Ppasyio>KeHye 3aBepIIaeTca Ha HEM >Ke. PacCMOTpUM [ 9TOr0 Hally IPOLEnypy.

ITpencraBb cebe Tpu WieHa B TI060M COMPSDKEHMN ¥ IPOIOPLMY, OYAb OHO MHOTOKPAT-
HBbIM, VIM CBEPXYacTHBIM, W/IM CBEPXMHOTOYACTHBIM, MMI MHOTOKPAaTHO-U-CBEPXYaCTHBIM,
WIN MHOTOKDPATHO-M-CBEPXMHOTOYACTHBIM, JIUIIb OBl TOMBKO CPENHUII 4IeH OTHOCUICS K
MeHBIIIeMY TaK JXe, KaK OO/MbIINii K CpefHeMy. BBIUTI MeHbIINIT YWieH U3 CpefHero, Oyab OH
IO MTOPAJKY IEePBbIM MIN JKe MOC/IeHNM, ¥ YCTAHOBYM MEHDILINUII YIeH IepBbIM YIeHOM TBO-
€1 HOBOJI ITPOTPecchM; Ha BTOPOE MECTO YCTaHOBU TO, YTO OCTA/IOCh OT BTOPOTO Y/I€Ha IOC/Ie
BBIYMTAHMA; @ IOTOM BBIYTU CyMMY HOBOTO IIEPBOTO YJI€HA M YABOEHHOTO HOBOTO BTOPOTO
YjleHa M3 OCTABLIETOCs, HaMOO/bIIero 13 JAHHBIX YIE€HOB, I YCTAHOBY PasHOCTb TPETHUM
YJIeHOM, — ¥ IOJIy4YMBLINMeECA 4MCIa OYAYyT MMeTbh HEKOTOpOe HOBOe COIpsDKeHMe, Ooree
IpPUMUTHUBHOE 110 IPUPOJIE.

W ecru TBI CHOBa TaKMM K€ CIIOCOOOM HPOM3BENENIb BHIYNTAHIE ITUX TPEX WIEHOB, THI
OGHAPY>KUIIIb, YTO OHYU IPe0OPAsyIOTCsI B TPM HOBBIX WieHA 0ojiee IPUMUTUBHOTO BUJA; U
THI HalI[I€1Ib, YTO 3Ta IIOC/IE0BATEIbHOCTD OYAeT Bcerfa IPORO/DKAThCs, IOKa He JOIET o
paBeHCTBa. A OTCIOfia C HEOOXOAMMOCTDIO CTAHOBUTCSI OYEBUAHBIM, YTO PABEHCTBO SB/ISETCS
37IEMEHTOM JIJIsI COOTHECEHHOTO KOTMYECTBA.

4. Ilepesop Tekcra: Teon

(107-111) Appact moKasbIBaeT, YTO OTHOLIEH)E PaBeHCTBA AB/IAETCS HaYaIbHBIM U IIEPBBIM,
¥ IIPOIIOPLMA TOXeE, a BCe IIPOYNe OTHOIIEHNA U MIPOIOPLUNYU U3 HUX COCTAB/IAIOTCA U B HUX
paspenratorcs. dpatoceH TOBOPUT, YTO BCAKOE OTHOIICHME BO3pacTaeT VWIN 10 MHTepPBay,
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WIA CBOMIMU YjIEHaMU; HO PaBEHCTBY HMKAKOJ MHTEPBA/l He MPUYACTEH, TaK YTO OHO MOXKET
BO3PAaCTaTh JIMIIb CBOMMM 4I€HaMM. B3AB TPy BENMYMHBI, COCTAaBUM U3 HUX MPOIOPLMIO U
IOKa)XeM, YTO BCS MaTeMaTuKa COCTOUT U3 KOJIMYECTBEHHBIX MPOINOPLIMIL, M YTO [paBeHCT-
BO] fAB/IAETCA HAYajoM, 37IEMEHTOM U IPUPOROIl Mporopunu. JpaTocheH TOBOPUT, YTO OH
OIyCTWN HOKasaTenbcTBa. Ho AfpacT crmenmanbHO MOKasbIBaeT, YTO KAaKOBBI ObI HM ObLIN
TPU 4YIeHa NPOIOPUMH, U3 HUX MOXKHO COCTaBUTb TPU APYTUX, IOIOKUB IEPBbIi PaBHBIM
IIEPBOMY, BTOPOJl — CyMMe IIEpPBOTO M BTOPOTO, TPETUIl — CyMMe IIEPBOTO, Y/JBOEHHOTO
BTOPOTO U TPETHETO, U 3TU TPU YI€HA OIATH COCTABAT MPOMOPLIMIO.

W3 mpomopuyuy ¢ paBHbIMM 4€HAaMM BO3HMKAET IBYKpaTHasA MPOMOPLMs, U3 JBYKpaT-
HOJ1 — TpEXKpaTHasd, U3 Heé — 4YeThIpEXKpaTHasA, U flajiee IpoYMe MHOTOKpaTHble. K npume-
Py, BO3bMEM HaMMEHDINYIO IIPOIOPLMIO PABEHCTBA U3 TPEX PaBHBIX YIEHOB, TO €CTh U3 TPEX
egyHNL. COCTaBMM TPY HOBBIX WIEHA II0 YKa3aHHOMY IIpaBUIy: IIepPBbIil — U3 IepBOTO, BTO-
poii — U3 MepBOTo ¥ BTOPOTO, TPETUIT — M3 IIEPBOTO, ABYX BTOPBIX U TpeTbero. Ilomyunnach
nponopuys 1 2 4 B ABYKpaTHOM OTHOIIEHMM. BHOBb COCTaBMM U3 HUX ApYTUeE 4YI€HbBI IO
TOMY K€ IIPaBU/IY: IIEPBbI/i — M3 IIEPBOTrO, BTOPOIl — M3 MEPBOTO M BTOPOTO, TPETUI — U3
IIEPBOTO, IBYX BTOPHIX U TpeTbero. Ilomyunmacy nmponopuysa 13 9 B TpEXKpPaTHOM OTHOILE-
Hun. VI3 Heé momo6HbIM 06pasoM cocraBisercss mponopuus 14 16 B 4eThIPEXKPATHOM OT-
HolieHuy, 3 Heé — 1 5 25 B MATUKPATHOM OTHOIIEHMH, I TaK 1O OECKOHEYHOCTH, OC/IEN0-
BaTeNbHO MO/TyYas BCE HalMYHble MHOTOKpPaTHBbIE.

/3 06paléHHBIX MHOTOKPATHBIX HOOOHBIM 00Pa3OM COCTAB/IAIOTCA CBEPXYaCTHbIE OT-
HOIIEHMA ¥ COCTOAIIME M3 HUX NPOIOPLUN: U3 NBYKPAaTHOV — IIOMyTOPHas, U3 TPEXKpPAT-
HOJl — CBEPXTPETbS, U3 YETBIPEXKPATHO — CBEPXYeTBEPTHAsA, U BCETAA B TaKOM MOPAJKE.
K mpumepy, BO3bMEM TPEXWIEHHYIO IPOIOPLVIO B IBYKPaTHOM OTHOLIEHUM, U €€ Haubo/Ib-
IIVIT YIeH TOCTaBMM Ha IepBoe Mecto. O6pasyeM 13 Heé Tpu HOBBIX WIeHA IT0 TOMY e IIpa-
BIJIY: U3 Nponopuuu 4 2 1 mony4aercs nponopiiud 4 6 9 B noiyropHoM otHoueHny. CHoBa
BO3bMEM TPEXYWIEHHYIO ITPONOPLUNIO B TPEXKPATHOM OTHOIIEHMM 9 3 1: n3 Heé 1Mo TOMy Ke
TIpaBUTY COCTaBMIAETCA CBEPXTPEThA TPEXWIeHHasA mpornopuus 9 12 16. VI3 yeTpIpéxkpaTHOI
COCTaBJIAE€TCA CBepX4YeTBEpTHadA nponopuusa 16 20 25, u Tak IOCIefOBaTENIbHO BCE MMEIO-
Iecs OJHOMMEHHDIE,

