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1 Introduction

This textbook involves important topics of the limit theory for sums of independent and
weakly dependent random variables. In particular, this textbook provides an overview of
modern aspects of this theory in the case of multivariate random variables. Basic elements
of Gaussian and Poissonian approximations (including some recent results of the author)
are presented in the case when the random variables under consideration take their values
in linear spaces, in particular, in Banach spaces. We would like specially to note, firstly,
the problem of Poissonian approximation of sums of independent random variables with
values in Abelian groups, and secondly, the problem of constructing complete asymptotic
expansions for expectations of functions of sums of independent random variables in both
the Poissonian and Gaussian cases. In frame of the textbook we study rates of convergence
in the Poisson limit theorem using various probability distances.

A special interest for the reader is investigation of limit behavior of nonlinear func-
tionals of the empirical distribution like U- and V-statistics based on weakly dependent
observations. As an example of observations of such a kind, we study the case on moving
averages (linear processes) as the original observations. It is worth noting that the limit-
ing random variables for these statistics are represented as some multilinear functionals
of infinite dimensional Gaussian random variables.

The textbook consists of 13 chapters. The content of the chapters is as follows.

In Chapter 2, exact inequalities are obtained which connect expectations of some
functions of sums of independent random variables taking values in a measurable Abelian
group, and those for the accompanying infinitely divisible laws. Some applications to
empirical processes are studied.

In Chapter 3, a more general version of the well-known Dobrishin’s result connected
with an optimal coupling of two random variables is proven. An application to the problem
of Poisson approximation in Abelian groups is considered. In particular, an optimal
coupling in Poisson approximation of empirical processes is studied.

Chapter 4 is dedicated to deriving upper bounds for the Strassen distance in the
invariance principle in Banach spaces under the Poissonian setting when the distributions
of the random variables have large atoms at zero.

In Chapter 5, we study limit behavior of y2-distance between the distributions of the
nth partial sum of independent not necessarily identically distributed Bernoulli random
variables and the accompanying Poisson law. As a consequence in the i.i.d. case we
make more precise the multiplicative constant in the classical upper bound for the rate of
convergence in the Poisson limit theorem.

In Chapter 6, the total variation distance is estimated between distributions of the
so-called rescaled empirical process and a Poisson point process which are indexed by all
Borel subsets of a bounded Borel set in RF.

In Chapter 7, under minimal moment conditions, complete asymptotic expansions are
obtained for expectations of unbounded functions of a finite family of independent random
variables in the Poissonian setting.

In Chapter 8, we study the second term in the asymptotic expansion for the expecta-



tions of smooth functions of sums of independent identically distributed random variables;
moreover, the order of smallness of the remainder is optimal. The method proposed in
the chapter allows us to strengthen the corresponding results of the predecessors, since, to
obtain the asymptotic expansions, we enlarge the class of smooth functions under a fixed
moment condition.

In Chapter 9, we study optimal connection between smoothness of functions and
the corresponding asymptotic expansions for the moments of these functions in the clas-
sical one-dimensional central limit theorem (CLT). In particular, under the fixed moment
conditions, we prove optimality of some smoothness conditions necessary for asymptotic
expansions for expectation of smooth functions in the CLT with optimal bounds of the re-
mainder terms.

In Chapter 10, we prove the central limit theorem for normalized von Mises statistics
based on an array of degenerate kernel functions. In the case under consideration the
limiting random variable is represented as a multifold stochastic integral constructed by
a Gaussian stochastic product-measure.

In Chapter 11, it is studied limit behavior of canonical Von Mises statistics based
on samples from a sequence of weakly dependent stationary observations satisfying -
mixing condition. The corresponding limit distributions are defined by multiple stochastic
integrals of nonrandom functions with respect to nonorthogonal Hilbert noises generated
by Gaussian processes with nonorthogonal increments.

In Chapter 12, a functional limit theorem (the invariance principle) is proven for a
sequence of normalized U-statistics (i.e., for the so-called U-processes) of arbitrary order
with canonical kernels defined on samples of ¢-mixing observations of growing size. The
corresponding limit distribution is described as that of a polynomial of a sequence of
dependent Wiener processes with some known covariance function.

In Chapter 13, we study approximation to the partial sum processes which is based on
the stationary sequences of random variables having the structure of the so-called moving
averages of independent identically distributed observations. In particular, the rates of
convergence both in Donsker’s and Strassen’s invariance principles are obtained in the
case when the limit Gaussian process is a fractional Brownian motion with an arbitrary
Hurst parameter.

The results of the textbook are based on fundamental knowledge of the students in
Probability Theory, Mathematical Statistics, Functional Analysis, and Theory of Func-
tions. This textbook corresponds to high international scientific level in Probability The-
ory and Mathematical Statistics.



2 Moment inequalities connected with accompanying
Poisson laws in Abelian groups

1. Main definitions and results

Let X, X5, ... be independent random variables taking values in a measurable Abelian
group (G, A) with respective distributions Py, P, .... If the random variables are identi-
cally distributed (the i.i.d. case), then we denote by P their common distribution. We
suppose that {0} € A and the operation “+ " is measurable. In other words, a sum of
arbitrary random variables in (G, A) is a random variable, too.

Denote by Pois(u) the generalized Poisson distribution with the Lévy measure pu:

0 *xk
Pois(u) := e M9 Z 'l;—‘,
k=0

where p** is the k-fold convolution of a finite measure p with itself; 4*° is the unit mass
concentrated at zero. Under the measurability conditions above the convolution is well
defined because we can define the convolution of probability (i.e.,normed finite) measures.

Put S, = ¥,<,X;. Generalized Poisson distribution with the Lévy measure p :=
> i<n Pi is called the accompanying Poisson law for S, (for example, see Araujo and
Giné, 1980). We will denote by 7, a random variable having this distribution.

The main goal of the chapter is to obtain sharp moment inequalities for some measur-
able functions of .S,, via the analogous moments of the accompanying Poisson law. Results
of such a kind are connected with the Kolmogorov problem of approximation of the sum
distributions by infinitely divisible laws as well as with an improvement of the classical
probability inequalities for the sums.

For an arbitrary measurable function f satisfying the condition E|f(7,)| < oo, intro-
duce the following notations:

(1) (b(k) = Ef(Sk)a ¢m,z(k) = Ef(Sm,k + Z)>

where Sy, 5 = > . o) Xmiy Smo = So = 0, and {X,,,;; ¢ > 1} are independent copies of
the random variable X,,. We assume that all the sequences {X;}, {X1.;}, {Xz2:},... are
independent. Note that, under the moment condition above, the functions ¢(k) exist as
well as the functions ¢, .(k) are well defined at least for almost all z with respect to the
distribution of S for each j # m and integer £ > 0 (for details, see Section 3).

We say that a function g(k) is convex if the difference Ag(k) := g(k + 1) — g(k) is
nondecreasing.

Theorem 1. Let one of the following two conditions be fulfilled:

a) the random variables {X;} are identically distributed and ¢(k) is a convex function;

b) for all z and m, all the functions ¢, .(k) are convex.

Then, for each n,

(2) Ef(Sy) < Ef(m.).
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For the initial random variables which are nondegenerate at zero, let {X?} be inde-
pendent random variables with respective distributions

For this sequence we introduce the notations Sp, S, ., ¢°(k), and ¢y, (k) as above.

Proposition. Convezity of the functions ¢°(k) or @9, (k) implies convexity of the
functions (k) or ¢n, (k) respectively. The converse implication is false.

Remark 1. If the functions in the conditions of the above two assertions are concave
then inequality (2) is changed to the opposite. It follows from the well-known connection
between convex and concave functions.

A simple sufficient condition for the functions ¢(k) and ¢, .(k) as well as ¢°(k) and

b= (k) to be convex is as follows:

For all z € G and all 2, h € |J,,, suppX; the function f satisfies the inequality

(3) fleth) = fla) < flz+h+2) = flo+2),

where suppX; denotes a measurable subset such that X; € suppX; with probability 1.
For example, in the i.i.d. case, the convexity (say, of ¢(k)) easily follows from (3):

Ok +1) = o(k) < E(f(Sk2) = f(Sk + Xpg2)) = o(k +2) — ¢(k +1).

For the Banach-space-valued summands the following result is valid.

Theorem 2. Let G be a separable Banach space. Suppose that at least one of the
following two conditions is fulfilled:
1) the function f is continuously differentiable in Fréchet sense (i.e., f'(x)[h] is continuous
in x for each fixed h) , and, for each x € G and every z, h € |, suppX;,

(4) f'(@)[h] < f'(z + 2)[h);

2) EX, = 0 for all k, f is twice continuously differentiable in Fréchet sense, and
f"(x)[h, h] is convex in x for each fized h € |J,,, suppX;.
Then all the functions in the conditions of Theorem 1 and in Proposition are conve.
Corollary 1. If X; > 0 a.s. and f is an arbitrary convexr function on [0,00), then
inequality (3) is true. Moreover, if X; are random vectors in R*, k > 2, (as well as in the

Hilbert space ly) with nonnegative coordinates, then the function f(z) := |z||**®, where
|- || is the corresponding Euclidean norm and o > 0, satisfies inequalities (3) and (4). For
the mean zero Hilbert-space-valued summands, the function f(x) := ||x||®, where 3 = 2,4

or B > 6, satisfies condition 2) of Theorem 2. Therefore, in these cases, inequality (2)
holds under the additional necessary restriction E|f(7,)| < oo.
Remark 2. In the multivariate case, conditions (3) and (4) are slightly stronger than
convexity. In particular, in general, the Euclidean norm does not satisfy these conditions.
Remark 3. There exist functions f(z) which do not satisfy the conditions of Theorem
2 but the corresponding functions in Theorem 1 and Proposition are convex. For example,
in the i.i.d. one-dimensional case, we consider the function f(z) := z° and the centered
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summands {X;}. It is clear that the conditions of Theorem 2 are not fulfilled. In this case
we have

k
¢(k) =E(D _ X;)> = kEX] + 10k(k — )EXTEXT.
i=1
Thus, if EX] > 0, then the function ¢(k) (as well as the function ¢°(k)) is convex,
otherwise it is concave. In other words, in this case we have various inequality signs in
(2) depending on positivity or negativity of the third moment of the summands.

Given a finite measure p on (G,.A) satisfying the condition u({0}) = 0, we denote by
¢u(k) the function ¢(k) in (1) computed in the i.i.d. case for the summand distribution
w1(+)/1(G). Exactness of inequality (2) is characterized by the following result:

Theorem 3. In the i.i.d. case, let the function ¢,(k) be convex. Then

(5) sup Bf(Sh) = Ef(7,)

whenever the expectation on the right-hand side of (5) is well defined, where L(1,) =
Pois(u) and the supremum is taken over all n and P such that nP(A\ {0}) = u(A) for
all A e A.

Remark 4. Taking inequality (2) into account we can easily reformulate Theorem 3
for the non-i.i.d. case. Perhaps, for the first time the idea of employing generalized Poisson
distributions for constructing upper bounds for moments of the sums was proposed by
Prokhorov (1960, 1962). In particular, relations (2) and (5) were obtained by Prokhorov
(1962) for the functions f(z) := z®™ (m is an arbitrary natural) and f(x) := ch(tz),
t € R, and for one-dimensional symmetric {X;}. Moreover, in the case of mean zero
one-dimensional summands, these relations for the functions f(x) := exp(hx), h > 0, can
be easily deduced from Prokhorov (1960) (see also Pinelis and Utev, 1989).

The most general result in this direction was obtained by Utev (1985) which, in fact,
rediscovered and essentially employed some results of Cox and Kemperman (1983) regard-
ing lower bounds for moments of sums of independent centered random variables. Under
condition 2) of Theorem 2 he proved extremal equality (5) for nonnegative functions f(x)
having an exponential majorant. Moreover, he required some additional unnecessary re-
strictions on the sample Banach space. In our opinion , the corresponding proof proposed
in this chapter, is simpler than that of Utev and need no additional restrictions on f(x)
and the sample space.

Relations like (2) and (5) can be also applied for obtaining sharp moment and tail prob-
ability inequalities for sums of independent random variables (for details, see Kemperman,
1972; Pinelis and Utev, 1985, 1989; Utev, 1984, 1985; Ibragimov and Sharakhmetov, 1997,
2001).

The above results deal with some type of convexity. However, we can obtain moment
inequalities close to those mentioned above without any convexity conditions.

Theorem 4. In the i.i.d. case, for every nonnegative measurable function f, the
following inequality holds:

(6) Ef(S,) < LpEm),



where p := Pr(X; #0).
In the non-i.i.d. case, the factor (1 —p)~' in (6) should be replaced by exp(Y_;<, pi),
where p; == Pr(X; #0). -

It is clear that inequality (6) provides a sufficiently good upper bound under the
so-called Poissonian setting when the summand distributions have large atoms at zero
(i.e., the probabilities p; are small enough). Some particular cases of inequality (6) are
contained in Araujo and Giné (1980), and in Giné, Mason, and Zaitsev (2001).

2. Applications to empirical processes

In this section we formulate some consequences of the above theorems as well as some
new analogous results for empirical processes. For the sake of simplicity we study the em-
pirical processes with one-dimensional time parameter although the results below can be
reformulated for empirical processes indexed by subsets of an arbitrary measurable space
(moreover, for abstract empirical processes indexed by a family of measurable functions).
These results are a basis for the so-called Poissonization method for empirical processes.
Sometimes it is more convenient to replace an empirical process under study by the corre-
sponding accompanying Poisson point process having a simpler structure for analysis (for
example, independent “increments”). Some versions of this sufficiently popular and very
effective method can be found in many papers. In particular, some probability inequali-
ties connecting the distributions of empirical processes (in various settings) and those of
the corresponding Poisson processes are contained in Borisov (1983, 1990, 1991), Einmahl
(1987), Deheuvels and Mason (1992), Giné, Mason, and Zaitsev (2001), and others.

Introduce the so-called tail (or local) empirical process on the interval [0, n] :

vn(t) :== nF,(t/n),

where F,,(-) is the empirical distribution function (right-continuous version) based on a
sample of size n from the (0,1)-uniform distribution. We consider v,, as a random variable
in the space LS(]0,n]) which is defined as the linear span of the set of all piecewise
constant right-continuous functions on [0, n] with finitely many jumps, endowed with the
cylinder o-field. It is easy to verify that the standard Poisson process 7 () on [0, n] (with
right-continuous paths) has the accompanying Poisson distribution for v, in this space.

Theorem 5. Let ®(-) be a conver nonnegative functional on LS(]0,n]) which is
nondecreasing on the subset of all nonnegative functions with respect to the standard partial
order in function spaces. Suppose that, for each function x(-) € LS([0,n]), the following
relation holds: lim,,_.., ®(z™) = ®(x), where ™ (t) = z([mt]/m), with [-] the integer
part of a number. Moreover, if E®(m) < oo then

(7) Ed(v,) < Ed(n).

Remark 5. It is well known that if a convex functional defined on a topological
linear space (say, on a Banach space) is bounded in a neighborhood of some point, then
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it is continuous (for example, see Kutateladze, 1995). Thus, if the functional in Theorem
5 is defined, say, on L,,([0,n], \), where X is a finite measure, and satisfies the local
boundedness condition, then the continuity condition connected with the step functions
2™ (t) can be omitted.

In the sequel, in the case of Banach-space-valued random variables, we will con-
sider only continuous convex functionals. For example, the functional ®(x) := ||z||%, =
(fy ()™ A(dz))9™ with arbitrary parameters m > 1 and ¢ > 1, where X is an arbitrary
finite measure on [0, n], satisfies the conditions of Theorem 5.

Note that the accompanying Poisson process for the centered empirical process 12(t) :=
vn(t)—t, say, in L,,, ([0, n], \) differs from the corresponding centered Poisson process. This
process can be defined as 7°(t) := 7(t) — m(n)t/n and, by analogy with the definition of
a Brownian bridge, can be called a Poissonian bridge on [0,n]. For such processes the
second assertion of Theorem 2 can be reformulated as follows:

Corollary 2. Let ®(z) be a functional on Ly, ([0,n], \) having convex second Fréchet
derivative. Then

(8) E®(1)) < E®(n")

whenever the expectation on the right-hand side of (8) exists.

As an example of such a functional we can consider ®(x) := ||z||”? for any m > 2 and
q=3.

If we consider the processes v, and 7 as random elements in LS([o, dn]), where § < 1,
then the following direct consequence of Theorems 4 and 5 above, and Lemma 1 and
Corollary 6 below holds:

Corollary 3. For every measurable functional ® on LS([0,dn]) under the minimal
restriction E|®(7)| < oo, the following inequality holds:

1
9 BI®(v,)| < - B|e(r)|

Moreover, if § = N/n, N does not depend on n, and the functional ® satisfies the
conditions of Theorem 5, then

(10) sup E®(1,) = lim E®(v,) = E®(m).

n—oo

Finally, we formulate some useful moment inequalities which deal with one-dimensional
projections of the processes v,(-) and 7 (-). A direct consequence of Corollary 1 is as follows:
Corollary 4. For every natural n and m, and every t > 0, the following inequality
holds:
E(v,(t) + )™ < E(n(t) + x)™,

where x is arbitrary for even m, and x > 0 for odd m.
In the following assertion which complements this inequality, the above-mentioned
convexity conditions need not be fulfilled.



Theorem 6. For every natural n and m, and every t > 0, the following inequality
holds:
[E(va(t) +2) 1 < B(n(t) +2)™

where x € [—t,0] is arbitrary.

Corollary 5. Let f(x) be an entire function on [0, 00), i.e., an analytic function which
admits Taylor expansion at all points with a converging power series on the whole positive
half-line. Assume that, for a point xo > 0, the kth derivative of this function at xq is
nonnegative for each k > 2. Then, for every t > xq,

Ef(v(t)) < Ef(n(t)).

3. Proof of the results

First we formulate two important lemmas which play a key role in proving the above
results.
Lemma 1. In the i.i.d. case, under the above notations, the following relations hold:

(11) Pois(nL(X1)) = L(Szm)),

where the standard Poisson process w(-) is independent of {X;};

(12) L(Sn) = L(Synp), Pois(nl(X1)) = L(S7y),

where p := Pr(X; #0), L(v(n,p)) = Bn, is the binomial distribution with parameters n
and p; the pair (v(n,p), m(np)) does not depend on the sequence {X?}.

The relation (11) is well known. It immediately follows from the above-mentioned
definition of a generalized Poisson distribution: the probability law Pois(p) may be in-
terpreted as the distribution of »_._ Y, where {Y;} are i.i.d. random variables with the
common distribution p(-)/u(G) and =, is a Poissonian random variable with parameter
1(G), which is independent of the sequence {Y;}.

The equalities in (12) which are more convenient in studying accuracy of Poisson ap-
proximation of the sums, are contained in various forms in many papers (see, for example,
Khintchine, 1933, 1936; Le Cam, 1960, 1965; Borovkov, 1988; Borisov, 1993, 1996; and
others). Actually, these relations also represent versions of the total probability formula
and are easily proven.

Taking into account the representations in Lemma 1 we can reduce the problem to the
simplest one-dimensional case when we estimate the analogous moments of the binomial
distribution introduced in Remark 1. However, in this case, we can obtain sufficiently
exact inequalities for moments of arbitrary functions using the following lemma.

Lemma 2. For each p € (0,1),

i<Ty

B.G) 1
(13) P ) (G) S 1 p
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Proof. For every nonnegative integer 7 < n, we have

Pw(np)=j) _ nin=1)---(n—j+1)
P(m(np) = j) ni(1—p)

exp {n(p+ log(1 —p)) — jlog(1l —p) + ilog <1 — %) } <

(1= p)e =

eXP{ —log(1 —p) +n(p+log(l —p)) — (j — 1) log(1 - p)

(-1)/n j—1
+n/ log(1 — x)dm} < exp {— log(1 —p) —nt, <—> } ’
; n

where H,(z) = —p+ 2+ (1 —x)log((1 — x)/(1 — p)). The following properties of H, are
obvious:
d2

H()=1-p, HE)=0, S Hp) =0 T H)=1/0-2)

which implies H,(x) > 0 if z < 1, i.e., inequality (13) is proven.

Remark 6. Inequality (13) is a part of a more general result in Borisov and Ruzankin
(2002). It is worth noting that this upper bound is an estimate for the so-called Radon-
Nikodym derivative of a binomial distribution with respect to the accompanying Poisson
law. This problem was studied by a number of authors (Le Cam, 1960; Chen, 1975; Bar-
bour, Chen, and Choi, 1995; and others). In particular, under some additional restriction
on n and p, a slightly stronger estimate is contained in Le Cam (1960). However, in
general, estimate (13) cannot be essentially improved. Under some restrictions on n and
p, a lower bound for the left-hand side of (13) has the form (1 — ¢p)~!, where ¢ is an
absolute positive constant.

Corollary 6. Let g be an arbitrary function with the restriction E|g(m(\))| < oo for

some \. Then, for every n and p satisfying the condition np < X, the following inequality
holds:

ermp
(14) Elg(v(n,p))| < 1— pElg(W(A))I-
Moreover,
(15) lim — Eg(v(n,p)) = Eg(r()).

n—o00, np—A—0

Proof. Inequality (14) follows from Lemma 2 and the simple estimate

P(T{'(?’Lp) = j) e/\—np
RGO =5 -

Relation (15) follows from the classical Poisson limit theorem and inequality (14) which
provides fulfillment of the uniform integrability condition. The corollary is proven.
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Remark 7. Inequality (6) in Theorem 4 immediately follows from Corollary 6 and
representations (12). In the case n = 1 in Lemma 2 there exists a slightly stronger upper
bound for the Radon-Nikodym derivative. It is easy to see that, in this case, the right-
hand side of (13) can be replaced by e?. In the non-i.i.d. case evaluation of the moment
Ef(S,) can be reduced to that for a new function of n independent Bernoulli random
variables v1(1,p),...,v,(1,p) (for details, see the proof of Theorem 1 below). In this
case, the approximating moment is calculated by independent Poisson random variables
m1(p), ..., m(p) with the same parameter p. Thus, the corresponding upper bound for the
Radon—Nikodym derivative (as well as the corresponding factor on the right-hand side
of (6)) equals exp(}_,., p;). However, in the special case when S, = > . vi(1,p), there
exist better upper bounds for this derivative. For example, in this case we can replace
the factor exp(>_,., i) by (1 —p)~2, where p = max{p;; i < n} (see Barbour, Chen, and
Choi, 1995; Borisov and Ruzankin, 2002).

It is worth noting that, under the minimal moment condition above, we cannot replace
the one-sided double limit in (15) by the classical double limit as well as the condition
np < X in (14) cannot be omitted. For example, the function g(k) = (1V (k — 2))!\7*
satisfies the above-mentioned moment condition, however it is easy to prove the relation

lim sup Eg(v(n,p)) = occ.

n—00, NPp—A

Proof of Theorem 1. In the i.i.d. case inequality (2) is a simple consequence of relation
(11) and the classical Jensen inequality:

Ef(mu) = E¢(n(n)) = ¢(n) = Ef(Sy).

In order to prove inequality (2) in the non-i.i.d. case we introduce the sequence of
independent identically distributed random variables {m;; i > 1} having Poisson distri-
bution with parameter 1, which are independent of all the sequences of random variables
introduced in (1) (including the initial random variables). Then we can define the random
variable 7, in the following way:

(16) T, = Z St s
m=1
where S, are defined in (1). The further reasoning is quite analogous to the above. Put
z1:=> o Smm,. Using the above arguments, we have
Ef(7.) = EE; ¢, (m1) 2 EE;, 61, (1) = Ef (X1 + 1),

where the symbol E., denotes the conditional expectation given z;. Now we put 2o :=
X1+ > s Smr,. Then, repeating the same calculation, we obtain the estimate

Ef(Xi+ 21) = EE.,¢.,(m) > EE.,¢5.,(1) = Ef (X1 + X2+ Y Spnr,)-

m=3
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Continuing the calculations in this way, we finally obtain inequality (2). Theorem 1
is proven.

Proof of Proposition. The first assertion is easily verified. Indeed, by Corollary 1 and
Lemma 1 (see (12)) we have

¢k +1) — ¢(k) = E¢"(v(k + 1,p)) — E¢’(v(k, p))

< Pk+2)—op(k+1).