W3 cBepX4acTHBIX IIOMY4alOTCA CBEPXMHOIOYaCTHBIE M MHOTOKpaTHBIE-M-CBEPXYACTHEIE,
U OIATH U3 CBEPXYACTHBIX — JIPYTHE CBEPXYACTHBIE ¥ MHOTOKPATHbIE-M-CBEPXMHOTOYaCTHBIE.
BO/BIIVHCTBO U3 HMX MBI OIyCTUM 338 HEHaJJOOHOCTBIO, HEKOTOPBIE JKe paccMoTpuM. VI3 mory-
TOPHOJT TIPONIOPLYM C GO/NBIINM YWIEHOM B Hayaje IO TOMY Ke IIPaBUITy COCTaB/IAETCA IIPO-
NOpUUSA B JBAXIBICBEPXTPETHEM CBEPXMHOTOYACTHOM OTHOIIEHMM: TakK U3 9 6 4 IO TOMY Xe
MeToxy cocTaniAeTcs 9 15 25. A ecnu B Hayasie CTOMT MEHBIINIT YJIeH, U3 Heé I0Ty4aeTcs MHO-
TOKPaTHO-M-CBEPXYaCTHAA NMPONOPLMSA, @ MMEHHO JIByKpaTHAaA-U-TIOJIOBUHHAA: TaK 13 4 6 9 1o
TOMY Xe MeTopy nomydaeTcs 4 10 25. V3 cBepXTpeTbelt ¢ 60/IbIIMM WIEHOM B Havasle TIoTyda-
€TCA CBEPXMHOI'0YacTHasA TPYDKAbICBEPXYETBEPTHAS IIPONIOpLYs; Tak 13 16 12 9 momyvaercs 16
28 49. A ecnmu B Hayale CTOMT MEHBIUMI Y/leH, U3 He€ IIOTy4aeTci MHOTOKPAaTHO-U-
CBepX4YacTHas IIPOIOPpLMA, a MMEHHO NBYKpaTHasA-U-CBepXTpeThs: 9 21 49. V3 cBepxyeTBepT-
HOIT ¢ GOJIBIINM WIEHOM B Hayaje IOTy4aeTcss CBEPXMHOTOYACTHAs IIPOMOPLNS, a UMEHHO
YeThIPEXXAbICBEpXIATEpHas; Tak u3 2520 16 momyugaercsa 25 45 81. A ecm B Havaje CTOUT
MEHBIINI Y/IeH, U3 He€ IMOIy4aeTCs MHOTOKPAaTHO-YU-CBEPXYacTHas NMPONOPLMA, a VMMEHHO
IBYKpaTHasi-M-CBepX4eTBepTHasA, Tak 13 16 20 25 momyyaercs 16 36 81. Takoit mopsAmox mpo-
TO/DKaeTCs KO OECKOHEYHOCTH, TaK YTO U3 OFHUX HOIYYAITCs APYTMe O TOMY XKe IIPUHINITY,
YTO Jlajiee PacCMaTpyUBaTh y>Ke He HY>XKHO.

W kax Bce mponopumm ¥ BCe OTHOUIEHMA COCTAB/AITCA U3 IIEPBOTO OTHOLIEHNS paBeH-
CTBa, TaK K€ BCE OHU B HETO Pa3pemIanTca. Bo BCAKOI JaHHOI NMPONOPLUN C TpeMsA HepaB-
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HBIMI WIEHaMM Mbl BBIYTEM U3 CPEJHEro WieHa MEHBIINIT, a U3 GOJbIIero — MEHbIIUI I
YABOEHHBII CpefHMiT 6e3 MeHblitero. ITomyderHas mpomopuus 6yaeT Toi caMoit, U3 KOTOPOIl
ponunach faHHaA. Eciu IOBTOPATD 3TO BBIYMTAHME, B UTOT€ OHO PAa3PEMINTCA B IPOMOPLIMIO
PaBeHCTBa, 13 KOTOPOI BCE M OBITIO COCTAB/IEHO, M KOTOpas yXKe HU Ha YTO He pasjiaraercs,
TOJIbKO Ha OTHOILEHVE PABEHCTBA.

OparocdeH foKasbIBaeT, YTO BCe QUIYPHI TAKXKE COCTABILAIOTCS [0 HEKOel IPOMOPINI,
¥ 3TO COCTaBJIeHNEe TAK)Ke HAYMHAETCSA C PaBEHCTBA U paspelnaercs B paBeHcTBo. Ho 06 aToM
celiyac TOBOPUTh HET HYXK/IbL.

5. InarpamMma i TPEXWICHHBIX COIP I KEHUIA

Omnmncannbnt Hukomaxom n TeoHOM anroputm mnpeo6pasyeT TPEXWIEHHYIO TeOMeT-
PMYECKYIO IIPOTPECCUI0 B [IB€ HOBbIE IIPOTPECCUM TI0 CIefyroleMy npasuny: «Ilono-
HU Nepevili 4ieH PAsHbIM NepeoMy, 8MOPOLi PABHLIM CYMMe Nepeozo U 8mopo2o,
a mpemuii — cymme nepeozo, y080eHH020 8MOopoeo U mpemvezo». IIpu aTOM ofHA
IIPOTPeccys IOTY4aeTcs U3 MICXOAHO HAIPsAMYI0, a ipyrast — ¢ 0OpaTHOII Iepecra-
HOBKOIJ1 YJIEHOB.

Hlagum o6ocHOBaHuMe 3TOro MpaBuia. BesAkas HecokpaTmMas TpEXWIEHHasA reo-
MeTpuyecKas nporpeccust umeer sup a* : ab : b*, rqe HOJI (a, b) = 1 (EBxun, Haua-
na, VIII 2). [JeiictBue anroputMa n3obpasyum Ha cxeMe B BUJie IIPOLEAYPbI C OJHUM
BXOZIOM U ABYMs Beixofamu (puc. 1). Ha ieBoM BbIXOfie MCXOfHAsI IPOTPeccus Ipe-
obpasyercs B TpéxwieHHOe conpspkeHune a’ : (a* + ab) : (a> + 2ab + b?), 4ro mocre
IPYIIMPOBKY WIEHOB JaéT a’: a(a + b) : (a + b)* HETPyAHO BUJETDH, YTO 3TO HOBOE
COTIpsDKEHIE TOXKe SABJISIeTCs TeOMeTPUYecKoil porpeccueit. Ha mpaBoM BbIXofe IO
aHAJIOTMYHOMY HPaBWIy COCTAB/IAETCA TPEXWIEHHas reoMeTpudecKas IPOrpeccys

(a+b):bla+b): b~

[ @:ala+b):(a+b) ] [ (a+b):bla+b): b ]

Puc. 1

[Tomapum Ha BXof anropuTMa Hukomaxa KOpHeBYI0 IpOTpeccuio paBeHCTBA U3
TpEX eAVMHMI] ¥ PacCMOTPUM ABOMYHOE [epeBO pe3ylIbTaTOB, HECKOIbKO YPOBHEN
KOTOPOT0 1300pa)keHO Ha pIC. 2.
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[ 1525 ] [252016] [162849] [49219 ] [ 92464] [644025] [41449] [493525]

Puc. 2

6. PekoHCTpyKIus «IipMuTUBHOI» ¢opmbl anropntma Hukomaxa

Tenepp MblI onuiem anroput™M Hukomaxa B IpefenpHO OYMIEHHOM Bufe, He 3a-
TPOMO>KIEHHOM JIONIOTTHUTE/IbHBIMU JIeTA/IIMM, & TaKkKe CHOpMyIMpyeM OTHOCH-
[yIocs K HeMy (yH/IJaMeHTaIbHYI0 TeopeMy 1 foKaxeM e€. Cam Hukomax paccmar-
pMBaeT 4MCIIOBBIE TPOVIKY; MBI XKe YIIPOCTUM CUTYalMIo M OyfieM paccMaTpuBaTh
YJIC/IOBBIE TTAphI, 3a/lal0lllJie OTHOILIEHNE COCEJHUX Y/IEHOB B TPEXYIEHHBIX T€OMeT-
PUYECKNX NIPOTPECCUAX.

B takoit nutepnperanun anroputM Hukomaxa npeBpaliaercss B BBIYMCIUTEND-
HYIO IIPOLIEAYPY C OFHMM BXOJOM ¥ IBYMsI BBIXOJaMMU, IIPe0OpasyIoly0 yIOpso-
YEHHYIO IIapy HAaTypa/JbHbIX YMCE B JBE APYTUE YIOPALOYEHHBIE APl 110 CIENyI0-
eMy IIPaBWIY: «HA JIe6OM 6blX00e 71e60€ HUCIO PABHO TIe60MY HUCTY HA 6X00e,
a npasoe HUCI0 PABHO CYMMe HUcesl HA 6X00e; HA NPABOM 8blX00e Jie60e YUCO PABHO
CyMMe Hucen Ha 6x00e, A NPasoe YUCTIO PABHO NPABOMY HUCTLY HA 6x00e» (puc. 3).