The analogous inequality holds for the functions ¢,, .(k).

In order to prove the second assertion of this Proposition we consider the subclass of
random variables satisfying the conditions EX{ < oo, P(X; = 0) # 0, and EX # 0. Put
f(x) := 2*. Then

(17)  o(k) = AL(EX)* + 6 ASEXZ(EX,)? + 3A3(EX?)? + 4A2EX | EX? + kEXY,
where A" := k(k —1)---(k —m + 1). The second derivative has the form
¢"(k) = Ak* + Bk + C,
where A := 12(EX,)*, B :=36EX}(EX? — (EX;)?), and
(18) C:=22(EX))* + 6(EX})* + 8EX,EX} — 36EX(EX))%

Because of positivity of A and B, the function ¢(k) in (17) is convex for C' > 0. If C' < 0
and at least ¢”(2) < 0, then the function ¢(k) replaces concavity with convexity. The
same representations with the above comments hold for the function ¢°(k) (with the
replacement of X; by X? and C' by C? in (17) and (18)).

Consider the case in which the first moment of X7} is positive and the third moment
equals zero. It is clear that we can choose the distribution of X} so that the constant
C° will be negative with its absolute value large enough. In this case the function ¢°(k)
will be of the mixed type. For example, we can define this distribution as follows: Given
a positive constant K, we put XY = K with probability 8/9, and X? = —2K with
probability 1/8. In this case, EXY = 6K/9, E(X!)? = 4K/9, and C° < —K*.

Since EXF = pE(X?)* for each integer k, given the above-mentioned distribution of
X0 we can consider p as a free parameter. Substituting this representation into (18)
we conclude that, for sufficiently small p (say, p < 0.1), the constant C' will be positive.
Proposition is proven.

Proof of Theorem 2. The first assertion is trivial because, under condition 1), from
Taylor’s formula we have

f(a;+h)—f(x)_/0 f’(x+th)[h]dt§/0 @+ =+ th)[H]dt

= fle+z+h)— f(z+2)
for every x € G and 2, h € {J,,, suppX;, that is, inequality (3) is fulfilled.
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To prove the second assertion we only need to prove this in the i.i.d. case because,
using the arguments in proving Theorem 1 above, we can reduce the problem to the i.i.d.
case. It remains to observe that, under condition 2) and given z, the function f(x + z)
has convex second derivative with respect to x. So, we prove the assertion in the i.i.d.
case. Taking into account continuity in = of the function f”(x)[h, h| for any fixed h and
using Taylor’s formula, we have

(19) f(Skt1) = f(Sk) = f'(Sk) [ Xis1] + /0 (1 —t) f"(Sk + tXpp1) [ X1, Xipa]dt.

First we average both sides of (19) with respect to the distribution of Xj,; and use the
fact that, for any centered (in Bochner sense) random variable X and an arbitrary linear
continuous functional [(-), the equality EI(X) = 0 holds. Averaging both sides of this
identity with respect to the other distributions we then obtain the equality (with more
convenient representation of the remainder in (19))

(20) Bk +1) = 6(K) = JB"(Sk + CXen) Xear, X,

where ( is a random variable with the density 2(1—¢) on the unit interval, which is defined
on the main probability space and independent of the sequence {X} (we may assume
here that this space is reach enough). It is worth noting that, because of integrability of
the left-hand side of (19), the expectation on the right-hand side of (20) is well defined
due to Fubini’s theorem. In the i.i.d. case, by the classical Jensen inequality (for the
conditional expectation E¢ x,,,) we finally obtain the inequality we need:

ok +1) — (k) = %EEc,XHQf"(Sk + (Xipy2) [Xig2, Xipso]

< SBF"(Sknn + CXiso)[Kin, K] = 60k +2) — o(k + 1)

The proof of convexity of ¢°(k) and ¢), (k) is the same because, for the centered
initial summands, EX? = 0. The theorem is proven.

Proof of Theorem 3. Put n > p(G) and consider the independent random variables
Xk = Xg(n) with the following common distribution:

PAN{0}) = u(A)/n, P({0}) =1 = p(G)/n.

Then the corresponding random variables X? have the common distribution P°(A) =
1(A)/1(G). Therefore, for each n, by Proposition we have the corresponding inequality
for the moments under study. It is easy to see that, in this case, the function ¢°(k) = ¢, (k)
does not depend on n, and we can apply Lemma 1 and relation (15). Thus, we have

lim Ef(S,) = lim E¢,(v(n,p))

n—oo
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= E¢u(r(N) = Ef(74),
where p = pu(G)/n and A = pu(G). The theorem is proven.

Proof of Theorem 4. The claim follows immediately from Lemmas 1 and 2 and Re-
mark 7.

Proof of Theorem 5. Because of the monotonicity and continuity conditions it is
sufficient to prove the assertion for any finite-dimensional projection ™ and 7™ of
the processes under consideration. To this end it we consider an arbitrary nonnegative
function ¢(z1, .. ., xx) which is convex and increasing in every coordinate z;. We will study
the moment E¢(v,(t1), ..., vn(tk)), where t; € [0,n) are arbitrary points and ¢; < ;41 for
every ¢ < k. We will also assume that the corresponding Poisson moment exists.

The following so-called Markov property of v,(+) is well known: Given the quantity
vn(t) (the number of the sample points to the left of £/n), two new samples constituted by
the points to the left and to the right of ¢/n respectively, are independent and distributed
as samples (of the corresponding sizes) from the uniform distributions on [0,¢/n] and
[t/n, 1] respectively. In other words, given v,(t1), the increment v, (t2) — v, (1) coincides
in distribution with v ((t2 — t1)N/n), where N := n — v,(t1), and the process v(-) is
an independent copy of v,(-). Thus, taking into account Corollary 1 and convexity and
monotonicity of the function ¢y (z) := E(v,(t1), ..., vn(tp—1), Vn(tk—1) + ), we have

EY(va(t1), ..., vn(te)) = EExY1 (Vy (B — te—1)N/n))
< EEnY: (m((tr — ti—1)N/n)) < E¢(m(ty) — m(te-1)),

where 7(-) is a Poisson process independent of v, (+).

Therefore, we reduced the problem to evaluating the moment of a function of the
analogous (k — 1)-dimensional projection v, (t1),. .., v, (tx—1). It remains to observe that
the function o(xy, ..., xx—1) = E(xq,.. ., 21, k1 + 7(tx) — m(tx_1)) is convex and
monotone, too. In other words, to prove the assertion we may use induction on k. The
theorem is proven.

Proof of Theorem 6. It is clear that, under the above notations, we deal with the
random variable v(n, p) having the binomial distribution B, ,. First we consider the case
n=1.

Lemma 4. For every natural m, the function g,,(t) == E(n(t) — t)™ is a polynomial
on [0, 00) with nonnegative coefficients, and the following inequalities hold:

(21) E(v(1,p) + 2)*" ' < E(n(p) + )*"
if x > —1; and
(22) [B(v(1,p) + )| < E(n(p) + )"~
if x > —p.
Proof. The properties of the functions g,,(t) immediately follow from the relation
o0 +k 00 £k
n(0) = 300 =0 = O = Dk =0 e~

14



= (m— 1)

=tB(n(t) —t+1)" —tgn =1t
— Ellm—k—1

)lgk(t),

where m > 2, go(t) = 1, and ¢,(¢t) = 0.
In order to prove (21) we first study the case z = —1. We have

E(v(1,p) — 1)2"1_1 =p-—1,

B(r(p) — 1" = —e 7 + Z E e

—€_p + — Z

_ 1 2m—3 p2
ke — —e7P 4 5E(1 +7(p))*m 3

PP
(23) >p—1-— 5t EE(l +7(p)* 3 > p—1,
where m > 2 (in the case m = 1 the assertion is trivial). Inequality (21) follows from
(23) and the analogous inequality for the corresponding derivatives with respect to z (see
Corollary 4).

To prove (22) we need to deduce only the inequality
(24) E(p—v(1,p))*" " <E(r(p) —p)*"".
First we assume that p < 1/2. Then we have

E(p—v(1,p)*" ' =p(1 —p)(p* %= (1—p)*?) <0,

and (24) holds because of nonnegativity of the functions g,,(t).
In the case p > 1/2 we put 7(1,p) := 1 — v(1,p), where p := 1 — p. By (24) we then
obtain
E(p—v(1,p)*" ' =E@(L5) — )" < gom-1(5) < g2m—-1(p)

due to monotonicity of the functions g,,(t). The lemma is proven.

Since v(n, p) coincides in distribution with a sum of independent copies of the random
variables v(n — 1,p) and v(1,p), the further proof of the theorem can be continued by
induction on n (using (22) and the binomial formula). The theorem is proven.

15



3 Couplings in Poissonian approximation in Abelian
groups

1. Introduction and the main result

Let S be a separable metric space. Denote by V(L(X),L(Y)) the total variation
distance (with respect to the Borel o-field) between the distributions of random variables
(r.v-s) X and Y taking values in §. We discuss the following fundamental result of
Dobrushin, 1970: There exist r.v-s Xy and Y, defined on a common probability space,
with the same distributions as X and Y respectively such that

(1) VI(L(X), L(Y)) = Pr(Xo # Yp)
and, moreover,

(2) V(LX) £(Y)) = inf Pr(X £ V),

where the infimum is taken over all possible constructions of r.v-s X and Y on a common
probability space.

Relations (1) and (2) are a duality theorem in the Monge-Kantorovich problem for
the indicator metric (for details, see Rachev, 1984). These relations mean that if the total
variation distance between the distributions of some r.v-s is sufficiently small, then there
exist versions of these r.v-s coinciding with probability close to 1, and this probability is
the largest possible.

Remark 1. If § is a Polish space with a metric r, then relations (1) and (2) follow
from the more general result of Strassen, 1965: For every ¢ > 0, we have

(3) p(t, P,Q) = B(t, P,Q),

where

p(t, P, Q) = inH{P(r(&,n) > 1)}
with P = L(§), @ = L(n), and
B(t, P,Q) =sup{P(Z) — Q(Z;) : Z is closed in S}

with Z, = {y € U : r(Z,y) < t}. In particular, from (3) it follows that p(0, P,Q) =
V(P,Q).

Under less restrictive conditions on S (for the so-called inner regular separable metric
spaces which may be incomplete) relation (3) was proved by Dudley (1968).

Another proof of the Dudley-Strassen result was proposed by Schay (1974). But at
least transition from the discrete case to the general one in that paper (see Theorem 2 in
Schay, 1974) is incorrect. Actually, the Schay method of discrete approximation implies
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continuity of the functional p(t, P,Q) on P and @ with respect to the weak convergence
topology (for every fixed t > 0). However, this statement is false (the functional p(t, P, Q)
is continuous with respect to a stronger metric like the total variation distance).

Remark 2. The original Dobrushin proof of (1) and (2) which was carried out for an
arbitrary metric space S (not necessarily separable), contains an incorrectness because, in
general, the event {X # Y} does not belong to the product o-field on which every joint
distribution is well defined. In other words, it is not clear how to define the probability
on the right-hand side of (2) for an arbitrary construction of r.v-s X and Y on a common
probability space without separability. In order to correct the proof we need a more
careful construction of the optimal joint distribution of (X, Yy) on the product space and
the probabilities on the right-hand side of (2) as well.

Now let (S, .A) be an arbitrary measurable space. Denote by ¥ = (A x A, D)
the minimal o-field generated by the standard product o-field A x A and diagonal D =
{(z,y) : = = y} of the product space. The following assertion is a more general and
somewhat corrected version of the Dobrushin result:

Theorem 1. On the probability space (S x S, X)), there ezist copies Xo and Yy of
r.u-s X and 'Y respectively such that relations (1) and (2) hold, where the infimum in (2)
is taken over all pairs (X,Y) based on the above probability space and having the initial
marginal distributions.

Proof. Let P, and P, be the distributions of X and Y respectively. The Dobrushin
proof is based on the classical Hahn—Jordan decomposition S = ST |J S~ for the signed
measure G := P; — P,. In other words, we have G(ANS™) > 0 and G(ANS™) <0 for
every A € A.

Put v(A) .= PB(ANST)+ P (ANS™) and a := v(S). It is clear that v < 1 because,
from the definition of ST and S—, we have

V(A) < min{ P (A), Py(A)}.

We omit the cases @ = 0 and o = 1 because in the first case, we have P; L P, and in the
second case, P; = P,, and the problem is trivially solved.
Let 0 < a < 1. Introduce the following three probability measures:

p(A) = v(A)/a,

M(A) = Pl(fi)__:(A)’
Na(A) = P2(1?)__:(A)‘

The construction of the optimal joint distribution P(-) on the probability space (S xS, X)
is as follows: For all A, B € A, we put

P(Ax B)=au(ANB)+ (1 — a)\(A)X(B),

P((Ax B)N D) = au(AN B).
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Note that, for a separable metric space, it is sufficient to define the optimal distribution
only on rectangles A x B (as in Dobrushin, 1970). In other words, we have constructed
an elementary measure on the minimal semiring generated by all canonical rectangles and
the diagonal of the product space. Thus, by the classical extension theorem of measure
theory, we can extend this elementary probability to the minimal o-field containing this
semiring of subsets.

It is easy to see that P(A x §) = P1(A), P(S x B) = P»(B), and

P(D) = v(S) = Py(S*) + P(S7) = 1 — G(ST)
—1 - V(L(X), L(Y)).

Relations (1) and (2) follow from the above and the elementary inequality
Pr( X e A)<Pr(Y e A)+Pr(X #Y)

which is true for all constructions of X and Y on a common probability space with
measurable diagonal. In other words, in this case,

V(L(X), L(Y)) < Pr(X #Y).

The theorem is proved.

Remark 3. In the formulation of Theorem 1, the infimum in (2) can be taken over
all constructions of r.v-s X and Y on a common probability space if we replace Pr in (2)
with the symbol of the outer probability Pr* which is defined by the above-introduced
extended product o-field X.

Remark 4. Actually, the construction of the optimal joint distribution of (X, Yp)
in the Dobrushin theorem is also contained in Le Cam (1965) (however, without proving
equalities (1) and (2)). Le Cam’s proof is based on the notion of the minimal measure that
is equivalent to the above-mentioned Hahn-Jordan decomposition. It is easy to verify that
the Le Cam coupling provides equality (1) as well (at least for separable metric spaces).

2. Poisson approximation in Abelian groups

Let {Xy; & > 1} be independent identically distributed (i.i.d.) r.v-s taking values in
an arbitrary measurable Abelian group (G, .A) with measurable operation “+”. In this
case, we have no measurability difficulties mentioned above. Let {X?} be i.i.d. r.v-s with
distribution

L(XY) = L(X1]X; #0),

where the distribution on the right-hand side of this equality is conditional under the
condition {X; # 0}. Put p := Pr(X; #0), S, := Y., X;, and S? := Y. X?. Intro-
duce the so-called accompanying (for S,,) Poisson r.v. II,. It is well known that this r.v.
coincides in distribution with the sum Sy(,), where the r.v. 7(n) has the Poisson distribu-
tion with parameter n and is independent of the initial sequence of r.v-s. We need more

convenient representations of the r.v-s introduced above. Actually, these representations
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in various forms are contained in many papers (see, for example, Khintchine, 1933, 1936;
Le Cam, 1960, 1965; K.Borovkov, 1988; Borisov, 1993, 1996) and they can be briefly
defined by the relations

(4) L(Sy) = L(Sy), L(I,) = L(Sy),

where L(v) = B,,, is the binomial distribution with parameters n and p; L(7) = P, is
the classical Poisson distribution with parameter np; the pair (v, 7) does not depend on
the sequence {X?}.

Whence the following inequality immediately follows (say, by Theorem 1):

() V(L(Sn), L(I1n)) < V(Bnp, Prp)-

Moreover, if there exists (with probability 1) a measurable one-to-one mapping n — S°
(typical property of empirical processes) then it is easy to obtain the equality

(6) V(E(Sn)’ 'C(Hn)) = V(Bn,p’ Pnp)'

In other words, the problem of approximating the distributions of the sums in Abelian
groups by the accompanying Poisson laws is easily reduced to the simplest one-dimensional
case. In our opinion, employment of relations (5) and (6) allows us to obtain the correspon-
ding upper bounds by the shortest way. Using Theorem 1 we easily obtain the correspon-
ding coupling with an exact upper bound.

Sometimes we study approximation of the distributions by Poisson laws different from
the accompanying. In this case, we can use the well-known representation of such a Poisson
law as an operator exponential. Denote by Pois(u) the generalized Poisson distribution
in (G, A) with the Lévy measure p:

0 *xk
(7) Pois(p) := e #9) Z 'l;—‘,
k=0

where ;** is the k-fold convolution of a finite measure p with itself; ** is the unit mass
concentrated at zero. In particular, using relations (4), it is easy to verify the double
equality

(8) L(I1,,) = Pois(nL(X,)) = Pois(npL(X?)).
¢From (7) it is easy to obtain the estimate (for details, see Borisov, 2000)
(9) V(Pois(p), Pois(X)) <2V (p, A),

where the factor “2” in the right-hand side of (9) can be omitted if either A(G) = u(G) or
A > p (A < p). This inequality improves the corresponding result in Reiss (1993, p. 87).

As a consequence of Theorem 1, relations (4), (8), (9), and the classical Prohorov-Le
Cam estimate for the right-hand side in (5) as well (see Prohorov, 1953; Le Cam, 1960;
Barbour and Hall, 1984), we can formulate the following result:
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Theorem 2. Let II(p) be an r.v. in (G, A) with distribution Pois(u). Then r.v-s S,
and TI(p) can be defined on a common probability space such that

(10) Pr(S, # (p)) < min{p, np®} + 2V (npL(X?), ).

Corollary. Let {X,x; k <n}, n=1,2,..., be row-wise i.i.d. r.v-s in (G, A). Given a
finite measure p, let the condition

(11) lim V (np, £(X0), 1) = 0

n—oo

be fulfilled, where p, = Pr(X,; #0). Then, for each n, r.v-s S = > k<n Xnk and T(p)
can be defined on a common probability space such that

(12) lim Pr(S"™ # II(u)) = 0.

n—oo

Note that, under the conditions of the Corollary, we have np, — w(G). Thus, using
the upper bound in (10), we can estimate the rate of convergence in (12).

Remark 5. The above-introduced measurability condition on the operation “+” can
be weakened. We only need a correct definition of the distributions of SY for all n. In
other words, if 0 € A, we can axiomatically define the nth convolutions we need, and
convolutions of the initial distribution of the summands as well (for details, see Borisov,
1993). In this case, the accompanying Poisson law is well defined. However, for every
construction of r.v-s S,, and II(x) on a common probability space, we cannot guarantee
measurability of the event {.S,, # II(u)} as well as correct definition of the corresponding
probability. Theorem 2 provides such a construction.

3. Poisson approximation of empirical processes

Let {Yox; & < n},n =1,2,.., be row-wise i.i.d. r.v-s taking values in an arbitrary
measurable space (S,.A). For each n, introduce the normalized empirical process based
on the sample {Y,x; & < n} and indexed by a family F of real-valued Borel measurable
functions on (S, A) :

k<n

We consider S,, as an r.v. in the measurable space (R”,C) of all real-valued functions
indexed by F, with the cylinder o-field C (Kolmogorov’s space).

Denote by v,(A) := S,(l4) the normalized empirical measure, where I4(-) is the
indicator function. The following theorem is a simple consequence of the Corollary above:

Theorem 3. Given some B € A and some finite measure X\ with support in B,
suppose that V (np,L(Y.E),\) — 0 as n — oo, where L(Y.E) = L(Y,1|Ym € B) and
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pn = Pr(Y,1 € B). Then the sample {Y,x; k < n} and a Poisson point process my on A
with mean measure A can be defined on a common probability space such that

lim Pr{jlé% |un(A) — ma(A)] # 0} = 0.

n—oo

Because of the identity

5.(0) = [ fawads)
S
we can reformulate Theorem 3 in the following equivalent form:

Theorem 3'. Under the conditions of Theorem 3, we can define the random process
Sn(f) and the generalized Poisson process

(f) = / f(2)ma(da),

on a common probability space such that

lim Pr{( J{3.(f) # I(H)}} =0.

n—00
fer

Proof of Theorem 3. Introduce the notations
Xnk = {]AQB(Ynk:); A € A}7

KXo = {1a(Y,0); A € A},
pn = Pr(Y,, € B) =Pr(X,; #0).

We consider the random processes {X,;} as elements of the corresponding Kolmogorov
space. In order to apply the Corollary of Theorem 2, we need to verify condition (11). De-
note by {Z;; i > 1} a sequence of i.i.d. r.v-s in S with the distribution \(-)/A(S). It is easy
to see that the Lévy measure of the Poisson point process 7 introduced in the statement
of Theorem 3 coincides with pu := A(S)L{I4(Z;); A € A}. It only remains to evaluate the
total variation distance in the Kolmogorov space between u and np,L{I4(Y,5); A € A}.
In order to do this, we need to estimate closeness of the measures only over all finite-
dimensional cylindrical subsets. Note that, for arbitrary measurable subsets Ay,..., Ay
and an arbitrary S-valued r.v. &, we have the equality of the events

{[A1<£> =€1,... 7IAk<£) = ek} = {5 € ﬂcl}v

i<k

where e; € {0,1}, C; = A; whenever ¢; = 1, and C; = A§ (A° is the complement of A)
whenever e; = 0.
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Therefore,

Finally, using Theorem 1, we complete the proof.

Remark 6. Actually, the convergence in the total variation distance of the distribu-
tions of restrictions to a subset B of the point processes v,(-) to that of the analogous
restriction of my(-) was studied in Reiss (1993). Thus the statement of Theorem 3 can
be deduced from Theorem 1 and Theorem 3.2.3 in Reiss (1993). Under some separability
conditions on the parametric set such a proof of the coupling was proposed by Einmahl
(1997).

Remark 7. Many authors studied some problems of Poisson approximation close to
that mentioned above in Theorem 3 (say, the so-called strong Poisson approximation of
empirical measures) in various particular cases and applied this approximation in limit
theorems of various kinds. For example, the cases were studied in which A C B, where B is
a bounded Borel subset in R*¥, or A = {x € R¥ : 2 > a}, a > ao >0, and X,,; = m(n)X;,
where m(n) — oo for the first case, and m(n) — 0 for the second case (the so-called local
and tail empirical processes; see Deheuvels and Pfeifer, 1988; Deheuvels and Mason, 1995;
Major, 1990; Horvath, 1990; Borisov, 1993, 1996, 2000; Einmahl, 1997; and others). Some
of them used the so-called Serfling coupling because of studying the approximation by
accompanying Poisson processes (see Remark 8 below).

Note that analogs of inequality (5) for the above-mentioned particular cases can be
found in the corresponding papers by Deheuvels and Pfeifer (1988), Major (1990), Borisov
(1993, 1996), and some others. Actually, for the empirical and accompanying Poisson
point processes, equality (6) holds.

Note also that, under some additional separability restrictions on the parametric set,
the corresponding references to the above-mentioned Dobrushin’s result are contained in
papers by Borisov (1993, 1996, 2000), Borisov and Mironov (2000), and Einmahl (1997).

Remark 8 In the mid 1970s, to prove the Poisson limit theorem, two close cou-
pling methods were proposed independently by Serfling (1975) and A.Borovkov (1976)
(see also English translation of the last textbook by A.Borovkov, 1998, p.100). For ex-
ample, Borovkov’s method is based on comparison of the standard quantile transforms
for Bernoulli and the corresponding Poisson distribution functions (for details, see also
Borisov, 1993, 1996). The Lebesgue measure of noncoincidence (as well as in Serfling’s
coupling, although his construction is slightly different from that of Borovkov) of these
quantile transforms on the unit interval is equal to p(1 — e ?) < p?. It is worth noting
that the above-mentioned optimal coupling in Le Cam (1965) provides a construction of
these r.v-s on a common probability space with a smaller probability of their noncoin-
cidence (for details, see Le Cam, 1965, p. 186). Whence the Le Cam upper bound np?
immediately follows for the probability of noncoincidence of r.v-s with the (n, p)-Binomial
and accompanying Poisson distributions based on the probability space [0, 1]" with the n-
variate Lebesgue measure. Moreover, it is easy to obtain a lower bound of the same order
np? for the probability of noncoincidence under Borovkov’s and Serfling’s constructions.
However, Dobrushin’s theorem allows us to obtain optimal coupling in the Poisson approx-
imation with the probability of noncoincidence of order min{p, np®}. This is Prohorov’s
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(1953) and Le Cam’s (1960) combined estimate for the total variation distance between
the distributions under study. In other words, the above-mentioned three couplings for
each pair of the summands in the sums of independent r.v-s under consideration provide
worse Poisson approximation for the (n,p)-Binomial distribution than Dobrushin’s (as
well as Le Cam’s) coupling for the whole sums.

It is very important to note that Borovkov’s and Serfling’s couplings are applicable
only in approximation of the sum distributions by the accompanying Poisson laws (see
the proof of Theorem 2). However, the limit Poisson processes in Theorems 3 and 3’
differ from the corresponding accompanying Poisson processes. In this case, Borovkov’s
and Serfling’s couplings do not work.

Remark 9. Borovkov’s coupling mentioned in Remark 8 can be interpreted as a
particular case of the well-known e-coupling proposed by Prohorov (1956) studying the
convergence rates in the Donsker invariance principle. This method was also based on
comparison of quantile transforms for the distribution functions of independent increments
(on subintervals of a suitable length) of a partial sum process and a Wiener process.

To study proximity between the distributions of two partial sum processes based on
Bernoulli and accompanying Poisson r.v-s respectively (Poisson ”invariance principle” or
strong Poisson approximation), we can use Dobrushin’s and Le Cam’s constructions as
well as Borovkov’s and Serfling’s couplings because a lower bound for the total variation
distance between the distributions of these partial sum processes in the corresponding
functional sample space has order np? (see Borisov, 1996).
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4 Poissonian approximation of the partial sum pro-
cesses in Banach spaces

1. Statement of the Main Results

Let X, X1, Xs,... be independent random variables taking values in a measurable
Banach space (B, A, | - |) and having the respective distributions P, Py, P,,...; here A
is a o-field in B. Hereafter, we suppose that the linear operations and the norm || - || are

measurable with respect to A. If B is separable, then A is usually considered to be the
Borel o-field. The measurability conditions are fulfilled in this case. For a nonseparable
B, such choice of A is not natural, since in this case the family of all measurable random
variables may become too narrow (see [30]). Thus, for nonseparable Banach spaces, the
class A is, as a rule, smaller than the Borel o-field (for example, the cylindrical or ball
o-fields).

Denote by Pois(u) the generalized Poisson distribution with the Lévy measure pu:

L
k!’

Pois(p) := e #®)

00 xk

k=0

where p** is the k-fold convolution of a finite measure p with itself; 4*0 is the unit mass
concentrated at zero. It is easy to see that Pois(u) coincides with the distribution of the
sum ), By Yi» where {¥;} are independent identically distributed random variables
having the common distribution p(-)/u(B), and 7(u(B)) is a Poisson random variable
having mean p(B) and independent of {Y;}.

The main goal of this chapter is to obtain path proximity estimates between the

random process (vector)
k
Sp = {ZXi; kzl,...,n} (1)
i=1

and the generalized Poisson process

I, := {iﬁz(ﬂ), k—l,...,n}, (2)

i=1

where {7;(FPy)} are independent random variables with the respective distributions
{Pois(Py)}. We study the proximity in terms of the distance

k k

ZXz' - Zﬁ-z(a)

i=1 i=1

d(z,Sp,11,) == inf P (max

{ Xk, 7k (); k<n} k<n

> z), (3)
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where the infimum is taken over all families of {X;} and {74(-)} based on a common
probability space. Alongside (3), we also need the total variation distance between the
distributions £(X;) of arbitrary B-valued random variables X;, i = 1,2:

V(X1,Xp) :=sup|P(X; € A) —P(X2 € A).
AeA
We now recall the most significant relevant results. One of the first results was obtained
by Yu. V. Prokhorov [98] and was later generalized by L. Le Cam [82]. In the case
when B = R and X; = v; are Bernoulli random variables with the respective success
probabilities p;, the following inequality was proved in [98] and [82]:

V(Z Vi;”(ZPi)) < cpo, (4)

where ¢ is an absolute constant, py = max;<, p;, and 7(s) is a Poisson random variable
with mean s. Somewhat later, L. Le Cam proved (see [83], [84]) the following inequality
for every random variable X taking values in an Abelian group B (under the above
measurability conditions):

V(X,7(P)) < p”, ()
where p := P(X # 0). Moreover, if B is a Polish space, then it is easy to obtain from (5)

the following estimate
V(Y XD m(R)) <o wk (6)
i<n i<n i<n
where p; := P(X; #0).
Therefore, in the Bernoulli case, (4) and (6) yield a more universal upper bound

V(S vn(Sn)) < min(om 3052). o
i<n i<n i<n
The best two-sided estimate was obtained by A. Barbour and P. Hall (see [5]):

%eanf V(X vr(Xom)) e d st (8)

where ¢, := min{l, (ZKn pi)_l}. Note that, under the condition ), p; < 1, the right-
hand sides in (6) and (8) coincide, and for the identically distributed v; the right-hand
sides in (7) and (8) coincide up to an absolute multiplicative constant. Note also that, in
the Bernoulli case under the condition ), p; — oo, the exact asymptotics of the total
variation distance under consideration is known (see [7]) and differs from the right-hand
side of (8) only by the factor (2me)~Y/2.

For non-Bernoulli sequences { X}, estimate (6) cannot be improved without additional
restrictions on the distributions P;. For example, if each random variable X; has a two-
points distribution concentrated at zero and the point (a;)*/? where {a;} are different
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prime numbers then, because of one-to-one correspondence between rational numbers {e;}

and the sums ), +/a;e;, we have (see [83])

V(in,Zﬁi(g)> >1— P(Zﬁi(P) €

i<n i<n i<n

{Z Vages; e, =0,1, i < n})

<n

=1-JJe”@+p) 21 -[J1-pi(1—p)/2) > 1 —eXp{—%ZP?(l —pi)}- (9)

i<n i<n i<n

In other words, if Y, p? — 0, then the right-hand side of (9) is equivalent to >, p?
(where, possibly, >._ p; — 00).
We would like to emphasize the significance of the fundamental result by R. L. Do-
brushin (see [45]):
V(X,Y) = )i(n}f/P(X #£Y), (10)

where the infimum in the right-hand side of (10) is taken over all pairs (X,Y") based on a
common probability space, and A is the Borel o-field in B. If A is smaller than the Borel
o-field then the sign “=" in (10) must be replaced by the sign “<.”

Relation (10) means that if the total variation distance between some random variables
is sufficiently small, then there exist versions of these random variables coinciding with
probability close to 1.

R e m ar k. The original proof of (10) in [45] which was carried out for arbitrary
metric spaces B (not necessarily separable ) is incorrect since the event {X # Y} may be
nonmeasurable. Postulating the measurability of linear operations (or the group operation
when B is an Abelian group) allows us to avoid this inconvenience.

Before evaluating d(z, -), let us agree to consider the partial sum processes (1) and (2)
as random elements in the measurable Banach space B" := B x --- x B endowed with
the norm [|Y||s := maxy<, [|[Y®|| and the o-field A" := A x --- x A. If B is separable
then B" is separable too. In this case, it follows from (10) that the total variation
distances between the distributions of S and II,, and those between (Xi,...,X,) and
(71(Pr), ..., Tn(Py)) coincide. Moreover, by (5) and (10) we obtain

0, S 11 inf P(UAX0 # 7P} )
( ) Sn,Iln {( Xk, 7k (Py))} are independent ]€L<Jn{ k 7& k( k)}
< f P(X (Py)) < .
D e PO # T(P)) < 3 p (1)

Note that, even in the Bernoulli case, the upper bound in (11) cannot be essentially
improved (in contrast to (6)) since the distance d(0, S,,Il,) admits the lower bound by
the analogy with (9):

d(0,S,,11,) > 1 = P(m(p;) € {0,1}; i=1,...,n) > 1 — exp{—%Zp?(l —pi)}.

i<n
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If B is not separable then, generally speaking, (10) does not hold. Thus, to estimate
d(z,-), we need a new approach. Denote by {X?} the independent random variables with
the following distributions:

P(X{ € A)=P(X;€ A| X; #0). (12)

Note that the random variables are well defined because, by the above assumptions, the
event {X; # 0} = {||Xi|| # 0} is measurable. It is proved in [17] that for every k the
following equalities hold:

Un (k) Tn (k)

E(Xk):ﬁ( > X,“> Poz’s(Pk):E( > X,“> (13)

i=Un(k—1)+ i=7n(k—1)+

where {X kit =1,2,. } are independent copies of X}, the random processes 7,,(k) :=
> icp Vi and 7w, (k) == ka mi(pi), k < n, do not depend on {X});}, and p; :== P(X; # 0),
Z?Zl = 0. If X? are identically distributed (whereas X; can be nonidentically distributed
with arbitrary p;), then (13) and independence of the increments of the processes ()
and 7,(-) readily imply more informative representations for the distributions of S,, and
IT,, in the Banach space B™:

on (k) n (k)

Z ck=1,...np, LOL)=LI> X k=1..np, (14
=1

We formulate several simple and useful consequences of (13), (14), and (10) (see [17]).
Corollary 1. If B is a separable Banach space then the inequality

V(Smﬂn) < V(Dn(')aﬁn(')) (15>

holds for arbitrary distributions {P;}.
Corollary 2. If B is a separable Banach space and P(sz
natural numbers m and k then the following relation holds N

V(SmHn> = V(ﬁn(')ﬂ_TN(’))‘ (16>

Xp, = 0) =0 for all

Corollary 3. If | X;|| < 1,i=1,2..., almost surely and random variables {X?} are
wdentically distributed then the inequality

d(2, Sn, 11,) < d(z, Un(-), Tn(-)) (17)

holds for all z > 0.

Finally, the last consequence is connected with a special structure of the random
variables {X;}. We say that X; are elements of the indicator type with conforming
supports if for all natural m and k the following identity holds with probability 1

m+k

> x

i=m+1

— k. (18)
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Corollary 4. If {X;} are random elements of the indicator type with conforming
supports, and {Xio} are identically distributed then the identity

d(z, S, I1) = d(z, (), (). (19)

holds for all z > 0

Hence, for the identically distributed { X?}, evaluation of the distances V'(-) and d(-) in
arbitrary Banach spaces reduces to an analogous problem for sequences of independent,
generally speaking, nonidentically distributed Bernoulli random variables with special
success probabilities.

The main result of the chapter is as follows:

Theorem 1. Let {v;} be independent identically distributed Bernoulli random vari-
ables with the success probability p. Then

d(z, (), Tn(-)) < (np?)EH exp{—CizInIn(z + 2) + Cy} if np > 1,

npl 2 exp{—Cyz + Cu}, if np <1, (20)

where C1—Cy are absolute positive constants.

Therefore, for bounded identically distributed B-valued random variables { X}, (15)—
(20) allow us to obtain an appropriate estimate.

As an example consider the problem of the uniform Poisson approximation of the
sequence of multivariate empirical distribution functions. Let F,(t), t € R™, be the
empirical distribution function based on the sample Yi,...,Y,, from an arbitrary distri-
bution in R™. Put X; = X;(t) := I(Y; < t), where I(-) is the indicator function and
the sign “<” means the standard partial order in R™. We consider X; as elements of
the Banach space B consisting of all bounded left-continuous functions (in the sense of
the partial order mentioned) defined on the set {t € R™ : t < a} and endowed with the
uniform norm. Denote by A the cylindrical o-field. The norm introduced is .4-measurable
although the space B is not separable. Without loss of generality, we may assume that
P(X; #0) = P(Y; < a) # 0. Then the random variables X in (12) are well defined and
satisfy (18). Therefore, from (19) and (20) we obtain the estimate

d(z,S,,11,) < d(z,n,p), (21)

where

(k)

S, = {kFy(t); k=1,...,n}, 11, ::{ZI(Yi<t); k;zl,...,n},

=1

7(+) is the standard Poisson process (with mean s) independent of {Y;}, d(z,n,p) is the
right-hand side of (20), p :=P(Y; < a).

The particular case considered above was studied by a number of authors (see [1, 17, 62,
86]). In [62], the upper bound for the left-hand side of (21) had the form /np(z~! +272).
In [17], it was improved by means of (17): np* exp{—C11/z + Cy}. Under the additional
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restriction np > 1 in [86] (in the special case p = p(n)) and [1], it was proved that the
left-hand side of (21) admits the upper bound C(z)(np?)F*!, but the structure of C(2)
was not investigated. Note that in the particular case mentioned, in [1] and [86], an
equality like (19) was used which also reduced the problem to the one-dimensional case.

Therefore, Theorem 1 and Corollaries 1-4 strengthen and essentially generalize the
above results.

Note that, for z = 0, the right-hand side of (20) has order O(np?), i.e. it is unimprov-
able up to an absolute multiplicative constant. Moreover, under the condition np < 1,
the dependence of the right-hand side of (20) on p is optimal, while the dependence on z
is close to the optimal for any fixed n and p.

Theorem 2. For any p, n and z, the following relation holds

d(z, Un(-), (")) > (27r)_1/210['214r2 exp{—(z+5/2)In(z +2)}. (22)

Rem ark In[62], asimpler coupling was used which is based on the equality
mentioned above

(||
L(oy) =L{ZX>; || =oo,...,\}, (23)
y=00

where 7(t) 1is the standard Poisson process independent of X;. As an example, we
compare the nth coordinates of the random vectors S, and II,, in (23). By the total
probability formula we have

n m(n)
P<ZXZ- >3 XZ») =1—E(1 —p) ™=l (24)

On the other hand, it is clear that E|n(n) — n| = O(y/n). Thus, under the conditions
n — oo and py/n — 0, the left-hand side of (24) tends to zero at the rate of py/n. Hence,
the coupling based on representation (23) cannot provide the optimal upper bound for
d(z, Sy, 11,).

2. Proof of the Main Results

Proof of Theorem 1. We begin with constructing the families of random variables
{vi; i <n} and {m(p); i < n} on a common probability space by the method proposed
independently in [14] and [15]. Given a random variable ¢, we introduce the notation
Fgl(w) = inf{t € R : F(t) > w}, where R is the extended real line, F;(t) is the
distribution function of ¢, and w € [0,1]. It is well known that if w has the uniform
distribution on [0, 1], then E(FC_I(w)) = L(¢). We set

vi=FYw), 7= F;gp)(wi),

7 v;
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where {w;; i < n} are independent random variables with the uniform distribution on
[0,1] Tt is easy to see that

max
k<n

k k n
=Y m <> G (25)
i=1 i=1 =1

where ; = (mf — D)I{r} > 2} +I{w; € [1—p, e P]}. It is easy to verify that the distribution
of (; is determined as follows:

p2

P(G=0)=1-p(l—e?), P(G=1)=e?—l+pt+e,
karl .
PG=h) =g k22 (26)

First, assume that np > 1. Denote zg = [z] + 1. Then, for every t > 0, by (25) we
have

d(z, 7n(-), Tn()) < P (Z G > ZO> < (Bexp{tG})"e"™. (27)

The moment generating function in the right-hand side of (27) admits the following esti-
mate:

k+1

o0 o2tp2
Eexp{t(;} <1+ e'p® + Z ekth =1+et (exp{etp} —1—ep+ b )
k=2 )

2

< o { L (exple'p} + 1)} (25)

Put ¢ = In (5,5 In(2 + 2)), where we may assume that In(z + 2) > 2np® without losing
generality (see (29)). Then (27) and (28) imply the estimate

d(z,00(-), Tn(-)) < exp{e'np? exp{e'p} — tzo}

1 1
= exp {5 In(z + 2)(20 + 2)Y" — z1n <2np2 In(zo + 2)> }

1
< (2np*)® exp {—zo In ln(zo+2)+§\/ 20+2 ln(zo—i-Q)} : (29)

. From here we obtain the first inequality in (20).

Before proving the second inequality in (20), we note that the first holds also in
the case np > § for any § € (0,1). To verify this fact, it suffices to put in (29) ¢ =
ln(ﬁ In(zo +2)). Moreover, because of the identity (np®)"! = (np)*nptt2, 6 <np <1,
the second inequality in (20) follows from the first in case § < np < 1. Hence, it suffices
to prove the second estimate in (2) under the condition np < §, where ¢ will be chosen
later.
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Assume that np < §. We prove the second inequality in (20) by induction on n.
Denote @, (k) := P(Z?:l G > k), k =1,2,.... Then, by the total probability formula,
we have

Qulk) = Q1)+ " PG = m) Qs (k — m). (30)

To prove the assertion, it suffices to find a positive constant ¢ < 1 such that, for all
integers k > 2 and n > 1, the inequality

Qn(k) < n(ep)™™ (31)

holds which together with the trivial estimate Q,(1) < np? implies (20). For n = 1,
relation (31) with the constant ¢ = e/3 follows from the elementary estimate @Q(k) <
pFt1/(k +1)! that is true for all & > 2 (see (26)), and from the Stirling formula (see [15]).
Further, let (31) be fulfilled for all n < N — 1 with Np <. Then from (30) we obtain

k41 k=2 m+1
P p —m-+1
Qn(k) < Gt 1)l +m§::2m(N— 1)(cp)™*
F(N = 1)(ep)**! + (N — Dpe " (ep)*+! + 2 Np*+L. (32)

k!
Consider separately the second summand in the right-hand side of (32). We have

E

-2 m+1 R N —1 fio 0 Cil m
D= ey < S gy 3

2 m=0

3
[

)k+1 (N — 1)Cp61/c
— ¢
Substituting (33) into (32) and taking into account the estimate p < §N~!, we obtain

= (ep (33)

Qn(k) < N(ep)* ™ VR(N, ¢, 6, k), (34)
where . (N 1) 5
. —1)c 1/c
R(N,¢,0,k) == N+l N2 ¢
N—-1 (N-1) )
+ N + cN?2 cFHIEIN (35)

.From (34) it follows that the theorem will be proved if we find some absolute constants
e/3 < c¢<1andé < 1such that the inequality R(N,J, ¢, k) < 1 holds for all N > 2 and
k > 2,. By the Stirling formula, from (35) we obtain a more convenient upper bound

1 e h 1
R(N,e,6,k) <1——|1—
(I,¢,0, k) N{ <c(k:+1)) or(k + 1)
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N6 ey 0 (i)k}
N (ce’’®4c™) o \ar) | (36)
Now it is easy to see that, for ¢ = ¢/3 and § = 107!, the expression in the square
brackets in the right-hand side of (36) is nonnegative for all & > 2 and N > 2. The
theorem is proved.
Proof of Theorem 2 is based on the following simple inequality. For every coupling of
the random processes 1, (+) and 7,(+), the following lower bound holds:

P(rilga;( ;Vi - ;m(p)‘ > z) >P(m(p) >z+1)
p[z]+2 .
:P<7T1(p)2[2]+2)>m6 P,

It remains merely to use the Stirling formula and to carry out an elementary evaluation
of the right-hand side of the inequality obtained. Theorem 2 is proved.

R em ar k. Inthe case when np — oo, the coupling method for the processes 7, (")
and 7, () used in Theorem 1 could fail to be optimal. For the random variables {X;} that
are not too degenerate, there exist better approximations of the sum distributions by the
accompanying Poisson laws in terms of the distance d(z,-). The corresponding example
was considered in [86].
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5 Rate of the y*-distance approximation in the Pois-
son theorem

1. Preliminaries

An approximation of the sum distribution of independent Bernoulli random variables
(in the non ii.d. case we deal with the so-called generalized binomial distributions) to
the accompanying Poisson law or to other Poisson laws close to the accompanying is one
of the classical problems of Probability Theory. This study has a rich semi—centennial
prehistory which started with the paper [98] by Yu. V. Prokhorov published in 1953. We
do not plan here to review all papers in this direction due to a huge number of such
papers. We will mention only the results close to the topic under consideration.

First of all, we note that the most papers in this direction were dedicated to estimating
the total variation distance between the above—mentioned distributions (for example,
see [5, 8, 82]). In these papers, the corresponding results from [98] were improved and
generalized. We also note the recent paper [57], in which the rate of convergence in the
classical Poisson theorem was studied in terms of the Kulback — Leibler distance which
is stronger than the total variation distance. In particular, by Pinsker’s inequality in [57]
(see §2) the authors obtained some refinement of the above-mentioned results for the
total variation distance.

In this chapter, we study the so-called y2-distance between a generalized (or a clas-
sical) binomial distribution and the accompanying Poisson law. As a consequence of
Theorem 4.1 of the chapter, we improve the corresponding result in [57] concerning the
estimating of the total variation distance.

The chapter has the following structure. In §2 we recall the definitions of three
probability distances and their properties we need. In §3 we study an asymptotic form
of x%-distance for a generalized binomial distribution (Theorem 3.1). In §4 we obtain
asymptotic expansions and two-sided estimates for this distance in the case of a classical
binomial distribution. In §5 we compare the upper bounds obtained in §4 with the
corresponding results of predecessors in the case of a classical binomial distribution.

33



2. Main definitions and notation

Let P and @ be some distributions on the set Z, := {0,1,2...}. Introduce the
following distances in the space of all such distributions:
1. The total variation distance between P and @ (see [1,2]):

I1P —Ql = Z [P(i) — Q)]

Sometimes (see [5,8]) this distance is defined as sup |P(A) — Q(A)| which is half the

ACZ+
value ||P — @)]|, i. e., half the total variation of the signed finite measure P — Q).
2. Information divergence or the Kulback — Leibler distance between P and Q:

P)
Q(i)

D(P,Q) := ZP(@) log

3. x2-distance between P and Q:

2 =35 Q0P _ S (20 0) - > PG 1

1=0

In the case when the supports of the distributions P and ) does not coincide with the
set Z,, in the items 2 and 3, we put that 0/0 = 0, a/0 = oo for a > 0, 0 - log(0) = 0
and log(oco) = oo. Hence, on the set of all distributions, we can define these distances
with values on the extended positive half-line. If the support of P(-) is finite and it is
included into the support of () then, under the above-mentioned agreement regarding
the arithmetical operations, the values of x*(P,Q) and D(P,Q) are finite. Notice that
the distances x?(P, D) and D(P,Q) (in contrast with || - ||) are not metrics. They do not
possess the symmetry, and, in general, do not satisfy the triangle inequality.

These three distances are connected by the following inequalities:

(a) Cauchy — Bunyakovskii inequality

1P = QI < X*(P.Q);
(b) Pinsker’s inequality (see [5, 6])
1P = QI < 2D(P, Q);

(¢) The inequality
D(P,Q) < x*(P,Q)

follows from the simple estimate logz < x — 1 for all x > 0.
Thus, x?-distance is the strongest of these three distances. Therefore, it seems that it
is more logical to evaluate the total variation distance by the Kulback — Leibler distance
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(as in [5]). However, y*-distance has a simpler structure than that of D(P, Q). Moreover,
in spite of coincidence of the leading terms of the asymptotic expansions of the right—
hand sides in (a) and (b) (say, in the conditions of the classical Poisson theorem), limit
behavior of the smaller terms in these expansions differ in order: For y2-distance this
term is asymptotically better than that for D(P, Q) (see §5). In fact, this phenomenon
provides an improvement of the upper bounds for the total variation distance obtained in
[57] by Pinsker’s inequality.

In the sequel, we will use the following notation:

1) &, ..., &, are independent Bernoulli random variables with the respective success
probabilities py,. .., pn;

2) n is a Poisson random variable with the parameter A := > p;;
i=1

3) P is the distribution of the sum »_ &;, and @ is the distribution of n (the accompa-
i=1
nying Poisson distribution);
4) p:= 2 p?/A; in particular, in the case of identically distributed Bernoulli random

=0
variables, the value p comCldes Wlth the corresponding success probability;

5) pi == 12, A —sz,p —Zn/A

We agree to 1nterpret the hm1t relatlons like —, ~, 0, O, and lim as those as n — oo.
And a limit relation of the type ¢, = O(f(\,p)) for positive ¢, and f(-) means that
the the upper limit of the corresponding ratio can be evaluated by an absolute positive
constant. In the paper, such constants will be denoted by the symbols ¢ or ¢;. Dependence
of constants on some parameters will be denoted by the corresponding arguments in the
recording c(-).