Puc. 3

[Topmagum Ha Bxop anroputMa Hukomaxa KOpHEBYIO [Iapy U3 JBYX eOVHULL U pac-
CMOTPMM JIBOMYHOE JIepeBO pe3y/nbTaToB (puc. 4).
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(15 ) (54 ) (47 ) (73 ) [38) [85]) [57) (72

Puc. 4

[lJ1 reoMeTpUYEeCKOTo IpeCcTaBIeHNsA A/ITOPUTMA YA0OHA CXeMa «HapallMBaHNA
KBafipaToB». lIpencraBuM KopHeBoe OTHOIIeHNe 1:1 egMHNYHBIM KBagpaTtoM. Jla-
Jlee Ha KaXK/IOM IlIare ajiropuTMa OyeM K y>Ke MMeIeMycs IPAMOYTO/IbHUKY IIpU-
CTaBJIATb KBaJ[paT IO KaXKIZOMY U3 000MX ero u3Mepenuii. [lopoxxaemMble Ipy aTOM
YJC/IOBbIE OTHOIIEHMS CYTh OTHOIIEHMsI CTOPOH HOBBIX IIPSIMOYTO/IBHUKOB (puc. 5).
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Puc.5

~




A. U. llleTHUKOB 63

7. (DYHJIaMeHTaIII)HaH TeopeMa

Teope/vta. III/IaI‘paMMa Hwuxomaxa yCTaHaB/IMBAC€T B3aMIMHO OJHO3HAYHOE COOTBETCT-
B1I€ MEXTY MHOJKECTBOM BCEX Y3J/IOB AUXOTOMMNYECKOTO J€pe€Ba I MHOXKECTBOM BCEX
YIIOPpAAOYEHHDBIX ITIap B3aIMHO IIPOCTBIX YMCEIL.

Jlemma. Kaxxgomy mary guarpaMMbl Hukomaxa BBepX IO HaIllpaBJI€HMIO K KOPHIO
COOTBETCTBYET OJIHO 3/7eMEHTapHOe BBIYMTAHNE MEHbIIEro 41cia U3 6OJbIIero B
anropurMe EBknpa fis moycka Han6osbliest o61eit Mepbl ABYX YMCel.

Hoxasamenvcmeo meopemol. CHagasa MOKaXkeM, YTO BCAKME IBA YNC/IA, CTOAIMINE B
IIpOM3BO/IbHOM y3JIe AuarpaMmbl Hukomaxa, AIBAIOTCA B3a¥MHO IPOCThIMU. B ca-
MOM Jiefie, IPUMEHAsS K 3TUM 4ucIaM anroputMm EBkimpa, Mbl OymeM IociefoBa-
Te/IbHO MOJHMMAThCA BBEPX II0 JMarpamMme BIUIOTD IO KOPHEBOTO Yy3/1a, B KOTOPOM
Haxoautcsa oTHoieHue 1 : 1. ITomy4aercs, 4To HambosbIIelt 0OLIell Mepoil dncesn
paccMaTpuBaeMOro y3ja AB/ISAETCs eAVHNLIA, YTO X TPeOOBaIOCh HOKa3aTh.

IToxa>xeM Temepp, YTO BCAKasA YHOPAMOYEHHas IMapa B3aIMHO IIPOCTBIX 4YMCeN
CTOUT B OJHOM ¥ TOJIbKO B OJHOM Yy3/1e AuarpaMmbl Hukomaxa. [leficTBUTENbHO, IJIA
KaXXZIOJl YIOPsAJOYEHHON 4MCI0BOM Hapbl anroput™M EBkmnpa maér mocmefoBaTesib-
HOCTb B3aVMHBIX BbIYMTaHUII, KOTOPYI0 MOXXHO OIIMCATh Ha A3bIKE IepeMeLeHuI 110
muarpamme HukoMaxa oT paccMaTpuBaeMOro y3iia BBEPX, K KOPHIO. JTa IjelloYKa I1a-
rOB BIIPaBO U BJI€BO, OOpaIléHHas Has3af, OT KOPHs, OSHO3HAYHO OIpefesisieT MecTo-
MOJIO)KeHNe JAHHOI YMC/IOBOI aphl Ha JarpaMMe, ITO U TPeOOBAIOCh JOKa3aTh.

8. I'eomerpuyeckoe npencrapienme anropurma Hukomaxa
A1 TPEXYICHHBIX CONPSKEHMI

Yr06bI OHATH, HoYeMy Hukomax n TeoH paccMaTpuBaOT TPEXWIEHHBIE CONPsIKe-
HIs, @ He 0Oojiee NPOCTble B OOpalleHNMM ABYYIEHHble YMUCTIOBBIE OTHOLICHMNS,
BCIIOMHVM O Nn(aropeiickoit reoMeTpu4eckoil MHTepIpeTaluy TPEXWICHHOI Teo-
MeTPpUYeCKOIl Iporpeccui, u3BectHol o Tumero I1naTona:

JIBa yseHa camu 1o ce6e He MOTYT OBITb XOPOILIO CONPSDKEHBI 6e3 TpeThero, 160 Heobxo-
IVMO, YTOOBI ITOCPefMHE PORUIACh HeKast 00beMHAIONIAsA UX CBA3D. [IpekpacHeriiias xe
U3 CBsA3ell Takasi, KOTOpasi B HauOOIbIIell CTENIeHN eYIHNUT ce0sl 1 TO, YTO CBSI3aHO, U ITY
3afjavqy HaWIy4InuM o6pasoM BhIIOIHsIET mponoprus (31b8-c4).

[Tpouenypy IHOCTpOEHMsI HOBBIX TPEXWIEHHBIX COMPSDKEHWIT MBI 1300pasum
rpaduuecku (puc. 6), MOIB3YACh MPUEMAMHU «TEOMETPUYECKOI anreOpbl», U3TOKEH-
HbIMU Bo 11 xuure Hauan EBknuma.
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Puc. 6

[IpescraBuM MCXOHOE TPEXWIEHHOE CONPSDKEHME B BUJE ABYX KBAafpaTOB a° 1
b?, IOCTPOEHHBIX Ha CTOPOHAX «COIPSITAONIEro» MPSMOYTONbHIKA ab. B HOBBIX co-
IPSDKEHVSX MEHBIINIT WIeH OCTaéTCsl TeM JKe KBajfpaToM a’ min b’, a B KadecTBe
GorblIero wieHa 6epércs kBanpar (a + b)% mpu 9TOM «CONPATAILINMY» YWIEHOM OKa-
3bIBa€TCs B IIEPBOM C/Iydae HPSMOYTONbHUK d(a + b), BO BTOpOM ciy4ae MpsiMO-
yronpHuK b(a + b).

Takne TpéxwieHHbIe CONPSDKEHMs MOTYT OBITh ITOMeIEHbI Ha CXeMy «Hapaly-
BaHMs KBagpaToB» (puc. 7). 3mech KaKAbIl OTHENbHBIN YepTEéX C pUC. 5 [OCTPOEeH
IO KBafipaTa, U Tellepb TPU WIeHa CONPSDKEHMsI CYTh () TOIBKO YTO NMP1OaBIeHHBII
Masbil  KBajgpar, (b) BOBHMKIIMIT IIpM 9TOM HpKUOABIEHUN IPSIMOYTONbHUK,
(c) 6ombmoit xBagpar. VM ecnn Ha puc. 5 IBy4IeHHOE OTHOLIEHME 3a/1aBalioCh YIC-
JIAMM €JVIHNYHBIX OTPE3KOB, YKIaJbIBABIINXCA 110 JUIMHE U IIMPYHE IIOTy4aBIINXCS
IPAMOYTOJIbHUKOB, TO TENEPb TPEXUYTIEHHOE CONPsKEHME 3afaéTcad YUCIaMU elu-
HIYHBIX KBafIpaTOB, YK/IAJbIBAIOIINXCA B COOTBETCTBYIOLVE KBaZpaThl M INPAMO-
YTOJIbHUKMN.

O

Puc. 7
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9. «HeCﬂTb CpeFHUX» AHTUYHON MaTeMaTUKM

B mHTepecax fa/IbHENIIETO U3/I0KEHNA OTCTYIMM Ha BpeMs OT OCHOBHOJ TeMBbl U
KOCHEMCSI CBEfIeHMIT O TaK HAa3bIBAEMBIX «[[€CATU CPEIHNX», IlepefjaBaeMbIX PsOM
AQHTMYHBIX aBTOPOB.

IToHATHE O CpefHEM — OJIHO U3 K/II0YeBBbIX B miaroperickoit mateMaTuke. OHO
BO3HIUKAeT B Pa3HbIX HayKaX — B My3bIKe, B reoMeTpuy, B apudmeruke. Onpenene-
HIA TpEX cpepHux maér mudaropeer; Apxut Tapenrckuit (Havano IV B. 1o H. 3.) B
TpakTaTe O my3vike:

B My3biKe MMeeTCsl TPM CpefHMX: IepBOoe — apudMeTHIecKoe, BTOpoe — reoMeTpude-
CKO€, TpeTbe — OOpAIEHHOE, Ha3bIBAEMOE TAK)KE TAPMOHMIECKNM. ApUPMeTHIecKoe —
KOIfla TPM WiIeHa IPeBOCXOAAT [PYr Apyra IO TAaKOMY IIPaBMIy: HACKONbKO II€PBBIil
6071blIIe BTOPOTO, HACTONIBKO BTOPOII HOJIblIIE TPEThETO. B 9TOI mpomopumm oKasbIBaeT-
Cs1, YTO MHTEPBAI MEXAY OOMBIIMMY WIEHAMI MEHbIIIE, A MEX/y MeHbLINMM — GOsIblIIe.
I'eomeTpuyeckoe — KOIJja MEpPBbIil OTHOCUTCA KO BTOPOMY TaK Ke, KaK BTOPOIT K TpeTb-
eMy. IIpyuém momydaercs, 4YTO MHTepBal MeX[Ay OOIbLIMMU paBeH MHTEPBAIy MEXLY
MeHbiMu. O6paliéHHoe, Ha3bIBaeMOe FapMOHNYECKMM, — KOT/ia IIepBbIil 4ieH 60blie
BTOPOTO Ha TaKyI0 4acTb CaMOro ce6sl, Ha KaKylo 4acTb TPEThero WieHa CpefHuit 6oblie
TpeTbero. B 9710l mponopiy MHTEpBaT MEXAY OOMBLUIMMY YIeHaMU OOJIble, a MEXEY
MeHbmuMy — MeHblre (DK 47 B2).

Hukomax Bo Bsedenuu 6 apugpmemuxy (I122.1, 28.6) coobujaer, 4T0 K TpéM
CPeRHNUM, O KOTOPBIX YUMIN «IpEeBHUE», OCTAefoBaTensaMu Apucrorens u [Inatona
no3gHee ObIIM JOOABTIEHBI €Ié TPYU, a <HOBBIMY aBTOpaMu» — elé yeteipe. [Ipep-
CTaBJISIETCS TIPABONIOJOOHBIM, UTO 9TU «HOBbIE aBTOPBI» — OTHIOAb HE COBPEMEH-
Huku Hukomaxa, a IO, XMUBIIME 38 HECKOIBKO BEKOB 10 HETO; «HOBBIMI» YK€ UX
MOT Ha3bIBaTh TOT MCTOYHMK, KOTOPHIM HrKOMax 1momp30Bacs.

O 4eThIpéX «HOBBIX» CPEJHMX, TOOABIEHHBIX K Y)Ke LIECTU MMEBIIMMCS, MUIIeT
raoke [lanm B Mamemamuueckom cobpanuu (II1 18). OgHAKO CIMCKU «HOBBIX»
cpepnux y Ilanma n y Hukomaxa He COBIIafaloT. A MMEHHO, y KaXK[JOTO U3 HUX €CThb
OIHO TaKoe CpefHee, KOTOPOTO HeT y Apyroro. IIpuyumHa 9TOr0 HECOOTBETCTBUS
JIETKO OOBACHNMA — B TOJ JIOTUKE IIOCTPOEHUII, KOTOpOI monb3osanuch u Ilanm,
u Hukomax, «HOBBIX» CPeIHMX JOKHO OBITH TISATh, a He ueThipe (cM. Heath 1921).
B03M0O>XHO, 4TO 06a aBTOpa OTCTABW/IM OJHO U3 STUX CPeJHMX B CTOPOHY 13-3a TO-
To, YTO JiecsiTKe B Nu(aropeiickoM MIPOBO33pEeHN OTBOAMIACH 0CObasi pob caMo-
rO COBEPILIEHHOTO YNC/Ia; M MOTOMY CPeIHUX Opaoch B 00lIeil COBOKYITHOCTH Jie-
CATh, a He OJMHHAJIATb.

ITocTpoeHMe BCeX CpPefHNUX OMMCBIBAETCS BIIOTHE efAnHOOOpasHo. ITycTh MMernTcs
TPY BeMMYMHBL a >b>c¢>0 u Tpu pasHOCTM MeXAy Humum: a-b, b - ¢, a - c.
B ciyuae cpennero apndmMeTuecKOro BEpXHsis M HVDKHSSL Pa3HOCTU PABHBI MEX/Y
coboit: a - b = b - c. Ilpu mocTpoeHNN MpOYNX CPETHUX COCTABIAETCA MPOIOPIA
U3 YeTBIPEX YWIEHOB, B KOTOPOJ OTHOLIECHNE ABYX BeJIMYMH IIPYPABHUBAETCA K OT-
HOILIEHNIO IBYX pasHocTeil. IIpu aToM B mape pasHocreit a — b u b — ¢ 6onblueit Mo-
JKeT ObITb KaK BepXHss, TaK M HIDKHSAS pasHOCTb. Tak BO3HMKaer Tabmmia us 12
k1eToK. OHAKO JIBE MPOITOPIMY [IEPBOTO CTOMOIIA JAIOT OHO U TO )K€ TeOMeTpuYe-
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ckoe cpepHee. Emé ofHa nmponopIus ABIAETCA BBIPOXKIEHHOI, TIOCKOIbKY OHA CBO-
AUTCS K YpaBHEHUIO ac = bc, v TeM caMbIM a = by ¢ = 0. Tax 4TO B fleficTBUTE/b-
HOCTH IIO 3TOJI CXeMe COCTAB/IAITCSA He OBeHALATh, a BecsITh CPefHNUX, B IOIIONHe-
HIIe K CpeflHeMY apupMeTNIeCKOMY.

a_ b-c a_a-c a_a-c
b a-b b a-b b b-c

a a-b b IlecToe Bocbmoe (IT) | 3mech ao =b

—= =— cpenHee WIN € =

b b-c ¢

Teomerpuyueckoe b _ b—c b _a—c b _a-—c
c a-b c a-b c b-c
IIaroe Hecaroe (H), | Oessaroe (H),
cpenHee cempmoe (IT) | mecaroe (IT)

a_a-b a_ b-c a_a—c a_a-c

c b-c c a-b c a-b c b-c

F'apmoHMYecKoe YerBépToe Bocbmoe (H), | Cegpmoe (H)
cpenHee nessaroe (IT)

Tabmmua 1

CpenHnue B 970t Tabnuije Ha3BaHbI TaK, Kak UX HadbiBam Hukomax u Ilanm. To
cpenmHee, KoTopoe Hukomax HasbIBaeT HecsATHIM, a [lamm — cefpbMbIM, MOXKHO Ha-
3BaTbh «IIOTyBBIPOX/IEHHBIM», IIOCKOJIBKY OIIpefie/IsIolee ero ypaBHeHue CBOANTCA K
Bupty a = b + ¢. (Ecm 651 MHe HY)HO OBUIO COCTaBUTD CIIMCOK M3 JIECATY CPEHNX,
BKJIIOYasl CpefiHee apudMeTIIecKoe, s1 Obl He CTa BKIIOYATh B 9TOT CIIMCOK MMEHHO
3TO CpefHee.)

10. Cpasp anropurma Hukomaxa ¢ yueHneM 0 «JeCATH CPEIHIIX»

Bonbuioit MHTepec [is Halleil TeMbl NPEACTAaB/seT OTChIIKA K DpaTocdeHy, KOTo-
past upgér y Teoma CMupHCKOro cpasy Imocie ommcaHms «aaropurMa Hukomaxar»
(11110-13)1

OpaTocdeH JOKa3bIBaeT, YTO BCe (PUTYPhI TAKXKe COCTABJLAIOTCA II0 HeKoeil IPOnopLuy,
Y 3TO COCTaBJIeHMe TaK)Ke HAuMHAeTCs C paBeHCTBA U paspelnaeTcs B paBeHCTBO. Ho 06
3TOM ceifyac HeT HY>Kbl TOBOPUTD.

[Tarim B Mamemamuueckom cobparuu (111 18) nsnaraer sty >ke MBICIb TaK:

HpOl’IOpHI/IH COCTaBJIsIeTCA U3 OTHOIIeHNI. HavamoM ke BceX OTHOIIEHUI ABIAETCS pa-
BE€HCTBO. FeOMeTquecxoe CpenHee CIi€pBa YCTAaHAB/IMBAE€T M3 pPaBE€HCTBa CaMO€ CCGH,
a II0TOM — Jpyrune cpegHue.