3. Approximation to a generalized binomial distribution

The main goal of this Section is to prove the following assertion.
Theorem 3.1 Let \'p — 0. Then

(PQ) 1
e ——— H —_
p? 2

Proof To study the asymptotics of x?(P,Q)-distance, for A(k) := M, we
obtain a two-sided estimate of the form

Alk) + C(k) < A(R) < A(k) + B(k),

where the expectations E(C(n)) and E(B(n)) should be much smaller than the expec-
tation E(A(n)) which should be easy calculated. Then we will obtain the asymptotic
representation

X*(P,Q) = E(A(n)) ~ E(A(n)).
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The corresponding construction consists of several stages.

Lemma 3.1. Let \p/2 + > p;*/3 < 1. Then, for every k € [0,n], the following
i=1
two-sided inequality is valid:

RiRy < —= < RIR},

where Ry =1 — Ap/2 — Zp /3, Rt =1 —Ap/2+ (Ap)?/8, Ry := (\/A)*(1 — \"1C%p),

M:

Ry = Ry + G)k(ok +3C}) max( :X (p/)\) )

and, by definition, C}* :==k(k—1)...(k—m+1)/m! =0 for each k < m.
Proof For every integer k < n, we have

P(k ke - -
1< <1 <n
where F; == (1 —p))(1 —pa)... (1 = pu)et, Fo(k) == X% S piupiy...Di. If we

i1#Fip<n
additionally put F5(0) := 1 then the identity (1) holds for all 0 < k < n.

We first evaluate F;. By Taylor’s formula we obtain that

lOg<F1 _)\—|—Zlog1—p2 — sz ZPzT

i=1 ’Lp’L

where 0 < 6; < 1 for all ¢. Therefore,

n

_;%—;%glog(ﬂ)é—;%-

Using the elementary two-sided inequality 1 —z < e™* < 1—xz+a? /2 for x > 0 we deduce
from here the two-sided estimate

- A
1———22% <F1_1—?p+ (Ap)?.

We now construct upper and lower bounds for Fy(k) in (1) for all & < n. Since
F5(0) = 1 and Fy(1) = A/), i. e, for k = 0,1, the estimates from the Lemma are valid,
it suffices to study the case 2 < k < n only. Denote by S := {1,2,...,n}* the set of
multi-indices (iy, 9, . ..,1) such that every coordinate i,, takes all the values from 1 to
n. Introduce the following finite measure p defined on subsets of S, by the formula

= p(s)

ses’!
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where S” C S, p(s) = PiDiy - - - Pij, if s = (i1,42,...,1x); here, by definition, u(0) = 0.
Then Fy(k) = X *u(S*), where S* = {(i1,d9,...,ix) € S : iy # ig--+ # i} Put
Sim = {(i1,02, ..., ix) €S, iy =iy} for 0 <l <m <k, and S;,, = () otherwise. It is clear
that S* = S\ U Sim. Therefore, by additivity of p, the following inequalities are valid:

(S* > ,U ZN Slm = CI?:U(SLZ)>

u(S) < p(S Zu (Stm) + 5 Z H(Stm N S:5) =2 1. (2)
(,m)#(iyj)
Notice that, for k = 2, these two inequalities are reduced to the equalities since, in this

case, the sum )  vanishes (as a sum over the empty set of indices). Let [ < m. Then
(L,m)#(i.5)

n k—2 :
1(Stm) = p(S1,2) Z (Z@) = l:/{Q AE.
i=1
Thus, an lower bound for F,(k) has the form

In the case k > 3, to estimate the value p* in (2), calculating the measure p of all
pair-wise intersections of the subsets S;; we note that, in the corresponding sum, the
values of these measures are distinguished only in the two cases when either the pairs
(7,7) and (I, m) have one identical coordinate or there are no such coordinates.

Respectively, in the first case, we have

p(Sim N Sij) = p(S12NSa3) = pu(S12 N S13) = p(S1,3N Sa3)

N " k—3 :
“L(ye) -5 o

and the number of such summands in the corresponding sum equals 6C%; in the second
case,

/J(Sl’m N Sl',j) (Sl 2 N 53 4 (Z ) <Z pz> — <151\2 (4>

and the number of such summands in the sum above equals 2C}.

..o . 2
Denote a := max ()\_32 P, ()\‘1;5> ) From (2)—(4) we then finally obtain that
i=1

Fy(k) < AFp = Ry +27'A7% > pu(Sim N Siy) < Ro+ (A N*(C +3CF)a = R,
(L) £(i.5)
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Under the conditions of the Lemma, we have R; > 0, R} > 0, R5 > 0. Although the
value Ry may be negative, the two—sided inequality R1 Ry < F1Fy, < RTRj is valid. The
Lemma is proven.

Lemma 3.2. Let A\p — 0. Then the following asymptotic relations are valid:

EP /p = O((\p)™=2/2) for all m > 2;
)x

’Ez

A (1 +O0((Ap)'?));

Ap +O((\p)*?);

— A" = mA™p(1 + O(m2™(\p)'/?)) for each m > 1.

Proof. Notice that, under the conditions of the Lemma, max p; < (Wp)Y?2 — 0. It

implies assertions 1-4.
To prove relation 5 we note that, by relation 3,

=0 = 3 (7)< w0 =6

= \1 i

Therefore, for every fixed m > 2,

=mA"p(1 + O(mQW(Ap)l/Q))

since .
Zcqznpz pQZCM, 2 2(1 +p)m—2
1=2

and, by the trivial estimates p < X and p < 1, we derive that, under the conditions of the
Lemma, the right-hand side of the last inequality has the order O(pm?2™(\p)'/?). The
Lemma is proven.

Further we need the following simple properties of Poisson distributions.

Lemma 3.3 Let (; and (, be Poissonian random variables with arbitrary parameters
w1 and g respectively. Then, for every function f(k), k € Z, module of which increases
faster than an exponential as k — oo, the following equality is valid:

E(pu2/p1) f(G) = 2 M Ef(G).

Moreover, for every natural m,

,um

m 2 my\2 '
ECCQ - ml’ E(O§2) -

(m!)?

We now separately extract a fragment in the proof of Theorem 3.1.

E(G+1)...(G+m) <c(m)uy' (14 py').
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Lemma 3.4. Let the functions A(k), C(k), S(k), and B(k) defined on Z. satisfy the
following conditions:

A(k) + C(k) < S(k) < A(k) + B(k),
E(B(1)* = o(p*), E(C(n)* = o(p?), EIB(n)A®)| = o(p*), EIC()A(n)] = o(p*)
for p— 0. Then E(S(n))* = E(A(n))? + o(p?).
Proof. Consider the function D(k) := S(k) — A(k). It is clear that
E(S(n))* = E(A(n))* + 2ED(n)A(n) + E(D(n))*.
In conclusion, we use the estimate

[D(K)| < [C(R)] + [B(F)]

and the conditions of the Lemma as well. The Lemma is proven.

We now begin to prove Theorem 3.1. First we note that, from the inequalities p < A
and \p > API(\ > 1)p for every b € [0, 7], where I(-) is the indicator function, it follows
the relation \p» — 0 for each b from the interval above. In particular, the condition
of the Theorem implies the condition of Lemma 3.2. Moreover, since max p; < (Ap)'/?

then > 53 < (Ap)*?2. Therefore, if the value Ap is small enough then the condition of

=1
Lemma 3.1 is fulfilled.
Introduce the following notation:

S(k) := % —1, A(k):= (%) (1 — % — chkﬁ) —1, (5)

B(k) = RR,—1— A(k), C(k):=RiRy—1— A(k),

where Ry, Ry, R}, and R} are defined in Lemma 3.1. Notice that, under the above—
introduced notation,

X*(P,Q) = E(S(n))”.

Moreover, due to the Lemma 3.1, for Ap small enough, the following two—sided estimate
is valid:
A(k) + C(k) < S(k) < A(k) + B(k).

~ n
Put & := max (/\12]3?,]32). Notice that, due to Lemma 3.2 and the conditions of the
i=1

Theorem, & = o(p). It is easy to obtain that, for Ap small enough, we have

B(k)? < (%) co((Ap)* + (C’,fjflp)Q()\pf + (C,§+C,§)25C4642) = G) f(k).
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Under the conditions of Lemma 3.3, we put ¢, =7 (. . j3 := \) pg := A>/A. Then

EB(n)’ <E (%) f(n) = exp (A; - A) Ef(¢). (6)

Moreover,
A2E(C)7 < e (AMA2(1+ (AN,
FUB(CL) < (N1 + (/AN 7)
AE(CL)? < et AL+ (A/A)5AY.
We also note that the simple relation & = O(p miaxpi) and the estimate max p; < (Ap)'/?

imply the asymptotic relation a? = O(Ap*). Therefore, under the conditions of the
Theorem,

GATE(CE)" = 0((Ww)*) = o(p?), G*ATE(CL)" = O(NP) = o(p?),
AT2E(C2) 0P () = O(p* (M) + X1p?)) = o(p?).
Thus, we finally obtain the asymptotic relation
EB(n)* = o(p?). (9)

~ For \p small enough, the estimates derived above imply the inequality (recall that
A>A)

IB(k)A(K)| < ((%)k—u(%) (Ap+ok /A))( ) Vf(k) = By(k)+ Ba(k)+ Bs(k),

where

(8)

Bi(k) = (Ap/2) AN/ f By(k) = A/ N*ATCRV f(K),
Bs(k )Z((A/A) ~ DOV V().

Hence,

E|B(n)A(n)| < EBi(n) + EBy(n) + EBs(n). (10)

Evaluation of the three expectations on the right-hand side of (10) is carry out by
Lemma 3.3 using an approach of the same kind. To prove the first summand on the
right-hand side of (10) we use the inequality (6), where we substitute /f for f, and
further we apply the Cauchy — Bunyakovskii inequality. We then have

12

EB,(n) < %exp@ - A) ()2 (1)

Using the asymptotic formulas in (8) (in terms of the symbol O(+)) we finally obtain the
following asymptotic relation for the expectation Ef((s):

EBi(n) = O((Ap)*? + XT/2p°2 4+ 22p*) = O(p*(\/ATp + V/Xop + A%p)) = o(p?).  (12)
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Evaluation of the second summand on the right-hand side of (10) is absolutely the
same. To do it we use inequality (6) in which we substitute C2+/ f(k) for f(k) and apply
the Cauchy — Bunyakovskii inequality and the asymptotic relations in (7) and (8) for
expectations of the corresponding components.

To evaluate the last summand on the right-hand side of (10) we first note that, due
to Lemma 3.3 and the Cauchy — Bunyakovskii inequality, we have

EB;(n) < (E((A/A)" = DA)Y2(EX/N) f(n)"/?

= (exp{A\/A = A} = 2exp{A = A} + D)A(EF () P exp(1/2) (VWA =N} (13)

Consider the first factor on the right—hand side of (13). Using Taylor’s expansions at zero
for these two exponential up to terms of the second order as well as the relation

AMIA=A=20=X) = A =XN2/A = (1 +0(1)),
which follows from Lemma 3.2, we obtain the following asymptotic representation:
(exp{X2/X — A} — 2exp{ X — A} + 1)/2 = O(\Y?p + Ap).

In other words, the estimating of (13) is reduced to (11) and (12).
So, EB;(n) = o(p?) for all i = 1,2,3, and hence,

E|B(n)A(n)| = o(p*). (14)

By analogy with the foregoing we prove the relations

EC(n)* = o(p*), E|C(n)A(n)| = o(p?)
which together with (9), (14), and Lemma 3.4 imply

X(P,Q) ES(n)?® _ .

lim &———*% = lim = lim

EA(n)?
p? p? '

p2

It remains to prove the limit relation limEA(n)?/p?* = 1/2. To prove this fact we
apply Lemmas 3.2 and 3.3 once more as well as the above—described technique of the
asymptotic analysis. In contrast to the previous calculations, we use the upper bounds
for the remainders in the corresponding assertions of Lemma 3.2 since we need an exact
asymptotics of the expectation EA(n)2. For convenience of the reader we extract the
assertions from Lemmas 3.2 and 3.3 we need:

A2 .
A= 2w( O((A)'2), A=A = p(1+0((Ap)'"?)),

(15)
AP = Ap(1+0((Ap)'7?)), E(¢—1)=p* E((C—1))"=p*+4u® +21°,
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where ( is a Poissonian random variable with parameter p. Notice that the last two
formulas in (15) will be applied below in the two cases: For ¢ = ¢, (i. e., for g = A2/))
and for ¢ =7 (i. e., for = ).

First, by Lemma 3.3 we represent the second moment in such a way:

EA(W)Z = Ay + Ay + A,

where

Ay = exp(AZ/A = A) — 2exp(A — A) + 1,
Ay = exp(X — N)(pA + Ap) — exp(A2 /X = A)(pA + (A2/AH)Ap),
Az = exp(A2/A = NE(\p/2 + :\*1156’422)2.

To evaluate A; we use Taylor’s expansions at zero for both the exponentials up to terms
of the third order and apply the relations from (15). We then have

Ar= (A= 22+ (1/2)(2 /A = A) = (A= 2)7 = 29" + (Wp)* + o(p”).

By analogy, using the above-mentioned Taylor’s expansions up to terms of the second
order of smallness, we obtain the following asymptotic representation for As:

Ay = =2(0% + (Ap)®) + o(p?).

Evaluate As. By (15) we have

As = exp (% - A) <% + %Apiﬁ(éf + %(§)4(5\ﬁ)2 + (é)sXﬁz + % (;)2]52)

= (Ap)? + \p* + p?*/2 + o(p?).

Thus, we finally obtain
EA(n)* = p*/2 + o(p?).

Theorem 3.1 is proven.

4. Two—sided estimates of approximation
to a classical binomial distribution.

In the sequel we put p; =p, 2 =1,...,n. In this case, A = np

Ak _)\.

P(k) = (-, Q) = e

(n — k)k!

The main result of this Section is as follows.
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Theorem 4.1 For arbitrary p and n, the following two—sided estimate is valid:

2 3 2 3 4 8
D 2p 5 P 2p P p®(23 — 20p)
— < PQ) < —+4+ —
<x(h )_2 3n 1-—p (1—p)?

(16)

Proof To construct the estimates from (16) we first reduce x?(P, Q)-distance to the

form Y B,,p™ and evaluate the coefficients B,,.
m>0
Lemma 4.1 The following representation is valid:

CPQ 1= 3 (17)

m>0

m .
where A, := )" WC’?*".

Proof We Zagoree that if, for some summation indices, the range of summation is not
indicated then the corresponding sum is taken over the set Z of all integers. Meanwhile,
in the formulas below, we put for convenience that (—k)! = oo for all natural &k that is
equivalent to the above-mentioned in § 3 agreement on the equality C}"* = 0 for all natural
k < m (of course, under the standard agreement concerning the arithmetical operations on
the extended real line). Notice that the analogous interpretation of binomial coefficients
is contained in [51].

Using the corresponding representation for (P, Q) from §2 we have

“ n!)2pk
X (B Q) +1= Z ((n E k:))!])zl’dn”€

k=0

N (n!)*p"* i (=R i (n—k) nip!
~ 2 ((n— k))2KInF (( 1)p(n—k—i)!i!) <( 1)p7(n—k:—j)!j!) Il

1;7j7l

(n!)2<_1)i+jpz‘+j+l+knl R
B zk:z klnk(n —k —lil(n — k — )it~ "

Z'7j7l

(1—p)" (1 —p)"Fe

In the last multiple sum, we change the four summation variables by the formulas
i=d+r—q,j=d, k=m-—r—dandl =qg—d. Itis easy to verify that this linear
transform of the variables is a bijection from Z* to Z*. Then

— (n!)2(—1)2d+rfqpmnr+qu
"k (m—r—d)!(n—m+qld+r—qln—m+rldqg—d

m7r7q7d

In the multiple sum of the last representation for Ry, we may consider the variables r and
q to be not exceeding m, since, otherwise, at least one of the factorials in the fraction
denominator equals —oo.
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Therefore, R, admits the following refinement:

(n|) ( 1)2d+r qpm r+q m
ZZZ m—r—d!(n—m+qlla+r—q)(n—m+r)d(qg—d)!

m>07r,q=0 d

n')z( 1)2d+r Ty Cde r—d
—Zz<n—m+q)(n—m+r)!r!q!( 'Z )

m>0r,q=0

meanwhile, due to the definition of a hypergeometric distribution,

clemre
ZC—T = 1.
d m
Thus,
2 ! (n))2(=1)"+apr+a
(PQ) +1=) pr—
( | mZE:O nr T;O (n—m+q)!(n—m+nr)rligl(m —r)l(m — q)!
n )r r m qnq
_n%:op (rz: n—m—{—rh»l qz: n—m—l—q ( _q)'
m>0 n

where the coefficients A,, are defined in (17). The assertion is proven.

The next Lemma describes a simple method to calculate the coefficients A,,.
Lemma 4.2 For the coefficients A, in (17), for each natural n, the following recurrent
relation is valid:

Apio = — for allm > 0.

m+2 i=0

Proof. First of all, we compute the generating function for the sequence {4,,; m > 0}
defined in (17) by the formula

m
E:n__ mlcmz
7!

By this formula, changing the summation order, we obtain the identity

> e = S LS i = (- e {0

=0 m=t

i
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which is valid for all p € (0,1). We now differentiate in p both the parts of this equality
(the termwise differentiation of the series in (18) is correct in a neighborhood of every
point of the interval (0,1)). We then obtain the equality

> P Ana(m+1) = n(l—p)"e™” —n(l - p)"~'e" = —n(1 - p)"e"; ﬁp
m=0
o) (e%s) m—1
— _ m+1 _
a3 3 (S
m=0 =0
which implies the relation we need:
m—1
i=0
The lemma is proven.
Calculate a few first coefficients A;:
2
A[):l, A1:O, AQZ—E, A3:—E’ A4:_E+n_7
A — n+n2 A n+13n2 n? B n+11n2 n?
T o560 T 6 2 48”7 7T 60 24
In particular, by (17) we obtain the following asymptotic expansion:
2t m)!
2pQ) =L 2 A2 20

¢ From here the lower bound in (16) follows immediately. To obtain an upper bound for
the remainder sum on the right-hand side of (20) we need the following assertion.
Lemma 4.3. For every natural n and k > 1, the following inequality is valid:

K

Proof. By Lemma 4.1, taking the relations By = 1 and B; = 0 into account, we have

i>2

Since B; > 0 for each natural ¢ then

B < X*(P,Q)p™" < p~*(sup (P(1)/Q(1)) - 1).

0<i<n
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In [8] the following inequality is proved:

: . 1
sup (P(0)/Q1) < 7—-
0<i<n - D
Therefore,
p
By < ———.
Pl —p)
Since By, does not depend on p then, setting p =1 — 1/k in (21) (this is the point of the
minimum of the right-hand side of (21)), we finally obtain

(21)

k—1 k—1 3k?
<

= <
k= k. k(k—1)  k(k—1)(k—2)
(1_%) L=+ — 6k3 k+1

By, < 3k.

The Lemma is proven.

We now easily derive the upper bound in (16). Taking the form of the coefficients A;
in (19) into account it is easy to verify that %A% < 1 for m = 4,5,6,7. Therefore, by
Lemma 4.3 and (20), we derive the following inequality:

xz(PQ)<p—2+2—p3+p4+p5+p6+p7+23kp’“ (22)
YT 20 3n — ‘

Further, it is easy to verify the identity

3 21
3kpt =p® Y pPB(k+1)+21 p8( + )

o) B s
1-p? 1-p (1-p?> 1-p
Using this representation and (22) we obtain the upper bound in (16). The Theorem is
proven.

Corollary For the total variation distance between the distributions P and (), the
following upper bound is valid:

—pt—p° —p°® —p".

1 2 2 6(23 — 20p) \ /2
IIP—Q||§p<—+—p+ PP p)) . (23)

2 3n 1-p (1 —p)?

5. Comparison of upper bounds for the total variation distance

The best known upper bound for the total variation distance between a binomial
distribution and the accompanying Poisson law has the form (see [5, 8, 82|)

1P — Q|| < min(2p, 2np?), (24)
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meanwhile, there are no restrictions on the parameters n and p. As follows from Theo-
rem 4.1 (see the lower bound), y?-distance is too strong to obtain the estimates of order
O(np?) for the total variation distance in whole range of the variables n and p. Therefore,
in the sequel, we will consider only the case A = np > 1. In this case, the right-hand side
of (24) has the form min(2p, 2np?) = 2p.

As a consequence of evaluating the Kulback—Leibler distance in [57], the authors de-
rived by Pinsker’s inequality the upper bound

_log(l—p)+p 1+p \"?
o o

P— <
H QH Y < 2 Qn(l —p

Denote by RY and R the respective right-hand sides of inequalities (23) and (25).
Notice that, as p — 0, uniformly over all A > 1, the following asymptotic representa-
tions are valid:

RY = 1Jr 2 £+1 +O0(p?) v RO = 1+ i+1 +O0(p?) v
1*172173)\ p a2*p2p2>\3 p .

So, for p small enough, the upper bound in (23) is slightly better than (25) in spite of
equivalence of the leading terms of the asymptotics of both the variables R? and R as
p — 0: These parts are equal to p/ V2. In this connection, we note that the constant
1/v/2 = 0,7071--- slightly exceeds the exact lower bound 3/2e = 0,5518... from [9]
for the constants ¢ in upper bounds of the form ¢p for the total variation distance under
consideration in the range A > 1 and p < 1/4.

Notice that, under some restrictions on the parameters p and n, one can obtain stronger
upper bounds than that in (24). For example, in [2] for p < 1/4 and A > 3, the following
inequality was proved:

1P — Q| <1,64p.

For comparison, in a more broad range of the variables p and A\, namely, under the
restrictions p < 1/4 and A > 1, it is easy to show (in this case, the right—hand sides in
(23) and (25) reach their maxima in the points p = 1/4 and XA = 1), so that RS < 0,987p
but the right-hand side of (23) admits the better estimate R} < 0, 796p. Notice also that,
for the estimates above, a restriction from below on A\ is equivalent to a restriction from
below on n. More precisely, if we consider restrictions of the type p < p* and, A > A\* then
the maxima of the factors of p in (23) and (25) coincide with those under the restrictions
p < p*andn > \*/p*, and these maxima are reached in the corresponding extreme points.
As an example, we cite the uniform upper bounds for R and RJ in some typical ranges
of the variables n and p:

1) In the range p < 1/4 and n > 10 we have R} < 0,780p and RY < 0, 867p;

2) In the range p < 1/4,n > 100 we have RY < 0,770p RY < 0, 786p.

Beginning with the next order n > 1000 the uniform over p < 1/4 upper bounds for
the values under consideration do not change (up to the accuracy indicated above). For
all such n, We may put that R? < 0,769p and R < 0, 778p.
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Remark In [105], for the total variation distance, the following upper bound is valid:
3 14/p(3 —2./p)
IP=Ql<p|5+ VP \[ . (26)
2 61— vp)

It is clear that the value C(p) := 3/2e + O(/p) in the brackets on the right-hand side of
(26), for p small enough, is slightly less than the value

1 2 1/2
oty = (5 + 55+ 03"

from (23). Since the function C(p) increases on the interval (0,1/4), to obtain the cor-
responding upper bounds it suffices to calculate the values of this function in the cor-
responding extreme points of the intervals under consideration. For example, C'(1/4) =
9,885..., C(0,1) =4,283..., C(0,01) = 1,358..., C'(0,001) = 0,782..., and finally,
C(0,0001) =0,622....

But as indicated above,

max Cy(p,n) =0,780..., max Cy(p,n) =0,770....

p<1/4,n>10 p<1/4,n>100

Thus, the upper bounds in (26) will be better in comparison with (23) only for the values
of p of the order 10~%. But for such p, the problem of improvement of the multiplicative
constant in upper bounds of the type c¢p for the total variation distance, with relation to
some applications, seems empty.
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6 Poissonian approximation of rescaled set-indexed
empirical processes

Let {X;; i > 1} be independent identically distributed random variables in R* possessing
an absolutely continuous distribution with a density f(¢) continuous at zero. Introduce
the rescaled empirical process

A) =Y Hn'*X; € A}

i<n

indexed by the class By of all Borel subsets A of a bounded Borel set A, in R*. Denote
by {II(A); A € By} the Poisson point process with mean measure f(0)A(-), where A(+) is
the Lebesgue measure in R¥.

Weak convergence of distributions of the point processes {S,(A); A € By} to that of
{II(A); A € By} in a functional sample space has been studied by Ivanoff and Merzbach
([68]). Actually, they proved only convergence of finite-dimensional distributions of these
point processes by using a theory of set-indexed martingales. The main goal of this
chapter is to obtain a much stronger result by a simpler (but not traditional) technique
of multivariate analysis. In the theorem below we prove that convergence of distributions
of the processes actually holds in the total variation distance.

Theorem. The point processes Sy, (-) and II(-) can be constructed on a common prob-
ability space such that

lim P (sup |Sh(A) — II(A)] > O) =0. (1)
n—00 A€By

Proof. 1t suffices to prove (1) only for the case in which By is a countable determining
class for all discrete measures. More precisely, let By be the algebra generated by all
balls with bounded rational diameters and rational centers in a bounded subset of RF.
Consider the functional space

B:={f(A); AeB,: jlelg |f(A)] < oo}

endowed with the norm || f|| := sup,{c;|f(4;)|}, where {A;} = By and {«;} is a sequence
of positive numbers tending monotonically to zero. Note that the linear normed space
{B, || - ||} is separable (but not complete).

Recall that the generalized Poisson distribution Pois(u) with the Lévy measure p in
a separable linear normed space B is defined by the relation

o0 xk

Pois(p e HB) l;d : (2)
k=0

where p** is the k-fold convolution of a finite measure p with itself; 4*° is the unit mass
concentrated at zero. We say that Pois(u) is the accompanying Poisson distribution for
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the nth convolution of £(X) (or for the nth sum of independent copies of a random
variable X), if u = nL(X).

Put p := nL{I(n'/*X, € A); A € By} and consider the distribution Pois(u). It is
the accompanying Poisson distribution for S,(-) in the space {B, || - ||}. The well-known
Le Cam result (for the details, see Borisov ([18]) and Le Cam ([84])) yields the following
upper bound.

Lemma 1. For all n, the following inequality holds:

V(L(S,), Pois(n)) < np”, (3)
where V (-, -) is the total variation distance between two finite measures in {B, || - ||},

p=1-PI(n"*X, € A)=0,VYA c By) = P(n"*X; € Ay).

Let Y be a random variable with the uniform distribution in the ball S; in RF with
center zero and size f(0)~!. Consider in {B, | - ||} the generalized Poisson distribution
Pois(jp) with the Lévy measure o := nL{I(n'/*Y € A); A € By}. It is easy to verify
that, for sufficiently large n satisfying the condition n=*/*A, C S}, the equality Pois(p) =
L(IT) holds, where the process II(-) was introduced in the above theorem, because, in this
case, nEI(n'/*Y € A) = f(0)A(A) for all A € By.

Lemma 2. For all n, the following inequality holds:

V(Pois(p), Pois(ug)) < 2n sup |[P(n'/*X; € A) — P(n'/*Y € A)|. (4)

AeBy

Proof. First, we obtain from (2) the following simple upper bound:

V(Pois(p), Pois(po)) < 2V (1, po)- (5)
Indeed, because of the symmetry, we can put u(B) < po(B). Then

V(Pois(p), Pois(jg)) < (eHB) — g=roB)yeu(®B)

0 xk xk
e ho(B)y/ ( K M_0>
k!’ k]
k=0

k=0 —

The upper bound follows from the above inequality and the two estimates:

e HB) _ g=ro(B) < (110(B) — M(B))e’“(B),
V(i ug") < kpo(B) 1V (1, o).
Because of the separability and the definition of the norm, the total variation distance
on the right-hand side of (5) coincides with the supremum over all finite-dimensional

cylindrical sets in {B, || - ||}. But, in this case, the right-hand side of (5) is estimated
easily by the right-hand side of (4). The lemma is proved.
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Finally, under the condition n~kA, C S £, we have

1
sup [P(n'/*X, € A) - P(n'/*Y € A)| < —/]f(n_l/kz) — f(0)|d=.
A€eBg nA

0

Moreover, we need the obvious representation

p= [ HO R~ L FON )
Ao

where the above integrals are understood to be k-fold. Relation (1) follows from the trian-
gle inequality for V(-,-), the above upper bounds and the classical Lebesgue theorem, and
from a theorem of Dobrushin ([45]) which asserts: it is possible to construct two random
variables in a separable metric space such that the probability of their noncoincidence
equals the total variation distance between their distributions.

R em ar k. If the density f(¢) satisfies the Lipschitz condition at zero, then
V(S,, ) = O(n~'k). By the Dobrushin theorem, the analogous rate of convergence
is valid for the probability in (1). Moreover, we can define f(t) as the derivative of the
distribution function with respect to the direction determined by the family of subsets

{n=Y*Ag; n > 1}.
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7 Poissonian approximation for expectations of func-
tions of independent random variables

1. Statement of the main results.

Accuracy of Poisson approximation for sums of independent random variables (r.v.’s)
has already been investigated for about half a century. One of the first results was
obtained by Prohorov (1953), who estimated the total variation distance between a bino-
mial distribution and the corresponding Poisson law. His upper bound is close to being
unimprovable. Le Cam (1960) considerably generalized and strengthened the Prohorov
estimate. He used the so-called operator technique to extend the estimate to the case
of approximating distributions of sums of independent arbitrarily distributed r.v.’s by
corresponding generalized (accompanying) Poisson laws. Take note also of the remark-
able result due to Barbour and Hall (1984) which, in particular, proved unimprovability
of the Prohorov—Le Cam estimate for the total variation distance between a binomial
distribution and the corresponding Poisson law.

Approximation of the next orders in the Poisson limit theorem, called an asymptotic
expansion, originates from Chen (1975). Note also the paper by Deheuvels and Pfeifer
(1986), where the first term of the expansion was explicitly written out. Kruopis (1986a,
b) simultaneously obtained a similar result. However, he represented the first term of
the expansion implicitly as the Fourier transform of some signed measure. Borovkov
(1988) proposed a new approach to derive terms of the expansion in a form similar to
that of Kruopis (1986a, b). He used a combination of the operator technique and a
coupling to derive complete asymptotic expansion in the Poisson theorem. As in Kruopis
(1986a, b) the expansion was presented via the Fourier transforms and, moreover, a
scheme to invert the transforms was discussed. However, in our opinion, the resulting
explicit representation of the terms of the asymptotic expansion is resistant to analysis
[in contrast, say, to Deheuvels and Pfeifer (1986)].

It is worth noting that in all of the above-mentioned papers remainders of the ex-
pansions are estimated in terms of the total variation distance. Thus, it is clear that
these results can be reformulated in terms of moments of bounded functions with the
corresponding upper bounds of remainders taken uniformly over all bounded (say, by 1)
functions. There are also more publications where Poisson approximation of the moments
is considered uniformly over special subclasses of bounded functions [e.g., see Roos (1995,
1998)].

However, the total variation distance, the point metric and some related distances
become unsuitable for approximation of moments of unbounded functions of a binomial
r.v. In this connection, investigations of the Poisson approximation for expectations of
unbounded functions of sums of r.v.’s are to be distinguished. The papers which are to
be particularly noted are those by Barbour (1987) and Barbour, Chen and Choi (1995).
Barbour (1987) used the so-called Stein—Chen method to obtain complete asymptotic
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expansions in the Poisson approximation of at most polynomially growing functions of
sums of independent arbitrarily distributed integer nonnegative r.v.’s. In the latter paper,
a similar approach is used to obtain the first term of the expansion for expectation of some
functions of a binomial r.v. under minimal moment restrictions on the functions under
consideration. In particular, these restrictions allow the functions growing faster than
exponential. The bounds on the remainders of the expansions in these two papers are not
far from optimal.

The main goal of the chapter is to obtain complete asymptotic expansions of moments
of unbounded functions of n independent r.v.’s in the case when each of these r.v.’s is
equal to zero with high probability. The probabilities for these r.v.’s to be unequal to zero
are considered as natural small parameters, sums of which powers are used to represent
the asymptotic expansions. In the case of asymptotic expansions for bounded functions
a similar formulation of the problem was given by Borovkov (1988). The particular case,
wherein the functions depend only on the sum of the r.v.’s, is separately studied. In this
case the estimate of the remainder of the expansion is unimprovable in some sense and
improves the corresponding results of Barbour (1987) and Barbour, Chen and Choi (1995)
in a broad range of change of the expansion parameters.

The approach used to derive the main results is based on the so-called Lindeberg
method. This method was successfully employed in a great number of papers to study
rates of convergence in the central limit theorem (the Gaussian case) under various set-
tings including studying remainders in different asymptotic expansions. However, the
method was rarely used in the Poisson approximation. One can find certain versions of
the Lindeberg method in the Poisson approximation, for example, in the papers by Le
Cam (1960), Deheuvels, Karr, Pfeifer and Serfling (1988) and Novak (1998).

In Section 5 it is shown that the problem of the Poisson approximation for expectation
of a function of independent arbitrarily distributed r.v.’s can be reduced to the case of
independent Bernoulli r.v.’s. Thus, in the chapter, this case is particularly studied.

Let (1,...,¢, be independent Bernoulli r.v.’s with the success probabilities p; = P((; =
1), j = 1,..,n. Let n,....,n, be independent Poisson r.v.’s with parameters py, ..., pp,
respectively. Denote A, = p1 + -+ D, A = Ay, and = (¢, ooy Go)y 1= (01, o0y ).
Finally, let F' be an arbitrary real function of n nonnegative integer variables.

Denote by é; the n-dimensional vector which has the kth coordinate 1 and all the
other coordinates 0. For any function G' of n arguments, define the difference operator
Aki

ArG(a) = G(a+ ex) — G(a).

In the sequel we denote by A} the corresponding operator power. In the one-dimensional
case the subscript will be omitted.
The following theorem is the key result for deriving most of the subsequent statements.

THEOREM 1. Suppose E|F(7)| < co. Then

(1) BF() ~BF(Q) = 35 BmAiF(G),

k=1 r=2
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where ¢ = (C1y ooy Go15 0, Mg 15 - M), and, for each k, the corresponding series in (1)
absolutely converges.

Moreover, if En T |F ()| < oo for all k and some s > 1, then, first, the remainder
of series in (1) can be estimated as follows:

s+1
pk r pk s+1 7
< Pk

where @k = ék + e = (C1y ey Chm1s Mty - M) and, second, another expansion of the
difference EF () — EF(C) holds:

S

EF(7) —~EF(() — > (1) (r — 1 ZpkEN

r=2

S - s s n
< Gy i B P
T k=1

(3)

REMARK 1. Under the moment restrictions considered above expansion (3) cannot
be represented as a converging series with an upper bound for its remainder like in (1) and
(2), because this representation would require considerably stronger moment restrictions.

REMARK 2. The right-hand sides of the inequalities (2) and (3) can be bounded
through expectations of functions of 77 using the obvious unimprovable upper bound for
the Radon—Nikodym derivative of the distribution of ¢) with respect to the distribution
of 7:

E|AT F ()| < eMEIATTF(R)|.

The right-hand side of the inequality is finite if Eni*!|F(7)] < oo for all k, since the
following proposition is true:

PROPOSITION 1. Let T be an arbitrary Poisson r.v. and g be an arbitrary real function.
Then, for each | = 1,2, ..., the following three conditions are equivalent:

(a) E7llg(T)] < o0o.

(b) Elg(T +1)| < .

(c) E[Alg(T)] < oo.

COROLLARY 1. If, for all k, En%|F(7)| < oo, then

[EF()—EF(M)| < 3> *piEIAF()]
k=1

< LS MEIAZF ()]

— 2
k=1
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COROLLARY 2. If En2|F ()| < oo, En*ni?|F(7)] < oo for all j, k: j # k, then

EF(() — Z PYEAZF(7)

3
‘T
A

P PIBIATATF ()| + 3> e plBIATF (14;)].

j=1

[\
PN
i
o
!
TN
<
I
N

Theorem 1 also allows us to obtain complete asymptotic expansions of EF(() —EF (1),
since the expectations EA} F(¢y) in (3) can be subsequently approximated with expec-
tations EA} F (1) using (3).

COROLLARY 3. Letl > 1. Suppose
1 re—1 l+s—ri——rs_q
Enpy - M M. [F(7)] < o0

foralll<s<Il,n>k >ky>--->k;>1,2<r <[,...2<r,1<l+s—2. Then

EF(¢) — EF(7)—

! strittrs pzll = pzz "1 s n
Z(_l) ‘(Tl_1)"'(TS_1)—'EAI€1'..AksF(n)

rileeorg

< Z”ep’“s (=1 (reer—D(I+s—r —.rs_g — 1)

r1 rs—1 l+s—ri—..—rs_1
pkl pks 1pk Ts— l4+s—r — .- -
.. I+ s TEIAL - AT AT CE (),
rileers U+ s—1 — )]

where Y- and S_" denote the following sums:

ki—1 41— ks—1—1 l+s—1-r;——rs_1

SEDSHIH I S S SHEED SEN

s=1 ki=1 r1=2 ko=1 ro=2 ks=1 rs=2
/) I k-1 I+1-r ks—2—1 I+s—2—r1——Ts_2 ks_1—1
s=1 ki=1 rm1=2 ko=1 1ro=2 ks—1=1 re_1=2 ks=1

In the last sum we assume kg =n+1 if s = 1.

Now we consider the Poisson approximation for moments of functions of sums of
independent Bernoulli r.v.’s. Put S = (1 +---(,, Z =n1+---n, and let h be an arbitrary
function of nonnegative integer. Introduce the following notation: A = p; + -+ + py,

Pr = max{p1, ..., Pk}, D = Pn.
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THEOREM 2. Let E|h(Z)| < co. Then

(@) EA(Z) — EN(S) = S i];—%ENh(Tk),

k=1 r=2

where T, = ¢ + -+ + Ce—1 + M1 + - - - + My, and, for each k, corresponding series in (4)
absolutely converges.
Moreover, if EZ*TYh(Z)| < oo then, first,

epk pz‘f‘l
(1 —pr_1)?(s+1)!

Z pkEArh(Tk) E|ASIR(Z)|,  s>1

r= s+1

and, second, another expansion of the difference Eh(Z) — Eh(S) holds:

<

(5)

S

EA(Z) — BA(S) = S (=1)(r — 1) Y ];—%EA%(Y,C)

(6) . r=2 k=1 ’

T T BT ))
k=1

where Yy =G+ + o1+ + -+

REMARK 3. The principal distinction between Theorem 1 and Theorem 2 is the
appreciably sharper upper bound for the remainder in Theorem 2 which is obtained by the
corresponding upper bound for the Radon-Nikodym derivative in Lemma 2 (see Section
2). Formal application of Theorem 1 to functions of sums of the arguments yields an
upper bound for the remainder which is substantially rougher than that in Theorem 2 as
A — 00.

REMARK 4. As noted in Proposition 1, the finiteness of E|A**'h(Z)] is equivalent to
finiteness of E|Z*T'h(Z)|. Nevertheless, the series (4) absolutely converges under weaker
(s = —1) moment restrictions.

COROLLARY 4. IfEZ?|W(Z)| < oo, then

[EA(S) — Eh(Z)| < % < Z 2E|A%h(Z

COROLLARY 5. IfEZ*N(Z)| < oo, then

En(S) —Eh(Z) + % zn: P EA’h(Z)

j=1
e’ LS~ spias 4y,
< (1—p)2 §ijE|Ah ij E|A (2)]
j=1
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COROLLARY 6. If EZ%|h(Z)| < oo, then

OOI»—\

Eh(S) — Z PEA’W(Z) — = Z PIEA®(

g

eP 1 —
S LN W DS (Z> B
j=1 ]1

The complete asymptotic expansion for the sums can be written as follows:

COROLLARY 7. IfE|A%h(Z)| < oo, then

Eh(S) — Eh(Z)—

Z/(_1>s+r1+---+r5 (rp — 1) (ry — I)MEATH +TSh(Z)

rileeorg!
epkg
< g =1 (rsr =D +s =1 —rg — 1)
1 — Pr,)?
1 rs—1, l+8s—r1——rs_1
Dy, " DPr,_ D,
' 1 1 E’Al+sh<z)|
Tl."'Ts_l.(l+5—T1 Y AP 1)
where Y and Y_" denote the following sums:
n k1—1 14+1-m —1—=1 l+s—=1-r1——=rs1
S 35 35 S5 S SETH S SRS
s=1 ki=1 r1=2 ko=1 1ro=2 ks=1 rs=2
kl 1 l+1 1 s 2— 1 l+s—2—7“1—--~—r3_2 ]{35_1—1

Yory ey ey vy

s=1 ki=1 =2 ko=1 ro=2 rs—1=2 ks=1

In the last sum we suppose kg =n+1 if s = 1.

2. Preliminary results.

In this section we prove the following three lemmas, which are also of independent
interest.
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LEMMA 1. Letpy=---=p, =p. Then

(7) sup

and moreover,

if 7 < max{0, A — y/2n(—log(1 — p)) + 1} or j > A+ min{\, vV2A} + 1.
Proor. For j <n,

P(S=j) _ nin=1)-(n—jt1),
P(Z=)) Wl —pp

exp {n(p +log(1 —p)) — jlog(1 —p) + Zlog (1 - %) } <

. p)nenp —

exp{ “log(1— p) + n(p +log(1 — p)) — (j — 1) log(1 — p)

(G-1)/n j—1
—|—n/ log(1 — :t:)dx} < exp {— log(1 —p) —nH, <—> } -
0 n

where H,(z) = —p+ 2+ (1 —x)log((1 — x)/(1 — p)). The following properties of H, are
obvious: H,(z) > 0if 2 <1 [hence (7) is true], H,(1) =1—p, H,(p) =0, LH,(p)=
0, %Hp(x) = 1/(1 — x), that implies

Hy(x) >

iftp<a<l1.

Hence, for j > A+ 1,

P(S =) { (j—l—np)z} o

——2= <expR —log(l—p)———————7<1 it j >N+ v2\+ 1.

P(Z=)) S i)
Analogously,

2
Hp(x)z(x 2p) if x <p.

And hence, for j < A+ 1,
P(S =) (j —1—mnp)? o
— < —log(l—p)————><1 f73<A—v2n(—log(l— 1.
P<Z:j)_e><p{ og(1 —p) o < if j < A=v/2n(=log(1 - p))+

We also have

EE;—Z‘;; = exp {n(p—l— log(1 —p)) — jlog(1 —p) + ;log (1 — %)} <
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exp {n(p +log(1 —p)) —jlog(l —p) —1/n—2/n—--- = (j —1)/n} <
exp{jn'(np—(j = 1)/2)} <1 ifj =2 +1.
The lemma is proved. O

LEMMA 2. In the case of arbitrary p;, the following inequality holds:

P(S =) 1
WhZ=j) -1 _pr

PROOF. Denote by S(ay, ..., a,,) the sum of m independent Bernoulli r.v.’s the jth of
which is equal to 1 with probability a;. Denote also by Z(b) a Poisson r.v. with parameter
b. Let g be an arbitrary real function. The proof of Corollary 2.1 in Hoeffding (1956)
does not have to be changed when it is applied to the similar statement concerning

sup{Eg(S(ai,...,a,)): 0<a; <p,....,0<a, <p, a;+---+a, = A}

This sumpremum is attained with such ay,...,a, that a; = as = --- = a,, = a, a1 =
= =D, Qg1 =+ =a, =0 forsome a,m,k,0<a<p 1<m<k<n.
Now, for each j = 0,1,...,n, we set g(y) = I(y = j) and find the corresponding values
a = a(j), m = m(j), k = k(j). Let a(j) = --- = am@)(J) = a(j), am@+1(j) = -+ =
ak(j) (J) = Py ar(+1(J) = -+ = an(j) = 0.
In the case m(j) < k(j) we have
P(S=j) _ P(S(@()), - anli) =J) _
P(Z=j)~ P(Z =)

su ) su

TP Zm)at) =) R TR —mO)p) =)
1
(1—p)

where S1(-), S2(+) and Z;(+), Z2(-) denote pairs of independent r.v.’s with the correspond-
ing distributions; the last inequality follows from Lemma 1.
In the case k(j) = m(j) the inequality

P(S—])< 1

P(Z=j)~ (1-p)

is also true. The lemma is proved. O

LEMMA 3. Let Z' be a Poisson r.v. with parameter A — &, where 0 < 6 < X\. Then

35

§ sm+1

mEm(Z +m+1)],

)| <
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if Elg(Z+m+1)| < 0.

Proor. We have
Eg(Z') = ’Eg(Z)(1—6/N)7 =

SEG(Z2)(1 —§/N1(Z <m) + Eg(Z)(1 —6/N)?1(Z > m).

We assume binomial coefficient Clj to be zero if 7 > [. Consider the first term on the
right-hand side of the last relation. We have

Eg(Z)(1 —6/\)?1(Z < m) Zm:C (=8/ N 1(Z < m)

(—0/NECL9(Z2)1(Z < m)

©
I
NE

0

<.
Il

5y
j!

7

Eg(Z + j)I(Z <m),

.
Il
o

where the last equality is true because of the identity
EZ(Z —1)---(Z = j)9(Z) = NEg(Z + j).

On the subset of elementary events {Z > m}, using Taylor’s formula we have
(1=0/N)7 =) CH(=6/N) + CpHH (/™o
=0

where 6 is a function of 0, A\, Z and m, such that |#| < 1. Hence

Eg(Z)(1 -5/ N)?1(Z >m) = Z (_jf)j (Z+)I(Z >m)

(9) =0
+ECTH (/N0 g(2)1(Z > m),
where the last summand can be easily estimated:
[ECZTH(S/ N0 g(Z)I(Z > m)| < ECET(§ /N g(2)I(Z > m)|
(10) 6m+1

= oy Bz mt 1)

Combining relations (8)—(10) we complete the proof. O
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3. Proofs of the main results.

PROOF OF PROPOSITION 1. First show that (a) implies (b):

o k—1 o k l

., M ] _ ] _
Bl(r + 0] = e plo(B) < e S0 B lo()] < e Brlg(o)]
j=l ’ k=l

Analogously, (b) implies (a). It is also clear that (b) implies (c), since E|g(T + )| < oo
implies E|g(7 + k)| < oo for all £ <[, and hence

l

Z lk’Clg +l{7

k=0

E|Aly(r)| = E <EZC’l|g + k)| < oo.

k=0

Now we show that (c) implies (b) if [ = 1. We have

-I—ZAg

Elg(T +1)|

)| < 19(0) |+EZ|A9
7=0

00 k
+Z€_H/]:;_Z 0)| + _“ZZ |Ag
k=0 7=0

J=0 k=j
|9(0)] + ¢"E[Ag(T)].
Finally, it is easy to prove equivalence of (b) and (c) using induction on [. O

PrROOF OF THEOREM 1. The proof is substantially based on the Lindeberg method
which is contained in the following identity:

n

(11) EF(7) - EF(() = Z(EF(ng +1wex) — EF (or + Gier))-

k=1

We have B ) )
EF(¢r + Ceer) = EF (o) + pr EALF (¢).

For any function g, the following equality is well known:

ATgly) = Z<—1>’"—j(rf—’.)wg<y ).

=0 J
Thus A
F(o+mei) = Y e PREF(g, + j&) =
=0
oo 00 _1 tpj+t
> CU mr+ ja) = 35 b B+ ) =
j=0 t=0 r=0 j=0
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(12) ZpkEA’“

where the order of summing was changed by Fubini’s theorem.
Therefore,

(13) BF (G +mar) ~ BF(G+ Gei) = S KBAF(5y).
r=2

The last equality together with (11) proves relation (1).
Now we prove (2). Let E|AS™ F(7))| < oo and hence E|AS™ F(¢;)] < oo. Thus we
have

1) Il - .
Z pkEAZF(Cbk + Jjéx) SHZZ 7~+s+1 () j)!EAiﬂF(Cbk +Jjéx)| =

r=s+1

Pt i VD ARG 1 e
+ e <
]ZO; J+t+s+1)]|tg 2O F (o +jéx)| <

e}

Z (s + DG +1)! (—pr)’

G+t+s+1)! ¢!

s
[ il

(s+1)! pri

s+1 s+1

o j

P s p L

e O BIAT F (Gt )] = e s BIATF Gy i)
Jj=0

IEATT F(gr + jer)| <

t=

So, (2) is true.
Now we proceed to proving (3). If s = 1 then, by (1) and (2), the relation is true.
Consider the case s > 2. Set

f() = fe(§) = EF (1, + jéx).