Kax reomerpmyeckoe cpefjHee «yCTaHAB/IMBAeT U3 PaBEHCTBA caMoe ceOs», MBI
y>ke 3HaeM. MOXHO CUMTaTh, KaK MBI 3TO Jie/la/ii BbIlIE, YTO CHavana U3 OTHOIIEHNA
paBeHCTBa 1 : 1 pasBopaumBaloTCA BCe IPOYME pallliOHa/TIbHbIE OTHOIIEHN, a 3aTeM
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Ha Ka)XJ0€ OTHOIIEHME «HABEIIMBAETCSA» COOTBETCTBYIOLEE €My TeOMEeTPUYECKOoe
cpesHee. Ho MOXXHO cUMTaTh, 4YTO TPEXUNIEHHbIE TeOMETPUYECKE TPONIOPLUN pa3-
BOPAYMBAIOTCA M3 NMPOIOPLUY paBeHcTBa 1:1:1 o cBoeMy cOOCTBEHHOMY KOpHe-
BOMY IBOMYHOMY JI€PEBY.

Crenyiomuii mar B pa3BUTUM TOTO BO33PEHMs COCTOMUT B TOM, 4TOOBI «HaBe-
CUTBb» Ha KaXKJOe paliOHabHOE OTHOIIEHNMe, KaK Ha OOILIyl0 OCHOBY, He TOJbKO
reoMeTpUYecKoe CpefiHee, HO 1 Ipodne AeBATb CPeSHUX U3 Tab/. 1, MOIOXUB OT-
HOIIEHNMA PA3HOCTEN M YWIEHOB B IPOIOPLMM, OIpeNeNAIollell KaXgoe cCpefHee,
paBHBIMM 6a30BOMY OTHOIIEHMIO COOTBETCTBYIoLIero ysna. IIpu atom pmia cymect-
BOBaHMA HIECTOTO CPENHETO C IOIOKUTEbHBIMY Y/I€EHAMM JIOJ/DKHO BBINIOTHATHCS

IOTIO/THUTEbHOE YCIOBYE % < # , U1 BocbMoro cpepHero (o Ilanmy) — yc-
TIoBUE % < % .

Tenepp MBI MO>KeM IIOCTPOUTH COOTBETCTBYIOIVE JBOMYHBIE JIePEBbsI /IS KaXK-
[OTO U3 HeCSTU CPeNHMX Halel Tabmuipl. B kadecTBe mpumepa MOCTPOUM HBOMY-
HOe JlepeBO, 110 KOTOPOMY pa3BOpauMBAIOTCS TapMOHMYecKye cpepHue (puc. 8).
37lecb OTHOILIEHME M1 : 1 TOPOX/AAeT TAPMOHNYECKN COIPSDKEHHYIO TPONKY 4MCern
m(m + n) : 2mn : n(m + n). MOXXHO CKa3aTh U TaK, YTO HOBasi Tpoiika a’: b": ¢’ crpo-
UTCSA Ha JIEBOJI BETBY M3 CTApOIl TPOVikM a : b : ¢ mo ¢popmynam a’'= 2a - b/2, b' = 2a,
¢'=c+ 2a, a Ha IpaBOI1 BeTBU Ta >Ke IPOLeAypa MPUIOKeHa K TPOliKe ¢ 0OpaIéH-
HBIMJ YIEHAMI.

151210

352014

24 3040

28 2421

[ 61030 ] [454036] [445677] [704230] [334888] [1048065] [607084] [632818]

Puc. 8

NlepeBbst st Apyrux «GUryp» Mbl pucoBaTh He OyieM, OTPAaHNYMBIINCH TE€M, YTO
BoIINIIEM (POPMYJIBL, IO KOTOPBIM WIEHBI 9TUX (PUTYP BBIPAXKAIOTCS Yepe3 dIeHbI
6a30BOro OTHOILIEHNUA 1 : 11 (TabI. 2).
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mn mn
R n? n?
m 2 2 2
-m +mn+n -m” + 2mn
mn 2 2 2 2
2 m?+mn-n m+n m? - mn+n
m? m mn
mn n n?
m(m + n) m(m + n) m? m?
2mn m? + n? m? — mn + n? 2mn - n?
n(m + n) n(m + n) mn mn

Tabmuiia 2

Brrmre Y>Ke IpUBOANIACh UTATA U3 ITamma, cornacHo KOTOpOI?[ «I€OMETPUIECKOE

CpefiHee CIiepBa yCTaHAB/IMBAET U3 PaBEHCTBA caMoe cebs, a IOTOM — JApYTue Cpef-

Hue». [Tamm (IIT 19-23) nogpo6HO ommchIBaeT MpoLEAypy, O KOTOPOI MOXKET Ipo-

NCXOOUTD 3TO yCTaHOBJICHUE. CHavana OH paccka3bIBa€T O TOM, KaK reoMeTpmu4e-

CKIe cCpeaHue pa3BopadMBalOTCA M3 OTHOIICHNMA PaBEHCTBAa IIOCPENCTBOM YiKe

3HAKOMOTI'O HaM aJIrOpUTMa.

ITycts A B T — tpu unena nponopuyy, mnyctb A+ 2B+ I'=A,B+T'=E, I'=7Z. A y1-
Bepikpan, uTo A E Z toxe 6yayT Tpems wieHamu nporopuuin. Begp A x B kax B k I; Tem
caMbIM A + B x B, xax B + I' x I'. /1 Bce mepBble WIeHBI KO BCeM BTOPBIM OYAYT B TOM Xe
camoM orHomeHUy, TAKYTO A + 2B+ 'k B+, kak B+ 'k HoA+2B+T'=A,B+T'=
E,ul=Z. N rorga A E Z ectb nponop1ius (B oTHoIleHuu A + B x B).

WM Bot pasHble wieHsl A B I npoussogar A E Z B [ByKpaTHOJ IpOIOpUMM: Befb
A + 2B + I' gBykpaTHO 1o oTHomeHnuo K B + I, u B + I gBykpaTHO 1o oTHomenuo k I'. U
ecmu A BT 6yayr B ABYKpaTHOI IpONOpLMM, IPUIEM Cpefu HUX A — Hambosbliee, TO
AEZ 6ynyT B TpEXKpaTHOI IPONIOPLVM; @ ecnu A — HauMeHblllee, TO B IIOTyTOPHOIL.
Benp A + B TpéxkpaTHO 1O OTHOIIEHUIO K B, korga A ABYKpaTHO IO OTHOIIEHUIO K B; n
HOTyTOPHO, Korfila A — nonosuHa B. Tak B mocnefoBaTe/IbHBIX OTHOLIEHUAX OTHICKMBA-
I0TCA C/IefyIolyie MHOTOKpaTHble U cBepxyacTHble. V ecmn A B T 6ynyT emunuiamu, To
reomerpuaeckoe cpegree A E Z B HanmenbIunx yncnax 6ymer 4 2 1.

Heuto HOBOE 110 CpaBHEHUIO C Y’K€ paCCMOTPEHHBIMMI OIIMCaHUAMMN Hukomaxa u

TeoHa npepcraBsieT co60it Ufes MOMYIaTb U3 CPEJHETO FeOMETPUUYECKOTO BCe TIPOo-
qyle CpeHIe C IOMOIIbIO MMHENHBIX II0ACTaHOBOK. [Tanm mpuBoauT KoKasaTenbCcTBa
I/1 BCeX CPEeNHMX, aHAJIOTMYHbIE TOMY, KOTOPOe JaHO B TOIBKO YTO HUTUPOBAHHOM

OTPBIBKE [IJIs T€OMETPUYECKOTO CPEHEr0; Mbl 3T JOKasaTenbcTBa onycTuM. Ilycrn

A BT — Tpu 4neHa reomerpmyeckoii npornopuuyn. CocraBUM M3 HUX TPYM HOBBIX

wieHa A E Z 1o cnepyomuM npaButam:
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e opctaHoBKa A = A + 3B + I, E = 2B + I', Z = B + I maér rapmonnueckoe
cpepHee; v ecmi A B T cyTb efuHUIIBI, TO 9TO CpefjHee B HAMMEHBIINX YMCIaX OyaeT
632.

e ofictaHoBKa A = 2A + 3B + I, E = 2A + 2B + I, Z = B+ I ngaér yerBéproe
cpepHee; v ect A B I' cyTh egMHUIIBL, TO 3TO CpefiHee B HAMMEHDIINX YNCIaX Oyaer
652.

e mosictaHoBKa A = A + 3B+ [, E=A + 2B + I, Z = B + I gaér naroe cpeguee;
uecmn A BT cyTb equHNIIBL, TO 9TO CpejHee B HAMMEHBIINX Y1cax oymer 5 4 2.

e monctaHoBKa A = A+ 3B+ 2[LE=A +2B+1,Z = A + B - I'" gaét mecroe
cpenHee; vt ecin A B I' cyTb eHMIIBI, TO 9TO CpefjHee B HAMMEHBIINX YNCTIaX OyfeT
541.

e onctaHOBKa A =2A + 3B+ [, E=A + 2B + [, Z = 2B + I gaér BocbMoe cpef-
Hee; 1 ecii A BT cyTb egmHumpl, To 9T0 CpefiHee B HaMMEHBIINX YMCIAX OymeT
643.

e ofctaHOBKa A=A + 2B+ [, E=A + B+ I, Z = B + I naér geBsaTOE cpegHee;
uecmu A BT cyTb egMHNIIBL, TO 9TO CpefiHee B HAMMEHbUINX Yrciax Oyzer 4 3 2.

e ogctaHoBka A = A + B+ I, E =B + I, Z =T gaér mecaroe cpenHee; 1 ecnu
A BT cyTb egMHUIIBI, TO 3TO CpefiHee B HAVMEHbIINX YnCIax Oyzer 3 2 1.

CenbMOTo CpefiHEro B 3TOM CIHNCKe HET IO IIPUYMHE €ro «IOTYBbIPOXKIEHHO-
CTU». 3aMHTepeCOBAHHBIN YUTATe/Ib MOXKET JOOaBUTh K 9TOMY HabOpy IOCTpOeHMe
Id oTcyTcTBymomero y Ilanma «cegpMoro cpegaero mo Hukomaxy».

YkasanHble Ilanmom nuHelHblE NOACTAHOBKMU I MOPOXJAEHUA BCEX IPOYMX
CPEIHNX U3 CPEIHETO TeOMETPUYECKOTO KOHETHO K€ He ABJIAITCA €IMHCTBEHHBIMMU.
Kpowme Toro, OHM He CIMIIKOM NpUBJIEKATe/IbHBI B TOM IUIaHE, YTO XOTS KaXKAas 4n-
CI0Bast TPOJKA HJIsI CPEJHEr0 reOMETPUIECKOTO OTOOpa)KaeTcsl MU B HEKOTOPYIO
YJIC/IOBYIO TPOJIKY /A JPYTOrO CPENHEro, OfHAKO He BCE YMC/IOBble TPOMKU I
APYIUX CPeSHMX MMEIOT CBOMMM IIPO0OpasaMyl COOTBETCTBYIOLINE YUCTIOBbIE TPOIi-
KM O/ cpefiHero reoMerpuyeckoro. K mpumepy, B mpoliecce IOPOX/eHNSA rapMo-
HUYECKMX CPEJHUX TPOMKa 6 : 4 : 3 C OTHOLIEHMEM KPallHUX 4IEHOB 2 : 1 ocTaérca
HETTOPOKAEHHOI, 1 T. I. A Beflb MOXKHO OBIIO HATK JIMHEIHbIe TIO/[ICTAHOBKM, Be-
Ayuie OT CpeIHETO reOMEeTPUIECKOr0, OCHOBAHHOTO Ha OTHOIIEHUM 1 : 11, K MHOMY
CpefiHeMy, OCHOBaHHOMY Ha OTHOIIeHMU (m + 1) : n. BripoueM, MbI yJ0BI€TBOPUMCS
CKa3aHHBIM I IIepeiifiéM K 60iee 3HAYMMOMY /ISl HAC BOIIPOCY.

11. Anropurm Hukomaxa Kak BO3MO>KHaA MaTeMaTn4ecKas OCHOBa
HenucaHoro yuenus Ilmarona

CormacHo IpeAnon0KeHNIO, BBIIBUHYTOMY B Hadarne 1960-X rofioB IpefcTaBUTENA-
MU TIOOMHIEHCKON ucropuko-puaocodpckoit mkonsl [.-VM. Kpemepom (Kriamer
1959) u K. T'aitzepom (Gaiser 1963), mucaropeiickas cucreMa ABYX OBITMITHBIX Ha-
Yajl — eIVMHUIIbI KaK Hadajia TOX/ecTBa U (GOPMBI M HEOIpee/éHHOI IBOMIBI KaK
IPUHIMIIA MHAKOBOCTYU ¥ MaTepuy — OblIa IO/M0OXKeHa [11aToHOM B OCHOBY ero He-
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NJMCAaHOTO Y4YeHMs, M3YyCTHO TIlepefaBaBiierocs B Axagemuy. (Cm. Taroke
Findley 1974.)

Bonpias 9acTb aHTUYHBIX YIIOMMHAHMI O «HEMMCAHbIX y4eHMAX» IImaToHa Tak
VI VHade cBA3aHa C nekuueit ITmarona O 6naze. ApUCTOKCEH BO BTODPOJI KHMIe
T'apmonuxy numet:

Bor uro, 0 cnoBaM ApNCTOTeNs, UCIBITAAM MHOTMe, CIBIIABIINMe leKuuio IInaTona
O 6naze: BCe OHV MPULUIM Y3HATH O TOM, 4TO Yy JIIOfell Ha3bIBaeTcst 6iarom, — o Horat-
CTBe, 3[I0POBbe, CiIe, BOOOIe 0 KaKOM-HMOYAb HeoObIdaiiHoM cyactbe. Ho 910 OKasa-
JIUCh peur O MaTeMaTHNYeCKUX HAYKax I YNMC/IaxX, O TEOMETPUN VI aCTPOHOMUM, U HAaKOHeI]
0 TOM, 4TO 671aro ecTb efyHoe. VI peun sTH MOKa3anuch UM NapafoKCaIbHbIMY, IO3TOMY
OIHM OTHEC/UCD K 3TOMY C IIpeHeOpexXeHueM, apyrue moHocunu ero (39s-40,).

Cumvnukuii B Kommenmapuu k Qusuxe Apucmomens IUILET CIeAyIOLIee:

Anexcannp [Adpopusnmitckuii] coobiaer, 4To, cornacHo Ilnarony, Hayama BCero u ca-
MUX UEeNl — 3TO efUHOe U HeollpeneéHHas JBOKA, KOTOPYIO OH Ha3bIBal 6OBIINM U
MajibIM, KaK 06 3ToM ynmommHaeT Apucrotens B counHeHuu O 6naze. A TOT mOTydInI
KO€e-4TO OT CHCBCI/IHHa, KCeHOKpaTa 1 OT OpYrux, NpUCYyTCTBOBABIINMX Ha JIEKIINN IIna-
toHa O 67naee; M BCe OHU 3allMCANM M COXPAHWIM €ro MHEHMe, M COOOLIM/IN, YTO OH
MO/Ib30BA/ICA TaKuMM HadanaMu. M to, uTo IInaToH Ha3Bal eArHOE U HeONpeleEHHYIO
IOBOJMKY Ha4ajlioM BCEro, BecbMma HpaB,[[OI'[O,E[O6HO (Begp 31O y4yeHue HM(baropeﬁueB,
a ITmaToH Bo MHOTrOM ciefoBan 3a IudaropeiliamMn), U OH CHeNal HeOIPeRETEHHYI0
IBOJIKY TaK)Ke Ha4ajloM MJeN, Ha3biBas €€ 60/IPIIMM M MaJIbIM, YTOOBI 0603HAYUTD TAK
matepuio (1516.15).

B npyrom mecte CuMIUIMKII eIé pa3 BO3BpalljaeTcs K 3TOI TeMe:

ITnaToH HasbIBaJl eVHOE M TaK HA3bIBAeMYI0 HeOIpefeléHHYIO IBOVIKY IIepBbIMIU Hada-
JIaMU 9yBCTBEHHBIX Belell. OH Tak)Ke yTBepIK/iaJl, YTO HeoIlpefe/i€éHHas IBOJKA SABIIACT-
Cs1 yMOIIOCTUTAEMOlI, Ha3BaB eé OecCrpene/bHbIM; ¥ OH IOJIOXKWI HadaaaMu OObluoe U
Majioe, TaK)Ke Ha3BaB UX Oecrpefie/IbHBIM B cBoeit nekiuu O 071aze, Kak 06 3TOM CO00-
maT Apucrorenb, epakmmpg u l'ectwit u gpyrue gpysps Ilnarona, mpucyTCTBOBaBIINE
TaM M 3allMCaBIIMe STY 3aTafouHble peun (45325 ).