To prove (3) it suffices to show that, for each k,

s

(14) [Bf () = EF(G) = D10 = )BT )| < e n BIAT ()

r=2

In order to prove the last relation we need the expression

1— Zm:(—l)j(j —1)CY, m > 2,

j=2
to be calculated. In order to do it we use the identity

t

> (—1ycd = (-1'ct,

J=0
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and derive that

1YCI = (=1)"C™, — 1+,

Ms

J

m m—1
=D (1750 = v ) (10, = —(=1)"mCy — 1
j=2 7j=1

Thus, for m > 2,

1Y (-1 — )¢ = ()™ (O — mC3Y)

j=2

m (((m—1)(r —1)! (r—2)!
(15) =—(=1) (m!(r—l—m)!+( - Di(r—1- )')

To prove (14) we show by induction on m that, for all m = 2,3, ...;s, the following

relation holds: .

Ef(m) —Ef(G) — Y (-1 r—l)p’fENﬂ )
(16) Z( S (-1 - 1)C )p’“Nf()
r=m+1 j=2

For m = 2, by (12) and (13), the equality is true. Now suppose that (16) is valid for some
m > 2. Then, by (12) and (15),

> (1—§mj< 1y <j—1>c)p’Wf<o>

o a0+ Y (1—Z< 1y (J—l)C>pka(0)_
1 B ) + Z ( I (3—1)C>pka(0)

and hence (16) is true for m + 1. Thus (16) is valid for m = s.
Finally, for (14) to be proved, it remains only to estimate the right-hand side of the
equality (16) for m = s. Because of (15) we have

> (1—2( 1)/ <y—1>0)pwf<> =

r=s+1 j=2
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O (e Lt R e TR S

sl —1=s)!  (s=Dr—1-s)!) 7!
s+1 - Z (3 — 1)(7“ + S)' (7” + s — 1)! r (_1)T_j7“! el
P ZE@+Z+1N< slr! '+(S_QW!)§;ﬁ§t7gA+fU)=

s+1 Loy (B DT +5)! (t+j+s-1) s
P Z i 1)pk(S!(t+j+8+1)!t!+(8—1)<t—|—j—|—5—|—1)|tl)A+f(.])7

where the last expression was derived by changing the order of summing and substituting
the variable t = r — j. To estimate the expression (17) it suffices to note that

< 8
~ (s+ 1)V

i t(s—l)(t+j+s)+ (t+j+s—1) )

(t+j+s+ D (s— DI (t+j+s+ D

t=

and hence the expression (17) is not greater than

S p S S S
+1Z k|A+1f ePEp +1E’A+1f( )‘

T s+ )

Therefore, (14) is true and hence (3) holds for s > 2. The theorem is proved. O

PrOOF OF COROLLARY 2. The assertion follows from the two inequalities below
which are easy consequences of Theorem 1:

n

3
P _
<> epjngM?F(%)L

7j=1

)ZpiEAQ () — ZpiEAQ ‘ Zpk prEWAQ (¥5)].

Corollary 3 is proven by repeated application of relation (3). Theorem 2 is the
immediate consequence of Theorem 1 and Lemma 2. The proof of Corollary 5 is
analogous to that of Corollary 2. Corollary 7 is proven by repeated application of relation
(6). Corollary 6 follows from Corollary 7 for { = 3. O

‘EF( _EF(j prEAQ @) <

4. Comparison with predecessors’ results.

We compare the results of the chapter with the corresponding results of Barbour (1987)
and Barbour, Chen and Choi (1995). Corollary 4 will be compared with the following
theorem due to Barbour, Chen and Choi (1995):
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THEOREM A. Let EZ?|h(Z)| < co. Then

|Eh(S) — ) <ic <Zp]> Amin{1, \""}E|(Z + 1)| + EA®|r(Z)]) ,
where C' = maxy, sup;>g %.

Barbour, Chen and Choi (1995) obtained an upper bound for C' which implies, in
particular, that C' < 2¢'3/12,/7 for p < 1/2.
Corollary 5 will be compared with the following theorem in the same paper.

THEOREM B. Let EZ*h(Z)| < co. Then

|ER(S) — Eh(Z) + 4 zn: PEA’W(Z)| <

n 2 n
(ZP?) B+ (zp;) R
i=1 j=1

where
Ry = 12min{1, \*}E|h(Z + 2)|+

tmin{1, A" }(BEA?|W(Z + 1)| + EA*|R(Z)|)+
sEAYR(Z)),
Ry = 2min{1, \"'}(E|h(Z + 2)| + E|h(Z + 1)|)+
HEA|W(Z +1)| + 2EA?|W(Z)]),
and the constant C' is defined in Theorem A.

For functions of at most polynomial growth complete asymptotic expansions were
obtained by Barbour (1987). The following statement follows from Theorem 2, Remark
3 on it and equality (2.13) in Barbour (1987):

THEOREM C. Letl > 1, H > 0 andt > 0. Let h be a real function of integer
argument. Suppose that A > 1 and, for all y, |A'h(y)| < H(1 + X"2|y — [\]|!). Then

Eh( + ZZH < ]Z—f_?ll pz > EAT1+'~'+TS+sh(Z)

sjlj

k
(18) <KHmaX{)\ 2H

j=1

(i sg+1>} <KH)\Z/2 1Zpl+1

=1
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where Y denotes the sum over all (r1,...,rs) € (Z7)* such that 3 75_, jrj = s; max) i

taken over .
{kzl; ;> 1L1<j<k; Zsj:l};
j=1
K 1s some constant depending only on [ and t.
But if A <1 and |Alh(y)| < H(1 +y'), then

zn pj+1
Eh( —|— ZZH - i < J +111 i > EAT1+...+rs+sh<Z)

< KCH max {f[ <i sf“) } .

We shall compare the above-mentioned results in the case A — 0o, p — 0, h(y) being
an arbitrary polynomial of order m > 3.
Define coefficients K73 by the relation

(19) h(y) =Y Ky,
=0

where yp; denotes the so-called jth factorial power of y: y;;; =y(y —1)---(y —j+1). By
these moments we can obtain the simple representation for A*h :

m

(20) An(y) = G —1) (G —k+ 1 Kqyyx-
j=k
In particular,
EA’WZ) =B) (- VK Z; 9 =) i(i — DKN .
=2 =2

It is easy to see that
E|R(Z + 1)| ~ [K}|A,

(21) E[A’h(Z)] ~ EA*|W(Z)| ~ [EA*R(Z)| ~ [ K [m(m — 1)A™

as A — 0o. Now we compare the following resulting estimates for |Eh(S) — Eh(Z)| given
by the above-listed results:

Corollary 4: KoA™ 237" p?;

Theorem A: Kz\™ ' 57% 1p];

Theorem C: K \"3/2 > Wit
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where K7, K5, K3 are some positive constants which depend only on h. Note that, in the
case under consideration, the constant H in Theorem C must be of order A~ 1. We see
that in this case the upper bound in Theorem A is rougher than that in Theorem C and
that in Corollary 4.

Comparison of Corollary 5, Theorem B and Theorem C can be done analogously. We
get the following bounds for [EA(S) — Eh(Z) — 53" pyEA’h(Z)]:

Corollary 5: KyA™ 337" p?;

Theorem B: KzA\™~' 370 p?;

Theorem C: Ke(A™ (320, p3)? + A™ 22370 pd);

J J
where K4, K5, Kg are constants depending only on h. To derive the first two of these

three estimates the following inequality was used:
n 2 n
() <230
j=1 j=1

PROPOSITION 2. Let py = -+ = p, = p and h(y) be a polynomial of order m > 2.
Suppose A — oo and p — 0. Then

[ER(S) — BR(Z)| ~ 3np°E|A*h(Z)),
|ER(S) — ER(Z) + inp”EA*R(Z)| ~ inp E|AR(Z)| + in*p'E|A'R(Z)],
|ER(S) — ER(Z) + np”EA’W(Z) — snp”BAPW(Z) — in*p*EAYR(Z)
~ inp'E|A*W(Z)| + tn®p’E|A°K(Z)| + £n’pPE|A°R(Z)).
Thus the bounds in Corollaries 4, 5 and 6 are asymptotically precise.
PROOF OF PROPOSITION 2. Calculating EA(S) and Eh(Z) is very simple:
Eh(Z) = iKZAJ} ES™ = iKinmPi»
j=0

7=0
where coefficients K7 are defined by (19). Thus

(m—1)

Eh(Z) — Bh(S) ~ K" X",

At the same time the following relation was already noted in (21):
E|A%R(Z)| ~ | KM |m(m — 1)A™ 2,

Hence the estimate of Corollary 4 is asymptotically precise.

Now we proceed to proving the exactness of Corollary 5. First, consider the case
h(y) = Ypm)- We have
En(Z) = \",
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Hence

m—2 m—1
|Eh(Z) — Eh(S) — inp’EA*R(Z)| ~ ( z’j) N2 =

2im(m = 1)(m = 2)(3m — A" *p*,

On the other hand, by (20) we have
n’p'EIA*WZ)| + snp E|Ah(Z)| =

(2m(m —1)(m —2)(m — 3) + im(m — 1)(m — 2)) X" ?p* =
Lm(m — 1)(m — 2)(3m — 1)\ ?p?.

So, the assertion is asymptotically precise for h(y) = yjm). It is easy to understand that,
because of (19), this assertion is also asymptotically precise for any polynomial of order
m.

The proof of the exactness of Corollary 6 can be conducted analogously using the
following identity:

[\
—_

m—3 m m—

i ijk

i=1 j=i+1k=j+1

=m?*(m —1)*(m — 2)(m — 3) = Imyy + smys + 25Mq)-

5. The approximation for arbitrary distributions.

The content of this section is based on and to a considerable extent repeats the idea
of Kchinchine (1933) [cf. Borovkov (1988), Borisov (1993, 1996)]. We apply the results of
Section 1 to approximation of vectors of r.v.’s with arbitrary, not necessarily Bernoulli,
distributions. Let &1,...,§, be independent r.v.’s in an arbitrary measurable Abelian group
A with distributions Qq, ..., Q,, respectively. The “+” operation in A is assumed to
be measurable. Let P, ..., P, be the accompanying Poisson distributions for @1, ..., Q.,,
respectively, and let 3y, ..., 6, be independent r.v.’s with distributions P, ..., P,, respec-
tively. Finally, let G(y1, ..., y,) be an arbitrary measurable function of n arguments in .A.
We evaluate the difference

EG(&,....&) — EG(0y, ..., Bn)

when both of the expectations exist.
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Denote by F' the following expectation:
F(ky, . k) = EG(ri L k),

where 7';"“ = 7‘;1) + -+ Tj(k) is the sum of k£ independent r.v.’s such that each of them

has the distribution equal to the conditional distribution of £; under the condition ; # 0.
All the r.v.’s 7'1(1), 7'1(2), e T,(LI), T,(LQ), ... are supposed to be independent. Let p; = P(§; #
0), j =1,...,n. Asin Section 1, (i, ...,(, denote independent Bernoulli r.v.’s with the
success probabilities p; = P((; = 1), and 14, ..., 7, denote independent Poisson r.v.’s with

parameters pq, ..., p,, respectively. We have

(22) EG(fla 7571) = EF(Cla --an)v EG(Bla 7671) = EF(nla ann)

Actually, these identities can be easily deduced from the corresponding results in Khint-
chine (1933) [cf. Borovkov (1988)]. These relations allow us to apply Theorem 1 and its
Corollaries to the approximation for vectors of independent arbitrarily distributed r.v.’s
in a measurable Abelian group.

In the case when, for each j, the conditional distribution of ¢; under the condition
&; # 0 coincides with some distribution () independent of j, and

Gyi, - Yn) =g + - + Yn)

Theorem 2 and its corollaries can be used. Denote by 7y, 7o, ... i.i.d r.v.’s with distribution
Q. For
h(k) = Eg(m + -+ 7)

then the equalities
EG(&, ..., &) = ER(S), EG(54, ..., B,) = Eh(Z)

hold where S = (3 +---+(n, Z =11 + -+ - + . In fact, these relations were obtained
by Khintchine (1933) [cf. Borisov (1993, 1996)]. It is clear that these representations are
equivalent to (22). They reduce the problem of Poisson approximation in an abstract sam-
ple space to investigation of closeness of a binomial and the corresponding accompanying
Poisson distributions.

EXAMPLE. Let &, ...,&, be arbitrary r.v.’s on the real line. Suppose that, for all 7,
the conditional distributions of §; under the condition {; # 0 coincide, and

G(yla >yn) = (yl + -+ yn)l'
Also suppose that E(;)! < co. We have
hk)=E(rn+---+ Tk;)l = (Eﬁ)l/{:[l] + B;_1(k) + ET{k,

where B;_;(k) is a polynomial of k of order < j — 1 whose coeflicients depend only on
expectations E7y, ..., Erl™1. Hence

A?h(k) = (Bn) k- + Bj_5(k),
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where B]_4(k) is a polynomial of k of order < [ — 3 whose coefficients depend only on
En, .., ET{‘I. Therefore, because of Corollary 4,

1

27 Zp] (Em)" 2N+ B 5(V) ,

(23) |E(G+-+&) —EBi+-+6,)| <

where B’ 5()) is a polynomial of X of order < [ — 3 with coefficients depending only on
Er, ..., ET{_I.
Barbour (1987) obtained complete asymptotic expansions for Eg(&+- - -+&,)—Eg(8:+
-+ + (3,) in the case when &, ..., &, are nonnegative integer r.v.’s and the function g is of
at most polynomial growth. But in the case under consideration, when g(k) = k' and,
for all 7, the conditional distributions of {; under the condition §; # 0 coincide, these
expansions, in general, don’t allow us to separate the parameters pq, ..., p, and moments
of 7 as it is done in (23). Such separation in Barbour (1987) is possible only for some
simplest classes of distributions but not for arbitrary.

6. Expansions under lesser moment restrictions.

In this section, under lesser moment restrictions than those in the theorems and corol-
laries in Section 1, the asymptotic expansions are studied. However, these expansions
may appear inconvenient in case of nonidentically distributed r.v.’s. We use the notations
Pis Mo, A, G, 7, €x, Ay that were defined in Section 1. In this section, for the sake of
convenience, we also suppose that p, # 0 for all k.

At first we give complete asymptotic expansions for EF(¢) — EF ().

COROLLARY 8. Let Eny!T|F(7))| < oo for all k and some | > 1. Then

EF(() ~EF()+ Y (- p’“ kaEA”- AT R (R k)
r rs—1 l4+s—ri——rs_
“re_q! (l—i—s—rl wrs_)!

XE‘AT‘l . .AT.S 1Al+s 1= Ts— 1F(¢ (k1,-sks—1) +77ksezs) :

where the right-hand side of the inequality is finite, and R*vFs) = f—mp ep, —- - — Nk, €hes
k ks / .
gb( ) G e — o — neen: S and 3 denote the following sums:
, n l ki—1 14+1—r1 ks—1—1 l4+s—1-r1——7s_1
YYyY Yy Yy ey ooy
s=1 ki=1 1=2 ko=1 ro=2 ks=1 re=2
" l n Il k-1 I4+1-m ks—2—1 I4+s—2—r1——rs_9 ks_1—1
s=1 ki=1 m1=2 ko=1 ro=2 ks_1=1 rs—1=2 ks=1
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In the last sum we put kg =n+1 if s = 1.

This corollary is proven through subsequent application of relations (1) and (2) of

Theorem 1.

Further we consider the sums S = (1 +- - -+(, and Z = 1, +- - -+n,,. Asin Section 1, put
Pr = max{p1, ..., Pk}, P = Pn and let h be an arbitrary real function of integer nonnegative
argument. For the sake of convenience we put pg = 0. The following corollaries are proved
by using relations (4) and (5) of Theorem 2:

COROLLARY 9. Let E|A3h(Z)| < co. Then

|ER(S) — Z PIEAR(

n k—1 n
1 2
s {1 >opi Y PEIARZ®) + 20 jpi>E|A3h<Z>|} ,
k=1 j=1 k=1

where Z%) is a Poisson r.v. with parameter A — py.

REMARK 5.  Because of the obvious upper bound for the corresponding Radon—
Nykodim derivative the inequality

E|A*h(ZW)| < eP*E|AYh(Z))]

holds. The right-hand side of the inequality may be infinite while the left-hand side is
finite if E|h(Z)| < oo and py # 0.

PROOF OF COROLLARY 9.  Because of relations (4) and (5) of Theorem 2, the
following inequalities hold:

Eh(Z) — Eh(S) — % > PREAK(Ty)

k=1

N
< a—pr Z €E|A3h(z)|7
Pria

< "L ,1 e
> :lka

ZpkEAQ (Ty) — ZpZEAQ (Z*)

k—1
T S PEIAK(ZY),
P 4o

x>

n

o) pr )
p > Baren(z) <
r=1

k=1 =

— ) BEA’W(Z®
k=1

> pie™pE|AK(Z)),

k=1
where the proof of the last inequality is analogous to that of inequality (2) in Theorem 1.
The above three inequalities immediately imply the assertion. O

We see that the corollary contains lesser restrictions on moments than those in Corol-
lary 5 or Theorem B.
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COROLLARY 10. Let E|A"A(Z)| < oo for some | > 1. Then

BA(S) — Bh(7) + 3 (-1l P T BATE e (70 )
r1 rs—1, l4s—ri——rs1
< Z ePhs pk’l " Pr,_, Pk, E|Al+sh(z(k1, ks 1))|
1_pk Tsl(l—l—S—Tl L Te— 1)
where Z*vks) = 7 g — oo — S and Z denote the following sums:
, n I ki—1 I4+1-r; ks—1—1 l+s—1-ri——rs_1
s=1 ki=1 r=2 ko=1 1ro=2 ks=1 re=2
" ki—1 14+1—r1 ks—2—1 Il4+s—2—r1——rs_9 ks_1—1
s=1 ki=1 m1=2 ko=1 ro=2 ks_1=1 rs—1=2 ks=1

In the last sum we suppose kg =n+1 if s =1.

This corollary is proven by subsequent application of relations (4) and (5).
It was already noted that the right-hand side of the above inequality is finite since,

for any s > 1,
E|Al+sh(Z(k1,...,ks,1)>| < 00

if E|A"R(Z)| < oo.

By Lemma 3, the expectations of functions of Z®*1-ks) can be expressed through
expectations of functions of Z. However, application of Lemma 3 leads to necessity for
enforcing restrictions on the moments.
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8 Asymptotic expansion for expectations of smooth
functions in the central limit theorem

1. Preliminaries

We denote by &;, j = 1,n, independent identically distributed RVs with E¢; = 0 and
E¢ =1, and set S, = n™1/2 > i1 &j- Throughout the sequel, we denote by C, ¢, Cj,
and ¢; positive constants which are independent of n and the probability characteristics
of the RV &, and denote by N and N, independent RVs with the standard normal
distribution.

The method of the chapter is based on the following inequality:

Ef(S,) — Ef(N) = / (PN < z) - P(S, < 2)) df (x), (1)

where existence of the corresponding integrals is certainly presumed. It then seems natural
to use the classical expansion for the distribution function of S, [93, p. 197]. However,
the estimate for the remainder term in this expansion is meaningful only if, in addition
to the natural moment constraints, the well-known Cramér condition holds:

lim sup |h(t)] < 1, (2)

[t|—o0

where h(t) is the characteristic function of the RV &;. In this case, by (1) we can easily

obtain the complete asymptotic expansion for Ef(S,) as a consequence of the above-

mentioned results under the minimal (of the known) constraints on the function f.
Theorem 1. If E|§|F < oo and fﬁuf(x)\ < oo for some integer k > 4 then

under condition (2)

Ef(S, Z el oL

where Q;j(x) are the standard terms of the expansion for the distribution function of S,
which depend only on the moments of & up to the order j+2 inclusively (see [93, p. 171]).
For k =3 (in this case the sum on the left-hand side of (3) is absent), estimate (3) is
valid without condition (2).
To reject the excessively rigid constraint (2), we use some special smoothing and the
ideas of Lindeberg’s operator method.

El¢[*

<C (k 2)/2° (3)

2. The Main Result
Theorem 2. Suppose that f € C*(R) and

(@) = ()| < Clo —yl*(1+ |2 + [y~
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or all z,y € R, with 0 < e < 1. If E|&|* < oo then
J ,y € R,

1 1
BS(S,) = BN + = [ fla)di(e) + 111 (W

where
1 —332/2 .CEZ - 1

Qi(z) = ——=¢ 5 ES, |H| < Ci(El&|")

Remark. If fis an even function or E& = 0 (for instance, the RV & is symmet-
rically distributed) then the second summand on the right-hand side of (4) vanishes and
the estimate for the convergence rate improves:

Br(s,) - Bfv) <

The classical expansion by von Bahr for E|S,|?, p > 0, under the condition of existence
of E&! makes it possible to obtain an estimate of order O(n~®"+1/2) for the convergence
rate, where p* = min(p, 1). It is easy to see that for p > 2 an analogous result follows from
Theorem 2. It is worth nothing that, with Cramér’s condition (2) holding and the fourth
moment of ¢ existent, Theorem 1 enables us to obtain the convergence rate O(n™") for
the power functions f(x) = |z|? for every p € [0,4]. At the same time, by von Bahr’s
result this estimate is valid only if p € [1,4]. It can be shown that, for a lattice distribution
(i.e., without condition (2)) of &, the order n=(P*1/2 of the estimate is unimprovable for
p <1

Note that von Bahr obtained the complete asymptotic expansion. However, the version
of the Fourier method that he used is inapplicable to a function class wider than |z|?,
p > 0.

A. Barbour [6], using the Stein method, obtained the complete asymptotic expansions
for moments of smooth functions of sums of independent random variables. However,
the relations he established between the order of the highest moment and the order of
growth of the highest derivative are not optimal. For example, under the conditions
of Theorem 2 on the function f, Barbour’s result allows us to obtain an estimate of
order O(n™1) for the corresponding remainder term only on the condition of existence of
the sixth (not fourth!) moments of summands.

The method to be exposed allows us to distinguish also the third term of the asymptotic
expansion, provided that the fifth moments of the summands exist (to this end, the seventh
moment is required in [6]). However, in this case the order of smallness of the remainder
term is slightly worse than the optimal one.
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3. Proof of Theorem 2

To ensure the use of the optimal growth rate for the function f(z) and its derivatives
in Theorem 2, we apply the technique of truncations. Denote

_ 1 —
En = GG <V} —EG{IG < Vi), j=1n, o® =EE,, S, = %ijn-
j=1

Observe that 0 < 1 and 1 —¢? < %E[§1|4. Furthermore, it is easy to show that o? > 11/16
for n > 16(E|¢;]*)%.

We now use Lindeberg’s operator method to demonstrate that Ef(S,) and Ef (S,’;)
are close enough.

Lemma 1. Let f satisfy the conditions of Theorem 2. Then for every m > 4

[Ef(S.) —Ef(S;)] < Cn~ " 2PE|G|"EIG

where the constant C' depends only on f.
Proof. We have

B/(S,) - Bf(S)) ZE J( (o4 926) ~ 1 (24 F=6) ) Pt <o) 9
where
]n:\/_Z@ fz;fm’ j=1n, %:0

We need the consequence of Rosenthal’s inequality [108]:

E|4; " < CiEIG)’, j=Tn
and the estimates
|f(z) = f(y)| < Colz —yl(1+ |z> + |y]),
B&I{|G] < Vi = [EGH{|&] > Vi } <o mUEEG

which also follow from the conditions of Theorem 2. Using these inequalities, we estimate
the modulus of the right-hand side of (6) from above as follows:

n 1 3
;E/CO <1+|$’3+'%5j

<2, G [%Eiéﬂ{ifjl > i}~ BGHIG] > Vi (BlA P + 1)

1 1 1
—nfj - —nfjn + ‘ﬁgjn

3) dP(AJn < ZE)
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+%E|§j1{|§j| >} — EGH{g] > v d(16]° + |§jn|3)] < Con~MTARE[g MBI .