Anexcansip Abpommsniickuit B Kommenmapuu k Memagpusuke Apucmomens Taxxe
ccptaeTcs Ha KHury Apucrortena O 6naze:

OH cKasaJi, YTO Haya/a YNCeN CYyTh eVHUIA U BOVIKA. V] TIOCKO/IbKY Cpefiu YMCel ecTb
eIVHNIIA U U/YIINe 32 Heil, a 5TU TOC/efiHIe GBIBAIOT MHOTUM M HEMHOTUM, U MIePBOE
3a e[MHMUIE}l CONEPXKUTCA B HUX, OH YCTAaHOBU €€ Haya/oM MHOTOTO ¥ HEMHOTOTO.
Ho 3a euHuIeit TIepBOIt UAET NBOIKA, U B Hell 3aKTI0YEHO KAaK MHOTOE, TaK 1 HEMHO-
roe: Bellb [BOITHOE — 3TO MHOTOE, a TIOIOBUHHOE — HEMHOTOE, ¥ OHM 06a CoflepKaTcs
B JIBOiiKe. A OHa TIPOTUBOIIONIOKHA eIUHMUIIE, IOCKOJIbKY ABIAETCA JIE/IUMOI, a eVHU-
11a HefienmiMa. VI OH MbITa/cs OKA3aTh, YTO PABEHCTBO M HEPABEHCTBO ABMAIOTCA Hada-
JIAMI BCETO CYILETO U MPOTUBOTONIOKHOTO eMy (OH Bellb TOMCKUBAJICS, KAK CBECTH BCE
K caMoMy TIpocToMy). PaBeHCTBO OH CBSI3as C e[MHMIlEl, 2 HEPABEHCTBO C U3GBITKOM U
HEIOCTAaTKOM: BeJlb HEPaBEHCTBO ObIBAET BOAKUM, B GONBIIOM 1M B MaloM, B TIPEBOC-
XOJs1eM 1 B HepocTamomeM (567.17).
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B cBere BpIIIEN3NTOKEHHOTO MBIl MOXXEM YBUAIETb B anroputMme Hrkomaxa Marema-
TUYECKYIO WUTIOCTpalMIo K HeMucaHoMy ydeHMIo IInaToHa, BOIUIOIIAIONIYIO T€3MC O
IBYX HayajaX BCEro CYIIEero — eAuHulle U HEeOIpPeNeNEHHOI gBOJKe, KOTOpasd eCTb
6ornbioe u Manoe. B camoM [iene, 37ech BeCh «KOCMOC» PallVIOHATIbHBIX OTHOIIEHMUIT
VepapXMueCcKy PasBOPauYMBAETCA U3 IIEPBOHAYA/IbHOTO OTHOILEHNS PABEHCTBA B paM-
KaX eMHOOOPa3HOIl MPOLeAypbl AMXOTOMUYECKOTO BETBIEHMS. JTOMY BETBJICHMIO
HUITE HE IIOJIOKEH Ipefes, IO3TOMY pasfBOEHME IIyTeN B KaXKIOM Y3Ji€ SAB/IAETCA B
IPSIMOM CMBIC/Ie CTIOBa Heollpefie/IEHHbIM. [lajiee, HUCXOAALINE IYTH, UAYLIE B 00
CTOPOHBI OT K&)XXJOTO y37/1a, YXOMAT OH B CTOPOHY OOJIBIIETO, a APYroil B CTOPOHY
MeHbIIIET0 OTHOIIEHMS, K «[IPeBOCXOAAIIeMY U HeflocTaroleMy». OIIATh ke, CBepXJa-
CTHBIE U JPYIVie OTHOILIEHN, ITO/Ty4aeMble Ha HUCXOAAIIMX IIyTAX, MOTYT CKO/b YTOJ-
HO O7IM3KO IOJOMTU K OTHOIIEHNIO PAaBEHCTBA, HUKOIZIA He CPAaBHUBASCh C HUM; He-
OTIpeNeIéHHOCTD OOJIBIIIETO Y MEHBIIIETO IPOSIB/ISIETCS TAKXKE U B 3TOM.

Emg pas mpountaem TeKcT, KoTopbIM Hukomax npeziBapseT onycaHue anropuTMa:

VI 9TOT CTpOJIHBIIL ¥ HEOOXOAVMBIIT IyTh K MO3HAHWIO IIPVIPO/BI L{EIOTO SICHBIM 1 HELBY-
CMBIC/IEHHBIM 00pa30M MOKa3bIBaeT HaM, YTO MPEKPACHOE, ONIPeMIENIEHHOE U TO3HABAEMOE
HEPBUYHO 10 CBOEN IPUPOJE B CPABHEHWMM C HEOIPeNe/IEHHBIM, HEOTPAHNYEHHBIM U
6e300pa3HbIM; 1 [ajiee, YTO YaCTU U BUHI HEOTPAHMIEHHOTO ¥ HEONPENeNIEHHOIO IPU-
obperator 61arogapst mepBoMy CBOIO (JOPMY ¥ TPAHUIBI, ¥ HAXOAAT MOFOOAIOIINIT UM
HOPSIAOK U PACIIONOXKEHIE, U [ENAI0TCS FOCTYIIHBIMI MI3MEPEHNIO, I IIPUOOPETAIOT HEKO-
TOpOe 1ofo61e M OXHOMMEHHOCTD. Befib IIOHATHO, YTO pasyMHas YacThb AYLUM IIPUBOLUT
B IIOPSAIOK HEPAa3yMHYIO 4acTb, €€ IIOPBIBBI I BIIEIEHNsI, CBSI3aHHbIE C JBYMs BULAMM He-
PaBEHCTBa, U [IOCPEACTBOM Pa3MbILIIEHVISI IIOABOANUT €€ K PaBEHCTBY M TOXAECTBY. A mis
HAaC 13 9TOTO YPAaBHMBAHMA IIPSIMO BBITEKAIOT TAK HasbIBaeMble THUECKMe JOOpozeTeny,
KaKOBBIe CyTh Oraropasymue, My)XeCTBO, MSTKOCTb, CaMOOO/IafjaHe, BbIAEP)KKA U IO-
no6ubie M KadectBa (I 23.4-5).

CaM 3TOT maccak MO>KHO pacCMaTpyMBaTh KaK CBOETO POfa KBUHTICCEHIVIO I/Ia-
TOHOBCKOJ ¢puocopun. B HEM MOKHO ycMOTpeTb OTCHUIKM U K Duseby ¢ ero fua-
JIEKTHKOJI Ipefierna, 6ecrpefie/IbHOTO M Mepbl, U K Mudy 0 pasyMHOI U IABYX Hepa-
3yMHBIX 4acTsAX Ayuy, Koropsiit [Imaron ycramu CokpaTa pacckasbiBaeT B @edpe,
¥l K MHOTOKPAaTHO ITOBTOPEHHOMY B ['ocydapcmee YTBEPXKEHUIO O TOM, YTO ITO3HA-
HJe MaTeMaTNYeCKIX HayK B/IeYET AyIIy OT CTAHOB/ICHN K OBITHIO.

Y Hac ecTb Ja’ke HEKOTOpPble OCHOBAHMS IIPEAIIOIOXKNUTD, YTO MEPBOMCTOYHIKOM
3TOTO Maccaka MOT CTYXKUTb TEKCT IVIATOHOBCKOII Tekiun O 671aze B iepenade Apu-
croTens. B camoM fiente, B OC/IeIHEM HPEIIOKEHNM 9TOTO OTPBIBKA pedb UJET He-
IIOCPEeJICTBEHHO O 671are 1 3TM4YecKux gobpoxperernsx. Hamo aymars, 94T0 «MaTeMarn-
Jeckas» neKiys [natona O 671aze TaxKe TO/DKHA OblIa 3aKaHYMBATHCS HEKOTOPBIM
CXO>KJM BBIBOJIOM, pa3Be 4TO pa3BEéPHYTHIM Ooee IOAPOOHO.
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12. «IImatonuk» JpaToceHa Kak elé 0JHa BOSMOXKHASI OTCHUIKA
K nexuuu ITnarona «O 6mare»

KpaTkue m3BnedeHus m3 He JOLIEAIIETO [0 HAIIMX JHEH cOYMHEHMs IpaTocdeHa
Kupenckoro [Tnamonux coxpaummcsd y Teona CmupHckoro. B uHTepecyoiem Hac
oTpbiBKe (82,,-8315) CKasaHoO crefyolee:

OparocdeH TrOBOPUT, YTO HPUPOIZHBIM HayalOM IPONOPLUM ABJIAETCA OTHOIIEHUE,
U *** mepBast IPUYMHA BCEro HeOECIOPAOYHO POXAEHHOTO. Beb IPOMOPIS UCXORUT
"3 OTHOWIEHVA, a Ha4a/I0O OTHOILIEHNA — PABEHCTBO. " ato OY€BUIHO. Bo Bcskom oco-
60M pofie MMeeTCsI HeKUIT 37IeMeHT U Havyaslo, B KOTOPBII BCE IIpoYee pasjaraeTcs, OH e
HEPasNIoXNUM. .. DJIEMEHT [Id KONMYeCTBa — eMHUII, I PasMepPOB — TOYKa, /IS OT-
HOLIEHNs U NPONOPLUM — PaBeHCTBO. Benb egmHMIa Hemenuma IO KOMUYECTBY, TOY-
Ka — II0 pasMepaM, PaBeHCTBO — 10 MHO>KECTBY OTHOILIEHMIA.