Lemma 1 is proven.
Denote

Bulf) =ES(S) = BIN), Bulf) = Ef( ety kjf”m) ~EJ(N)
Ana(f) = Ef(S;) — Ef < 1 bk;gna%) ,

where S* = S,; + Sp2, Sp1 and S,» are independent, ESZ, ~ bk’%a{ and b is a pos-
itive constant (independent of n) to be specified below. For m = 4, Lemma 1 implies
the estimate

20 = Au(f) = Aal)] < “EIG[ - Bla]*
Lemma 2. If E|§|* < oo, f € CYR), and |f'(x)| < Cy(1+ |z|*) for all z € R, then

‘n /f ) dQ (2

Proof. Denote m = n — [blogn]. Represent S,,; +
identically distributed RVs:

(E|§1| )% (6)

1
b =E2g Ny as a sum of independent

where

Note that Evy, = 0 and EvZ, = 0. Under the conditions of the lemma, P(|Y,,| > z) =
o(x™) as x — oo for every N > 0 Moreover, |f'(z)] < ¢(1 + |z|*); hence, the integral
on the right-hand side of equality (1) is well defined with Y;, substituted for S,. Now,
we can apply the classical expansion of the distribution function of sums of independent
identically distributed RVs:

'P (%Ym < g;) ~P(N <z) - Q%) <
m * ot(1+ |z|)*m / [yl*dv(y)
ly|>ov/m(1+]z])

. / ry|5dv<y>+(sup|v<t>|+%) L

o®(1 + |x|)5m3/2 11|26 1+ [a])5
[yl <ov/m(1+]|z])
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where V(y) is the distribution function and v(t) is the characteristic function of the RV
Vi, and

3
Ev;,,

[o(#)] <

o? 1 2502 — 1
= —" (z) = ———e /2
DR Gl =5 6
1 2,9 [2° + 152 — 1023 s 2 =3z (1
_ __ = /2 E 3 - E 4 )

The main difficulty in use of this expansion consists in estimating the last summand on
the right-hand side of (7). Smoothing enables us to do this without imposing additional
constraints on the distribution of &. We have

bl bl
Eexp{it OgnaNl}‘ :exp{—tQ(jZﬂ}.
n n
1\" bl "
(sup lv(t)| + —) < (s <1 — Oy6*—— oen 2) <
e 2m n

Then

Cy exp{—Cy6%0blogn} = Cyn~C19°7*,

It is clear that, by choice of the constant b, we can make C,;6%02b arbitrarily large. It suf-
fices that b > C5(E|vi,|*)?/o*. The definition of vy, implies that this inequality holds,
for instance, with b = Cy(E|&|?)? for all n such that n/logn > b%/3.

Thus, we first prove (6) for all n satisfying the inequality

n > Cs(E|& )2 (8)

Moreover, we can assume that n/logn > Cs(E|&[?)*?. Now, we successively estimate
the integrals with respect to df (z) separately for each summands on the right-hand side
of (7).

From the definition of Q2,(z) and in view of (8), we have

Qan
[ ip)] < Tmig
Furthermore, the estimate

1
P(jv,| >t) <P ( L P \/_m>
n

is valid for every ¢t. Using this inequality together with Chebyshev’s inequality, we estimate
the integral of the second summand on the right-hand side of (7) as follows:

‘/ AL | 'y‘w(”’

ly|>ov/m(1+|z[)
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1/o

Cs
< r / / Y dP(’Vln’ >y ‘ ‘4
0 a\/i(l-‘r;t) 0
C’g dx T 4 blogn Cho 4
+ U\/—xQ / yP(\/ " 0\N1]>y—\/_>dy<—E]§1]
1/0 o/mzx

Using Fubini’s theorem, we obtain the following estimate for the integral of the third
summand on the right-hand side of (7):

5
‘/05 1+|x\ 5m3/2 / |y dV(y)‘

ly|<ov/m(1+]|xl)

e o/m(1+a)
< & X / 4P E 4
0 0

ov/m

Cn ?J 7
a2 <z N )d
(/ N P(|vin] > y) dy T 2P
0
L 4 7 de 4) Cia "
+— P(|lvg,| > —d + E < —E
ovm y/oy/m—1

The estimate for the integral of the last summand is obvious.
Applying (1), Rosenthal’s inequality [108], and the fact that the function f(x) is

Lipschitz continuous, we obtain
1
<COpE|(--1
o

'/( ( Yo <x)—P(Ym<x)>df(:c)
— (Bl

Cis
From the definition of @, (z) and the simple 1nequahty

Yl [YVin|?

S 014(1 — 0'2)E|Ym|4

Cie
[Evi, — E&| < —Z(Blaf + Elal!)

NG

[ (42 - 20 apio)| < Eplel + Blel)

In conclusion, note that (6) is also valid for n < Cg(E|&]3)?. This ensues from
the rather elementary estimates

we infer that

3)2
Aa(h) < 0 B 0 mig ),
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|€1\3

< Ciy (1+El6P), (Elaf)* = (Elals)” < EE.

¢—/f 2) dQu ()

Lemma 2 is proven.
Lemma 3. If E|&|* < oo, f € C*(R), and the inequality |f"(z) — f"(y)| < Clx —
yl*(1 + |z|*= + |y|*~°) holds for all x, y € R and some 0 < € < 1, then

[An2(f)] < — (EI&\ )" (9)
Proof. We use the Taylor formula

fu+xw;ﬂw+xf@w+§f%w+A{/u—exﬂm+e»—f%www

0

blogn

By successively setting z = 5,1, A =S or A=o0 Ny, we obtain

1

meNS&E|&ﬁ“/ﬁ—@wa+wm+%@%ﬂu&$*me
0

24e 1 2—¢
bl bl
HOE! oy 28y, /1— 05 | 1+ |Su + b0 Og”N0 1S | do
n
0
bl (2+e)/2
< O4E[S,0[> + ( Og”) .
n
Rosenthal’s inequality and the definition of b imply the estimate
blogn\'™"* ¢
Bls.aP™ <0 (Z0) < S(mia

for every v € (0,2]. The last estimate implies (9). Lemma 3 and Theorem 2 therewith
are proven.
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9 Minimal smoothness conditions for asymptotic ex-
pansions of moments in the central limit theorem

1. Statement of the main results

The topic of this article was motivated by the results of [6] and [56] where asymptotic
expansions were obtained under smoothness conditions close to optimal. These results
are formulated in Theorems GH and B below.

The accuracy of approximation for expectations of functions in the CLT depends
both on the smoothness of distributions of the summands and on the smoothness of
the functions. It is interesting to note that, in the first case, to obtain the complete
asymptotic expansions of the moments we need no additional smoothness conditions on
the functions. An illustration of the fact is contained in Theorem P below.

Denote by &;, i = 1,...,n, some independent identically distributed (i.i.d.) random
variables (r.v.’s) satisfying the conditions E¢; =0 and E€? = 1. Put S, =n~ Y237 &
and denote by N an r.vwith standard Gaussian distribution. Introduce the classical
Cramér regularity condition of the distributions:

limsup |h(t)| < 1, (1.1)

[t|—o0

where h(t) is the characteristic function of £;. Under the minimal (known) constraints on
a function f, we can obtain complete asymptotic expansions of E f(S,,).

Theorem P. (see [93: p.171]) IfE|&|F < 00 and [ ﬁﬁlf@?)‘ < 0o for some integer
k > 4 then, under Cramér’s condition (1.1),

E /(S Z i | e

where the constant C(f) depends only on f, Q;(x) are the standard expansion members of
the distribution function of S,, which depend on the moments of & of order up to i + 2.
If k = 3 then the above estimate (in this case, we omit the sum on the left-hand side
of the inequality) holds without Cramér’s condition.
This result follows immediately from the classical asymptotic expansions for the dis-
tribution function of S, (see [93]) and the following simple representation:

E k
< c(f)n(k’%‘ (1.2)

o

Ef(S)~EfN) = [ (PN <2)~P(S, <o) dfla).

o0

where both sides of the identity are well defined under the conditions of the theorem.
To obtain complete asymptotic expansions under the fixed moment constraints with-
out Cramér’s condition, we need stronger smoothness of f(z) than in Theorem P. Roughly
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speaking, to obtain k members of the expansion (under the corresponding moment con-
dition) we require f(z) to be k times continuously differentiable. It is interesting to note
that, for obtaining the analogous result by the well-known Lindeberg operator method,
we need at least 3k derivatives of the functions (see [10]).

The following result was proven in [56].

Theorem GH. Assume that, for some integer k > 3, the following conditions are

fulfilled:
[f¢2) ()]

E|4|F <00, feC* 2, L -
|€1’ o8 f Slxlp 1_'_ ‘x’Z 0

Then expansion (1.2) holds with the following estimate of the remainder term n:

‘77| _ O(n—(k—Q)/Q) )

Remark If fisan even function or E& = 0 (for instance, if the r.v. & is sym-
metrically distributed) then the first summand of the sum on the left-hand side of (1.2)
vanishes and the estimate for the convergence rate can be improved (if the fourth moment
of the summands is finite):

[ £(S,) — Bf(V)] < G ()2,

n

The classical expansion by von Bahr for E |S,|P, p > 0, under the condition that E &}
exists, makes it possible to obtain an estimate of order O(n_(p*“)/ 2) for the convergence
rate, where p* = min(p,1). It is easy to see that, for p > 2, an analogous result follows
from Theorem GH. It is worth noting that, whenever Cramér’s condition (1.1) holds
and the fourth moment of &; exists, Theorem P enables us to obtain the convergence rate
O(n™1) for the power functions f(z) = |z|P for every p € [0,4]. At the same time, by
von Bahr’s result, this estimate is valid only if p € [1,4]. In Theorem 1 below we show
that, for lattice distributions of &; (i.e; without condition (1.1)), the order n~=P+1)/2 of
the estimate is unimprovable for p < 1.

Theorem 1. Let&;, @ > 1, be a sequence of i.i.dinteger-valued r.v.’s satisfying the con-
ditions: E& =0, EE =1, and EE} < oo. Let f(z) = |z[Ph(x), where 0 < p < 1 and
h(x) is an arbitrary twice continuously differentiable function with the following properties:

h(z) = h(—z), h(0) >0,
h(x)] < M, [n"(x)] < My(1+ |2|™),

where M and My are constants and m is a natural. Then

liminf n®™/2|E f(S,) — E f(N)] > 0.

n—oo

The following result formulated in Theorem 2 gives a lower bound of the smoothness
which still allows us to obtain an optimal estimate of the remainder term in the asymptotic
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expansions. In particular, we show that the smoothness conditions on the function f(x)
in Theorem GH cannot be improved.

Theorem 2. Let a sequence p(n) be such that lim,,_.., p(n) = co. Then there exists
a function f € C**(R), k € {1,2,...}, a € (0,1), such that, for any sequence &
of i.i.dinteger-valued r.v.’s with the properties E& = 0, E€2 = 1, and E[&F? < oo,
the following relation holds:

lim sup go(n)nHTa

n—oo

BA(S) - BIN) — 1 [ F@)dQu(o) - -

1 oo
i [ 1@ = .
—0o0
where Q;(x) are defined in Theorem P.
Now, we consider the case of nonidentically distributed summands. In this case,
the most universal result was obtained in [6]. First, we introduce an array of row-wise
independent centered r.v.’s &,;, i = 1,...,n, satisfying the condition ). , ngm = 1.

Denote . .
Sn = Z&n,zﬁ Lk = ZE |§n,i|k‘
i=1 =1

Theorem B. For some integer k > 2, real 0 < o < 1, and p > 0, let one of
the following two conditions be fulfilled:
1) feC*2 and

| fED () — fE2(y)]
sup
vty [€ =yl (1 + [z|P + |y[P)

> I,

or
2) feCt1 and
[fE D () = 5D ()|

sup < H,.
wty [ =yl (1 + |z[Pt + |y[e+t)

Then, under the conditions E |&,;[FPT* < oo, i = 1,...,n, the following asymptotic
expansion holds:

BS(5) - B/ + Y (0 [[ 22 B [0, 000 +0 (13
(k—2) j=1 ‘77 )

J=1

where ky(Sy,) is the cumulant of order t for S,, (D, +10)f(N) is a function depending
only on f, the symbol Z(k—Q) denotes the summation over the subsets of indices {r >

1, s;>1(1<j<r):3" s, <k—2}, and

7| < C;H;(Lita + Litpra),

J = 1,2, with the constants C; depending on p, k, and .

82



Note that in Theorem B the correlation between the order of growth of the high-
est derivative and the order of the highest moments is not optimal. For example, to
obtain an upper bound O(n™!) for the third summand of the asymptotic expansion un-
der the conditions on f imposed in Theorem GH, we must require existence of the 6 th
moments of the summands (instead of the 4th ones). The following assertion improves
Theorem B.

Theorem 3. Let f € C* 2, k > 3, and let, for some 0 < o < 1 and p > 0,
the following relation hold:

|52 (@) = f52(y)]
sup
ey |2 =y (L + [P + [y[P)

Then the expansion (1.3) holds with the upper bound

|77| < C(Lk-i-a + Lk—l—a—i—a)

for the remainder term, where o = max{0,p — 2} and the constant C' depends only on p,
k, o, and H.

2. Proof of Theorems 1 and 2

Proof of Theorem 1. Put e = 1/4/n. By the definition of expectation, we have

[e.9]

Bf(S)= Y flie)P(S, =ic),

i=—00

where the local probabilities satisfy the equality
(14 |2[**%) (VaP(S, = ie) n(x) (1 +eq(x) + - + g (@) = o)

uniformly in ¢ (see [93: p.255]). Here z = ic, n(z) = e "2 /\/2, qm(z) are polynomials,
and g, (x)n(z) = deLx(x). Therefore,

Ef(Sy) = > flie)n(ie)(1+ equic) + qalic) e

1=—00

+e,e? f: flie)(1+ (ie)“)fls,

1=—00

where ¢, — 0. By estimating |f(z)| < M|z|P, we derive that the second sum on the right-
hand side of the relation has order o(n™!), since the function |z|?/(1 + x?) is integrable.
Under the conditions of the theorem, f(z) is an even function and ¢; (x) is an odd function.
Hence,

> flig)n(ie)q (i)e = 0.

i=—00
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Now, we will show that
BN = S fem(ie)] > Kot
whenever n is large enough. We have

Ef(N)= 3 fliem(ie):

1=—00

/2 (i+1/2)e
=2 [ fwm)is + 23 /( [Fan(a) — fin(ic)] da

i—1/2)e

€/2
=2 [ fm)ds 23 () w24,

i>1

where a; € [(i —1/2)e, (i41/2)e]. The second derivative of the product f7 is as follows:

(fn)"(x) = p(p = Dz["~*(hn)(x) + 2plz [P~ (hn)'(z) + |= [P (hn)" ().

Since the functions |z|P~!(hn)'(x) and |z[P(hn)”(x) are integrable, for all n we have:

S 2planfr ! () (e

i>1

<Clv

> el () (@i)e| < Cs.

i>1

The last sums are bounded; therefore,

liminfe~®*V|E f(S,) — E f(N)|

n—oo

> lim inf e~ @+

n—oo

e/2
2 / F@n(@)ds+2 3 plp — 1)af?~2(h) (aa)e/24].

i>1

It now remains to prove that the right-hand side of this inequality is strictly greater than
zero. Using the mean value theorem, we can write down the following equalities:

6/2 /6 1
Ph(x)e /2 /21 de = 2= h(0 prLg .
| el Vam e = b0 oo, 6

Next,
1 p—2 3
E ﬂp(p — Dei|"=(hn)(ai)e

i>1
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|y [P—2
)———
o1 (2v/n)

|az |p 2(h77) (a2)5p+1

(hn)(oy)e®

gbtl 1

= 5r gp(p — D@~ (hn)(a),

where @; = 2y/na; € [2i — 1,2i + 1]. Then

€/2
/0 Fem@ydz + 3 P22 )

i>1

g~ (p+1)

_ | P 1 lpp—1) ~ .
R P

> 3P a2 a

p(1 —p) 1
< P —
S g ax Mapn(w) Z 20 — 1)

+p(1 — D) max h(x)n(x) Z W
i>8y/n

1—p) k(0 9p-1
gp;pﬂg)% 5(1+ p) + A(6,n),

where s — 1 as § — 0, and A(d,n) — 0 as n — oo for all fixed §. Moreover, for all ¢,
the following inequality holds:

e/2
—(p+1) p(p p—2 3
| [ famade + D s (O
n - h p—1
> 57T h(0) o i)2p+1 _ %p(;pHP) \/(2%25 <1 + 12_ ) — A(,n).

Taking the lower limits as n — oo on both sides of this inequality and passing to the limit
as 0 — 0 on the right-hand side, we obtain:

€/2 _
[ s S 2t

lim inf ¢~ @+

n—oo

i>1
1 1 1 p(1 —p) h(0) or—1
> h(0 — = — (1
o (0) (p+ 1)2ett 3 20l Jor + 1—-p
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h0) 1 11 1.
— Zp(1 =p) = Zp2P
5 i (p 1 zPl-p) 3P )
_ 1 h(O) 1
=12 \or 2w+

Theorem 1 is proven.

Proof of Theorem 2 reduces to an integral approximation problem by the classical
expressions for the local probabilities of sums of independent lattice-valued r.v.’s. The key
point of the proof (Lemma 2.2) is an application of the classical Banach—Steinhaus
theorem (the boundedness principle for linear operators in a Banach space).

First, we formulate the following auxiliary result.

Lemma 2.1. Let f € C"[0,1] and f(0) = f/(0) = --- = f10) = f(1) = f'(1) =

<= Y1) =0. Forr =1, these constraints are not required. Then
[ =305 (E) 2= o0
x)dx — —)]==0(n"), n—oo.
0 c~"\n/)n

This lemma follows readily from the Euler-Maclaurin summation formula (see [11:
p.271]).

Before formulating the main auxiliary lemma, we introduce some notation. Let 0 <
a < 1. Consider the Banach space

k
crrefo, 1] = {f c C*[0,1] Z sup ‘f(k)(x)|

i—0 Z€[0,1]

+ sup [fP(2) — fPW)|/|lz —y|* < OO},

I 71 . . .
where the expression in %%gg)kéts determines the norm. We sele¢t in this space a funda-

mental subspace:
Chrl0,1] = {f € C*[0,1) : f(0) = f1(0) =+ = /*(0)
= f() = f(1) == ) =0},

Lemma 2.2. For any sequence o(n) satisfying the condi}ion lim,, o ¢(n) = 0o, there
exists a function f € Cat[0,1] such that

/Olfu)dx—gf(%)%

Proof. Consider the following family of continuous linear functionals on C*T¢[0, 1]:

Fulg) = gyt [ [ ot =3 o(%) %] .

k=1

lim sup o (n)n+e = o0.

n—oo

86



We prove that sup,, ||F,||* = oo, where || - |[|* is the norm in the corresponding dual space.
For this purpose, we construct a sequence of functions f,(z) as follows: f,(z) = 2%+ if
r € [0,1/4n], fu(z) = |x — 1/n|** if x € [3/4n,1/n]. Inside the interval [1/4n,3/4n],
we define f,(z) by the equality f,(x) = P'(z), where P(z) is Hermit’s interpolating
polynomial defined by the following conditions (put A = 1/4n):

P(h) =0,  P'(h)=h"",

P"(h) = (k4 a)p*tet PED(R) = (k+a) - (14 a)h®,
P(3h) =0, P'(3h) = A",
P"(3h) = (=1)(k + a)hkte=t . P®FUEL) = (=1D)F(k +a) - (1 + a)h®

This polynomial is constructed as follows: P(z) = Pi(z) + P(z), Pi(z) =
1 PO(R)Py(x), Py(x) = St PO(3h) Py(x), where

Py(x) = (x — 3h)**? (z —h)’ { 1 }(’f“—l)’

I (@ = 3h)k2 ] )

(x _ 3h)l 1 (k‘i’l*l)

Py(z) = (z — h)** :
. Il (@ — h)F+2 f

The expression F (:L')EZ)) denotes the sum of the members in Taylor’s expansion of F'(x)
in the neighborhood of z = a containing all degrees of (r — a) which are less than
a natural A. Outside the interval [0,1/n], we continue f,(x) as a periodic function, i.e.,
folx + k/n) = fulx), x € [0,1/n], 0 < k < n—1. We now prove that the norm of
the function f,(z) in the space C***[0,1] is bounded by some constant not depending
on n. For proving this, it suffices to estimate this norm on the interval [0,1/n]|. The main
problem here is to estimate max,e1/4n,3/4n) ‘P(Hl)(x)‘, where 0 <[ < k+ 1. To this end,
consider a separate member, in particular, in P;(z):

wea(z = W) (k=2 (k=7 — 1)
m! (_2h>k+2+r

0<m<k+1, 0<r<k+1-—m.

S = P™(h)(x — 3h) (x —h)",

The derivative of order [ 4+ 1 of S is a sum of members of the following type:

hk—l—a—l—l—m

Si = C(k,m,r,1,7) (x — 3R)FF271 (g — p)mtr—(H1=0),

T k2t
1<i<l—-1.

Since the inequalities | — h| < 2h and |z — 3h| < 2h take place for x € [h,3h], we

have |S;| < C(k,m,r,1,i)(1/n)***~! and C does not depend on n. Note that the num-

ber of all such members does not depend on n and depends only on k. Therefore,
U,y |FO()] < Ci(1/n)+97 0 <1<k + 1, and, moreover,

sup | fV(z)] SmaX( sup |f@ ()], sup |f”)($)|>
z€[0,1/n] z€[0,h] xz€[h,3h]
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< max <(k +a)---(k+a+ 1) (ﬁyﬂu ¢ G)Ml)

< KGHel 0< 1<k,
It remains to show that sup, ,eo1/n) ‘f,sk) (x) —fék)(y)‘/|x—y|°‘ < C, where C'is a constant

not depending on n. If z,y € [0, 1/4n] then |f7$k)(;1:)— flk)(y)|/]x—y]a < (k+a) - (1+a)
because |z* — y*| < |z —y|*. If 2,y € [1/4n,3/4n] then

(k) _ fk)
}fn (13) fn (y>‘ < Sup ‘fékﬂ)(t)Hx—yF_a
|z —yl* t€[1/4n,3/4n)]

1 a—1 1 l-a
< Cria (—) <—> = Cky1.
n n

If z € [0,1/4n) and y € (1/4n,3/4n] then

17 @) = 1) 150/ — BP0/ ~ £ ()]
eyl T e = 1/dn) [1/4n = yl*

<(k+a) - (1+a)+ Cry.
The cases of other x and y are treated by analogy. So, we have proven that
[fa(2)]lcr+a < K.
1/4n ) 2
— 1+o +a —

2
IEll 2 VBl /Wl 2 00 oy

which means that sup, ||F,|* = oo. By the Banach-Steinhaus theorem ([80: p.107])
the following two conditions are equivalent:

1) sup, [ Fall* < oo,

2) sup,, | F,,(f)| < oo for all f € C¥0,1].
Since sup,, || Fy||* = 0o, there exists a function f € C&T[0, 1] such that sup, | F,(f)| = oc.
Lemma 2.2 is proven.

We now turn directly to the proof of the main assertion. Define a function f(z) on
the interval [0, 1] by the equality

fx) = V2m e/ fo(w),

where fy(z) is the function in Lemma 2.1. Let f(z) = 0 for x € [1,00) and extend f onto
the negative half-line by putting f(x) = f(—z). We have (see the proof of Theorem 1):

Ef(S0) = Y S)nie) (1+cai(ie) + -+ gueaic))e

1=—00
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+ Z fig)(1 4 53 o(eFHh).