ITo-BupMMoOMYy, K TOMY e COUYMHEHMI0 DpaTocdeHa OTChITAeT U CIeAyolee CBuUie-
TenbcTBO IIpokna B Kommenmapuu x nepeoti knuee Hauan Eexnuoa (432,):

N He caegyeTr CYNTaTb CBA3DI0 MATEMATUYECKMX HAYK IIPOIIOPLNIO, KaK 3TO [enan

Iparocden.

Heuro Becbma 671M3Koe K 3TUM ABYM (parMeHTaM mmiieT Taioke Ilanm B Mamema-
muueckom cobpanuu (111 18), Bo3BozA aT0 Bo33peHme k camomy IlnaTony:

ITponopuusa cocTaBnsercsa us oTHoueHuit. HauamoM >ke BCAKOTO OTHOLIEHMA ABAETCA
paBeHCTBO. ['eoMeTpuIecKoe cpeHee ClepBa YCTAHABIMBAET 13 PABEHCTBA caMoe cebs, a
notoM — ppyrue cpegHue. OHO IOKa3bIBaeT, KaK TOBOPUT O0KecTBEeHHbIT IInaToH, 4To
IpONOPpIYA eCTh NMPUPORHAs NMPWYMHA BCeX TApMOHMII M BCAKOTO 6aropasyMHOro U
YTIOPAJOYEHHOTO POXXAeHNsA. Belb OH TOBOPUT, UTO €HCTBEHHOII CBA3bIO BCEX MaTeMa-
TUYECKMX HAyK, IPUIMHON POXKJEHNUs M CBA3BI0 BCETO MOPOXKAEHHOTO CIYXKUT GOXKeCT-
BeHHas IPMPOJA IPOIIOPLIUIL.

b. JI. Ban pep Bappgen (1959, 318) 3ameuaerT, 4TO TeX CJI0B, KoTopble [lamm mpumnu-
cbIBaeT 37ech IlmaTony, B Amanorax mociegHero He cogepxurca. [lostomy oH npep-
nonaraet, 4to Ilanm umrupyer He IInatona, Ho Oparocdena. OfHAKO MOXKHO HO-
HYyCTUTb M TO, YTO BeChb 3TOT IACCA)X B KOHEYHOM C4€Te BocxoauT K Ilmatony —
TOJIBKO He K AyajoraM, a K nekuyu O 671a2e, TEKCT KOTOPOIL ObUI JOCTyIIeH DpaToc-
¢eHy B epegaye KOro-To u3 yueHnkos [InaToHa.

K aTo011 5)ke TeMe Hac OTCbUIaeT Maccax, ¢ KoToporo Hukomax HaunHaer II kHury
Beedenus 6 apupmemuxy:

D/IeMEeHTOM Ha3bIBAETCA U SIBIAETCS TO ITOC/IENHEE, 3 Yero BCE C/TaraeTcs M Ha 4TO BCE
pasnaraercs... Mpl IIOKa3any, 9YTO PaBeHCTBO SABJIACTCA 9JIEMEHTOM /ISl COOTHECEHHOTO
KOJIMYECTBA; a UL IIPOCTOTO ¥ aOCOMIOTHOTO KOIMIECTBA IIEPBOHAYATBHBIMI 3/IEMEHTa-
MU CITy>KaT eIVHMUIA U JBOJIKA, 113 KOTOPBIX KaK U3 IMOC/IEHHNX BCE CTaraeTcs ¥ BO3pacTa-
eT 10 6eCKOHEYHOCTH, ¥ Ha KOTOpBble MbI BCE pa3jiaraeM IIpY YMEeHbIIEeHNN.

[TpumeyarenieH TOT (akT, 9YTO B TEKCT, MOCBSIIEHHBII Pa3BOPAYMBAHUIO BCEX
OTHOILIEHMII 13 OTHOIIEHNS PAaBEHCTBA, BK/IIIOUYEHO TAK)XXe YIOMMHAHUE ellé OfHOI
KOHIIEIIIVIM, COTTIACHO KOTOPOII 3JIeMeHTaMM /ISl aOCOMIOTHOTO KOJIMYECTBA CITy)XKaT
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eIVHMIA U JBOJIKA. DTy KOHLenuuio Hukomax HUIe B CBOEM COYMHEHUM He 00Cy-
XKJJaeT; HO MBI 3HaeM, YTO OHa Takxe o6cyx/anach B mekuun [Imarona O 67ace.

13. Mopensp llItenuens miga a6CoOMOTHBIX KOMNYECTB

Pasuble Mozenu uaeanbHbIX yncen IImaToHa 1t «Ko/mMYecTBa caMoro 1o cebe» pac-
cMaTpuBamuch B paborax Stenzel 1924, 1929, Toeplitz 1929, Becker 1931, 1957
(cm. Taxxe ITapumu 2004 n Maprapuros 2005). Mogpens, npeanoxenHas [lrenie-
JieM, peann3yeT CxeMy, U300pakEéHHYI0 Ha puc. 9.

Puc. 9

3mech A KaXX[OTO 4YMC/Ia 1 Ha JIEBOM IIyTU CTPOMUTCA YETHOE 4UCIO 2#, a Ha
IIpaBOM — He4Y€THOe uucio 2xn + 1. HaunmHasa ¢ KopHEBOI eIMHUIIBI, BBICTPOMM I10
3TOI cXeMe ABOMYHOE JiepeBo (puc. 10). B y3max aToro fepeBa paccTaBjeHBI 110 Of-
HOMY pa3y BCe HaTypa/JbHble YMC/IA, IPUIEM B KaXKHOW CTPOKE CTOAT IIO MOPAJLKY
BCe 4rcia oT 2" mo 2™ - 1.

) o Do) ] () e ) ()

Puc. 10

Tem cambIM 006€ CXeMBbI IOPOX/EHUST — IS OTHOCUTE/IbHBIX U /151 aOCOMIOTHBIX
KOJIMYECTB — JOIOJHAKT APYT Apyra M JOCTaB/IAKT MaTepuan i JaJlbHEeNIINX
UCCIeqOBaHUIA.



74 «Anroputm Hukomaxa»

Cricok mureparypsl

Bexkep O. (2005) «[lnaitpeTndeckoe IMOPOXJeHUE IUIATOHOBBIX WJCAIbHBIX YUCEN»,
Hcmopuko-mamemamuueckue uccnedosarus 9 (44), 288-330

Bau mep Bappen B. JI. (1959) IIpo6ysxoarowascs nayka: Mamemamuxa Ipesuezo Eeunma,
Basunona u I'peyuu. Ilep. V1. H. Becenosckoro (Mocksa; penipust 2007)

Maprapuros B. C. (2005) «Ockap bexkep u “uneanpuble uucna” Ilnatona», Mcmopuxo-
mamemamuueckue uccnedosanus 9 (44), 282-287

[Mapumu A.H. (2004) «VpeanbHble umcma IlmatoHa (K BOIPOCY 06 MHTEpPIIpETaL{uiL)»,
Braoumup Conosvés u xynomypa cepebpsnozo eexa (Mocksa)
Becker O. (1931) «Die diairetische Erzeugung der Platonischen Idealzahlen», Quellen und
Studien zur Geschichte der Math., B 1, 464-501; pycckuit mepeBon: bexkep 2005
Becker O. (1957) «Zum Problem der Platonischen Idealzahlen (eine Retraktation),
Klassische philologische Studien 17, 1-25

Findley J. N. (1974) Plato. The Written and Unwritten Doctrines (London)

Gaiser K. (1963) Platons Ungeschriebene Lehre (Stuttgart)

Heath T. L. (1921) A History of Greek Mathematics. 2 vols. (Oxford; repr. New York, 1981)

Hiller E. (1870) «Der IThatwvikog des Eratosthenes», Philologus 30, 60-72

Kriamer H. J. (1959) Arete bei Platon und Aristoteles: Zum Wesen und zur Geschichte der pla-
tonischen Ontologie (Heidelberg)

Muwafi A., Philippou A. N. (1981) «An Arabic version of Eratosthenes writing on mean
proportionals», Journal for the History of Arabic Sciences 5, 147-174

Solmsen F. (1942) «Eratosthenes as Platonist and Poet», Transactions and Proceedings of the
American Philological Association 73, 192-213

Stenzel J. (1924) Zahl und Gestalt bei Platon und Aristoteles (Leipzig-Berlin, repr. Darmstadt,
1959)

Stenzel J. (1929) «Zur Teorie des Logos bei Aristoteles», Quellen und Studien zur Geschichte
der Math., B 1, 34-66

Toeplitz O. (1929) «Das Verhiltnis von Mathematik und Ideenlehre bei Platon», Quellen und
Studien zur Geschichte der Math., B 1, 3-33

LlenTp 06pasoBarenbHbIX IPOeKTOB ZITMA,
Hosocubupck, schetnikov@ngs.ru