1=—00

Let n be such that /n = e~ ! is an integer. Then

— 3 fliemtie)e

1=—00

fig)n(ie)e

/f

/fo iz — Y folie)e|

5 1M§

ﬁ
I
o

Since fo(x)q(z), 1 <1< k+ 1, satisfy the conditions of Lemma 2.1, we have

/f )dQy(z qu—: (ie)q(ie)e

1=—00

< 26

; Vi
| p@ata =3 pteatee

— O(Z_:lc—&-l)7

p(n)e”®*IE f(S,) —E f(N)

e / @) == [ f@)iQun(e)

/fo dl"— f(Zf)g

> 2¢p(n)e~F+e) — Cyp(n)et™.

It is clear that, without loss of generality, we may assume that limsup p(n)e!™ < oo.
n—oo

The function fy(x) satisfies the conditions of Lemma 2.1, which implies the assertion of
Theorem 2.

3. Proof of Theorem 3

We use the classical truncation technique. Denote

En,i = gn,zl{|€n,z| S 1} - Egn,zl{|§n,z| S 1}7 1= 17' -y T
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- ZDgn,'h gn,i = i nz’ Zg Et - ZE |gn’i’t'
i—1 i=1 i=1

It is clear that fm, =1,...,n, satisfy the conditions of Theorem B, and, in addition,
condition 1) for f in Theorem B is fulfilled. Hence, the assertion of Theorem B for
the sum 5,, holds with the following upper bound for the remainder term:

17| < CH(Lita + Liipia)-
By equality E¢,; = 0, it follows:

|E§n,il{|§n,i’ < 1}| = |E§n,zl{|§n,z| > 1}| <E ‘fn,i|t

forall £t > 1 and every ¢ = 1,...,n. It is clear that

n

1= B2 = (B d{lul > 1} + (Bé&uil {6l £1})°) S 2Ley 122,

=1

We take t = k+a. Without loss of generality we may assume that Ly, < 3/8. Otherwise,
the estimate in Theorem 3 becomes trivial (use the well-known Rosenthal inequality).
Thus, hereafter we assume that B, > 1/2. It is easy to see that

lE |€n,i|k+a < C(k)E |§n,i|k+a7 E |gn,i|k+p+a < C(k)E |§n,i|k+a7 1= 17 <oy N (31)

Hence, we can obtain the estimate | 77| < C'(k)H Ly1q. Fro proving Theorem 3, we need
to estimate proximity of E f(S,) and E f(S,) (Lemma 3.1), as well as proximity of
the corresponding cumulants of S,, and S,, (Lemma 3.2).

Lemma 3.1. Under the conditions of Theorem 3, the following estimate holds:

|E f(Sh) = Ef(Sn)] < CLitarto,

where o = max{0,p — 2} and the constant C' depends only on p, k, «, and H.
Proof. We use the standard arguments of Lindeberg’s operator method. Denote

[asry

n n— n

Jj—
:an,ia Tn: Zg,z_'_ Zgn,ia 2§]§n—1

i=2 i i=j+1

Note that Tj does not depend on §, ; and fnj The well-known Marcinkiewicz—Zygmund
inequality provides the estimate E |T};|* < C(t)L, j = 1,...,n. Moreover, the function f
satisfies the Lipschitz condition

|f(z) = f(y)| < C(H)|z —y|(1+ 3 Hpta |y ks tpta)
Using these arguments, we obtain the following estimate:
B f(Sn) — E f(Sh)]
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{/Z (fly+&s) — Fly+&,,)dP(T; < y)}|

H) ZE{ / 605 = Eug (1 Iyl 3470 4 g g0t
j=1 —o0

HE 57 )aP(T; <)}

1—- B2
B.(1+ B,)

E |€n,j - 5n,j| S 2E ’fn,jj{ygn,ﬂ > 1}|>

/ |y|k—3+p+adP<Tj <y) S /|<1dP(Tj <y)+/ |y|k+a+adP<Tj < y>
—o0 y

ly[>1

Obviously,

E ‘fn,i - gn,z‘ <E ygn,z - fn,z‘ + E |§n,z‘ ’

S 1 —|—E|Tj|k+a+g

for all 1 < j < n. Taking into account the inequalities of type (3.1), we obtain the state-
ment of Lemma 3.1.

Denote by K,(Z) the rth cumulant of an r.v' Z.

Lemma 3.2. Under the conditions of Theorem 3, the following relation holds:

5J+2 Z HKS +2

< CLita, (3.2)

where Z(kﬁ) is defined in Theorem B, and the constant C depends on k and o only.
~1
Proof. Denote 4; = E¢! | and B, = E¢, ;. By definition, we have

KiEnn)~KaE,n) = 3 C1 () {HArl—f[Bz’”}

[d] 1=1 I=1
d d
= S cafar-spo[Tar sy g sy T4
[d] i=2 i=2

d—1
+---+<A;”d—B?d)HBZ”Z},

=1
where Z[d] denotes the summation over all integer nonneglative numbers (mq, ..., my)

such that m; +2mg + -+ - +dmy = d, d < k. If m; = 0 then, obviously, 4" — B/ = 0.
If m; > 1 then, by (3.1), we can obtain the inequality

| A" — B < Cy()|Ar — Bil|AS™ " < C3(DE &)
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Using this inequality and the properties of the cumulants, we obtain

~

Kal6n0) ~ Ka€u)| < 1K) = K@l + (35 1) KaGo

< Cu(d)E |G [F+

The analogous inequality is true for all r.v.’s &, ; and §
are independent, the following relation holds:

ni> @ =1,...,n. Since the summands

n

| Ka(Sh) — Kd(gn” = Z (Kd(fn,z') - Kd(gn,i))

=1

S C'5 (d) Lk+a-

Therefore, as an upper bound for the left-hand side of inequality (3.2), we can take the sum

Z {05(31 + 2)Lk’+ale+2 e L5T+2 + -+ 05(57“ + 2)L51+2 e LsT+2Lk+o¢}
(k=2)

< COLia Yy [[ Lore

We recall that, without loss of generality, e AdSime Lo < 3/8. Hence,

Si+2

H Lsi+2 < HLgT a < CLk+a-
i=1 i=1

Lemma 3.2 and Theorem 3 are proven.
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10 The central limit theorem for generalized canon-
ical Von Mises statistics

1. Basic definitions and statement of the main result

In this chapter we study the limit behavior of a wide class of von Mises statistics defined
by an arbitrary array of degenerate (canonical) kernel functions. The impetus for our
investigation is the paper by P. Major [87] where limit theorems for weighted U-statistics
are obtained. The proof of the main result of this chapter is based on a representation
of generalized von Mises statistics as multiple stochastic integrals with respect to some
empirical measures different from those previously considered in investigations of the limit
behavior of classical von Mises statistics.

Let X1, X5, ... be independent identically distributed random variables taking values
in an arbitrary measurable space (X, B) with distribution P on B. We consider statistics
of the following type:

Mflm)::n_% Z fn(%,...,%ﬂ,XZ-I,...,X%), n=12,..., (1)

1<i1,0yim<n
which are called generalized von Mises statistics, with the kernel functions

fn [0, 1] x &A™ - R (2)
canonical (or degenerate), i.e.,

Efn(tb s 7tm7 Tly--oy Th-1, Xk7 Thg1y .- axm) =0 (3)

for all t1,...,t, €[0,1], z1,..., 2, € X,and k= 1,... ,m.

It is clear that we could consider an equivalent form of the statistics M,Sm) based on
an array of kernel functions {f,,,. ...} without any normalization. In this case, each
kernel function would depend only on the sample {X;}. Possibly, such a form of notation
is more natural than that in (1) but, for our purpose, it is more convenient to emphasize
dependence on the multi-index and n in the arguments of the functions f,,; otherwise, we
need some additional notations.

We would like to say a few words about the history of the objects under study. The the-
ory of U-statistics appeared in the late 40s when W. Hoeffding [59] and R. von Mises [89]
began to investigate both U-statistics of the form

1
U, Z:m Z g(Xi17"‘7Xim)7
N 1< < <im<n

where ¢ is a symmetric function with respect to all permutations of arguments, and
the so-called von Mises statistics

M, :=n"" Z 9( Xy, ., X5,).

1<it,..im<n
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As a matter of fact, the asymptotic behavior, as n — oo, of statistics M,, and U,
is the same, since they differ from each other only by presence (or absence) of elements
whose multi-index contains at least two equal coordinates. The number of elements of
such a type in these multiple sums is much less than that of other elements. Essential
differences appear only in the study of their moments. Note that we do not need the
symmetry property for the kernel functions in von Mises statistics. On the other hand,
if the distribution of X, is continuous then we can interpret U-statistics as a particular
case of von Mises statistics with symmetric kernel functions which vanish on all subspaces
containing the main diagonal of the product sample space.

Conversely, it is easy to see that every von Mises statistic can be represented as
a finite sum of U-statistics of decreasing dimension. Moreover, every U-statistic can be
represented as a finite sum of degenerate U-statistics (see [61]). Thus, we only study
the canonical case, although a great number of papers is dedicated to the nondegenerate
case (for example, see the references in  [77]).

In 1962, A. A. Filippova [52] obtained limit theorems for multiple stochastic in-
tegrals based on the classical empirical measure on the real line. In other words, she
obtained the corresponding limit theorems for degenerate von Mises statistics M,, which
admit the representation mentioned above. We would like yet to select two remarkable
papers by M. Arcones and E. Giné [3, 4], where probability inequalities, the central
limit theorem, and the law of the iterated logarithm are studied for the canonical case
including the multivariate (functional) setting (the so-called uniform limit theorems for
U-processes).

Since the 70s, the generalized U-statistics of the form

~ 1
U, = m Z Giv,...im (Xi17 - 7Xim>

N 1<ip <o <im<n

are studied under some properties of the whole array of symmetric kernel functions g;, . ;...

In particular, in the generality mentioned, V. H. de la Pena [91] obtained moment
and probability inequalities for U, (see also [92]). In 1994, P. Major [87] proved limit
theorems for the following weighted U-statistics:

Upi=n"% > alis,....in)g(Xi,,. .., Xi,),

1<i1 < <im<n

where a and g are symmetric functions, ¢ is canonical, and X; has uniform distribution on
the interval [0, 1] (the case of an arbitrary distribution on R can be reduced to the above-
mentioned case by the standard quantile transformation). In other words, an important
particular case of the problem is studied in [87].

Let A be the o-algebra of all Borel subsets of the interval [0, 1], let A(+) be the Lebesgue
measure on [0, 1], and let {K p(A,B); Ae A, BeB } be an elementary centered Gaussian
stochastic measure defined on the semiring of all rectangles Ax B of the Cartesian product
[0,1] x X and having the covariance

EKp(A, B)Kp(A', B') = N(ANA)(P(BNB') — P(B)P(B')).
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Note that existence of such a kind random process {Kp(A, B), A€ A B¢€ B} is pro-
vided by the classical Kolmogorov theorem. In particular, from here it follows that if some
sets A and A’ are disjoint then, for all subsets B and B’, the random variables Kp(A, B)
and Kp(A’, B') are independent. Additivity (with probability 1) of the stochastic mea-
sure with respect to each argument A or B (it is equivalent to additivity of the measure
on the semiring mentioned) is rather easily verified. Say, let B and B’ be disjoint Borel
subsets of the real line. Then

E(Kp(A, BUB') — Kp(A, B) - Kp(4, B'))’

- A(A){P(B N B)(1- P(BNB')) —2P(B)(1 - P(BN B'))
—2P(B')(1 - P(BNB')) + P(B)(1 - P(B))
+P(B)(1- P(B)) - 2P(B)P(B’)} ~ 0.

Additivity in the first argument A is verified similarly. If the arguments A and B are
changed only within the subclass of intervals {[0,s]; s € [0,1]}, then we deal with the so-
called Kiefer process (“Brownian pocket” on the plane).

Let {BP(A, B); A € A B € B} be a Wiener process on the Cartesian prod-
uct [0,1] x X, i.ean elementary centered Gaussian stochastic measure on the above-
introduced semiring having covariance EBp(A, B)Bp(A', B') = A(ANA")P(BNB’). If the
rectangles Ax B and A’ x B’ are disjoint, then the corresponding values of the Wiener pro-
cess are independent. For A, B € {[0, sl; s €0, 1]}, the corresponding Gaussian process
with two-dimensional time parameter is called a “Wiener sheet”

Hereafter we use the following two Lo-norms || - ||, and || + || .:

Hf”i Z Z Ef2 wu?'”ﬂwimale?"'vij>7 (4)

U1yeeny I <M J1,mey Jm<m

=D > B el X X)), (5)
Pyt <M J1,ee,fm <M
where wy, ..., w,, are independent uniformly distributed on [0, 1] random variables which

do not depend on the sample {X,} on an extended probability space, and w,i") = [nwyi]/n
for all k. As a rule, norms of the type (4) are introduced in the theory of von Mises statis-
tics (see [16, 52]). But for asymptotic analysis of distributions of generalized U-statistics,
with account taken of the above remark, it is sufficient to define only the moments

Eff i (Xi,...,Xpn).

Introduction of the second norm (5) is explained by necessity of approximation to
the initial kernel f,, of statistic M by a new kernel independent of n. In the generality
considered, we cannot manage only with the norm || - ||..
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Introduce also the normalized counting measure on [0, 1] with atoms at the points
{i/n; i =1,...,n} by the formula

pn(A) = %#{z ci/ne A}, AeA

It is clear that pu,(A) is the distribution of the random variable wﬁ"), and, as n — oo,

the sequence {u,} converges weakly to the Lebesgue measure A.

Now we formulate the following condition for closeness of the kernel f, to a function f:

Condition (x). For every € > 0, there exist step functions fy . on [0, 1] x A™,
equal to f;,, i ... on the partition element T}, X --- xT; X Bj X ---xXBj 1, < M,
gk < N, k=1,...m, such that ||f — fvumll« < e and || f, — fyumln < e for all n > ny,
where T; = ((z —-1)/M, Z/M}, i < M, the naturals nyg, N, M depend only on ¢ and f,
and the measurable subsets B;, j < NN, form, generally speaking, an arbitrary partition
of the sample space X.

Rem ark 1. Condition (%) means that the functions under consideration can be
approximated in the norms || - || and || - ||,, by the same step functions which are constant
on parallelepipeds of a special type. For instance, in the case X = [1,00] and P = A, this
condition holds whenever the kernel functions are Riemann square integrable on the cube
[0,1]*™ and on all its intersections with the linear subspaces containing the main diagonal
(of course, under the condition regarding closeness of the functions in the above-introduced
norms). Here we can consider intervals of the type (a,b] as the partition elements B;.
In the case f,(f,X) = s,(f)g(X) (under the corresponding notations of the vector@-
valued arguments) we can require Riemann integrability only of the component s, ()
and its Ly-limit. Moreover, if s,(f) = a([nt1],...,[nt,,]) (for example, see [87]), then
we do not need norms like || - ||, in Condition (x). It is sufficient to postulate there only
convergence of the sequence f, to f (or $n(t) to the corresponding limit) in the norm
-l

Theorem. Let M\™ be defined by (1)-(3) and let Condition (%) be fulfilled. Then, as
n — oo,

Mém) :>/f(tl,...,tm,l‘l,...,l‘m)Kp(dtl,dl'l)"'Kp(dtm,diCm)

i/f(tl,...,tm,xl,...,xm)Bp(dtl,dxl)--~Bp(dtm,dxm), (6)

where the 2m-fold integrals with integrability domain [0,1]™ x X™ are understood to be
stochastic (Ly-limits of the corresponding integral sums), the symbol = denotes weak

convergence of distributions of random wvariables, and the symbol 2 denotes equality of
distributions.
R em ark 2. The theorem generalizes the main result in  [87] for

falte, o ytmy @y, o ) = a([ntl], e [ntm])g(xl, ey Tm)
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under the condition that a([nti],...,[nt,]) — A(ti,...,tn) in L»[0,1]™, where
A(ty,...,t,) is an arbitrary continuous function, and X; are uniformly distributed
n [0,1]. Here the continuity condition for A(ti,...,t,) can be replaced by the weaker
condition of its Riemann integrability (see Remark 1).
Formulate another useful consequence of the above theorem.

Corollary. Let the canonical kernels f, in (1), continuous on [0,1]*™, converge
uniformly to a function f. Then (6) holds for P = A.

2. Auxiliary propositions

Introduce the following atomic stochastic measure (point process) defined on the semir-
ing of all canonical rectangles in [0, 1] x X"

S.(A,B) := % > (IX; € B)- P(B)),

i:i/n€A

where A € A, B € B, I(-) is the indicator function of an event. The atoms of this
measure have the form (i/n, X;), i = 1,...,n. By the Fubini theorem it is easy to obtain
the following representation of von Mises statistics with canonical kernels which is a key
for understanding the specific character of their limit behavior:

Proposition 1. The statistic M ) admits representation as the following 2m-fold
stochastic integral on [0, 1]™ x X™:

M = /fn toooos b, @1y e ) Sy (dty, dy) - - Sy (A, ).

Now denote by Aj the subclass of subsets in A satisfying the following conditions:
pn(A) — A(A), un(B) — A(B) and, moreover, as n — 00, u,(AN B) — A(AN B)
for all A,B € Ay. Note that, if the subsets A and B are Jordan measurable, then
these conditions hold. In general, fulfillment of the first and the second conditions
does not imply that of the third. As an example, we can consider the Borel subsets
A =10,1/2] and B = R[0,1/2] UIr[1/2,1], where R[-] and Ir[-] denote the subsets of all
rational and irrational numbers of the intervals indicated. Here the values p,,(A), p,(B),
and p,(A N B) tend to 1/2 (the Lebesgue measure of the sets A and B) as n — oc.
However, A(AN B) =0.

Consider the random processes
{Sn(A,B); A€ Ao, B€ B} and {Kp(A,B); Ac A, BeB}.
Proposition 2. Asn — oo,
Sn<. , ) = KP(' , .)7

where the symbol = means weak convergence of finite-dimensional distributions of random
processes;

E (S (A1, B) -+ - Si(Ag, Ba)) — E(K3 (A1, Bi) - - K (Ag, Ba))
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for all natural r; and all A; € Ay, B, € B, j=1,...,d.
Proof. The first statement follows from the multivariate central limit theorem.
We must only emphasize that, for all Ay, Ay € Ay and By, By € B, we have

ES, (A1, B1)S, (A, Bs)

_ lE{ Y MXeB)-ABY)) Y (UX;€By) - A(Ba>)}

n . L
i:i/n€A jij/m€As

= lE( Z (I(X; € By) — A(Bl))>

n i:i/n€EAINA2

To prove the second statement we note that, because of additivity in each of the
two arguments of the stochastic measures under consideration and independence of their
values for the pairwise disjoint subsets A;, the problem can be reduced to the case in
which Ay = --- = A; and the subsets B; are pairwise disjoint.

It is well known that, generally speaking, weak convergence does not imply moment
convergence. But this assertion holds if the prelimit random variables are uniformly
integrable. The last requirement is fulfilled if we prove that every absolute moment of
the random variable S,,(A, B) is uniformly bounded in n. It immediately implies uniform
boundedness of all mixed moments of the type E (S;1 (A, By)---Sl(A, Bd)), i.e; it provides
the uniform integrability mentioned above. In order to justify this, we apply the so-called
poissonization, i.efeplacement of the empirical measure S, (-,+) by the corresponding
Poisson point process, say, as in [16]. In this case, if the value max; A(B;) is sufficiently
small, then, without loss of generality, we may assume that, for all N > Ny(d) (see [16]),

S} (A, B1) -+ S4(A, By)| < CE|QY(B1) - QY (Ba)|

1/2
=C[]E|QY(B))| < C( HEQirj(Bj)) :

j<d Jj<d

where the constant C' depends only on Ny(d) and max;<y A(B;j); Qa(+) = \%(Q)\() —
A(+)), with A(+) = A(-)un(A)n; by Q, (+) we denote the Poisson point process with mean
measure A(+), i.e; Qy(B1),...,Q,(By) are independent random variables for pairwise
disjoint subsets { B, }.

Finally, using the estimate E(Qx(B;))” < p,(A)*?s!A(B;) proven in [16] for an ar-
bitrary natural s we obtain the required result. The proposition is proven.

For the centered Gaussian random processes indicated below, we can easily verify coin-
cidence of the covariances which implies the following proposition well-known in the case

A, B € {[0,s]; s €[0,1] }:
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Proposition 3. For all A€ A and B € B,

Kp(A, B) £ Bp(A, B) — P(B)Bp(A, X).

3. Proof of the Theorem

Consider the two-dimensional array of step functions satisfying Condition (x):

M

N
{fN,M(th R atmv L1y 7.2Um) = Z Z fil»---zimjlr--vjm

i1 yeesim=1 j1sejm=1

x [[1(te € T, X(ax € By,); N.M > 1},

k=1

where, as before, T; = ((z —1)/M, Z/M], i < M, and the measurable subsets By, ..., By
form, generally speaking, an arbitrary partition of the sample space X. Introduce the fol-
lowing notations:

M N
T\ = > > FieimiiinSn(Ti, Biy) -+ Su(Th,, By, (7)
1yeemim=1 j1yjm=1
M N
Tun =Y > FiimiiinKp(Tiy, Biy) - Kp(T,,, Bj,). (8)

i1 eesim=1 j1,ejm=1

As a consequence of Proposition 2, we obtain J ](\Z)N = Ju,n asn — oo. In what follows, as
N, M — oo, we must prove, first, uniform in n convergence to zero of the second moment
of the difference J](\Z)N — Mr(lm), and, second, existence of an Lo-limit of the integral sums
introduced in (8).

Evaluate the moment § := E (J ]\(}}’)N - Mflm))Q. First, note that, without loss of general-
ity, we may assume the step function fy s to be canonical (i.e; to satisfy (3)) Otherwise,
we can reduce it to the canonical form by a special centering as in [61]. For example,
in the two-dimensional case, we can transform a function ¢(z,y) to the canonical by
the transformation

P(z,y) = p(z,y) — Eo(X1,y) — Ep(z, X1) + E@(X1, Xa).

It is easy to see that this mapping transforms the step function fy ps to a new step function
and accuracy of this replacement in the norm ||-||. has the same order € (up to a factor
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depending only on m). Moreover, in this case, J{ N in (7) can be represented by (1),
where the function f,, must be replaced by fn - Then

anZE<fn(, ) fMN(%,—g»
<f< ) fMN(ZL fﬁ)) (9)

where the natural abbreviation is used for the vector@-valued sample and the multi-index.

Further, because of degeneracy of the kernels f,, and fy; n, the moments in (9) are
different from zero only in the case when each of the coordinates of the 2m-variate vector
(i, 7) coincides at least with another coordinate, i.e; the multiplicity of each coordinate is
greater than 1. Hence the double sum in (9) has at most n™ nonzero summands. Using
the Cauchy—Bunyakovskii inequality twice (for the second time, for the n™-points uniform
distribution) we finally obtain

o<k 5m(n (1) (27 ). m

Now we split the multiple sum in (10) into sums in which coincidence is fixed for certain
groups of coordinates of the multi-index. For example, in the three@-dimensional case,
the multiple sum over iy, is, 73, where each index i, varies from 1 to n, splits into the fol-
lowing five sums: a triple sum over i; # iy # i3, three double sums over i; # 15 = i3
and all permutations of the indices, and a sum over the main diagonal i; = iy = i3.
Moreover, in the m-dimensional case, the number of these sums can be estimated from
above by m'™. Each of these sums can be easily evaluated by the corresponding moment
on the right-hand side of (5) (the definition of ||-||,), which was to be proven.

Now we establish existence of the Lo-limit for the sequence Jy n as N, M — oo.
To verify the Cauchy criteria it is sufficient to prove the relation

lim E(JMN)2 =0

N,M—oco

as N, M — oo whenever ||fy ||« — 0. First, we evaluate the moment E (JJ(\Z)N)Z, which
is of interest in its own right. In order to do it, we use the above-indicated poissonization
inequality that is true for all even moments of the random variable J](\Z)N (for details,
see [3”, Section 2]):

(Jf(\/rILN <C Z Z Z Z ‘fll, EmsJ1ye ,]mle, UL LA )4

Zl» ﬂm ]17 7.]”"’1 11) 77'm .]17

xE{Q,, (B),)---Qu,, (B )Qu, (Bj) -+ Qu,y (Bj,)}, (11)
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where N > N, the constant C depends only on m, Ny, and max;<y P(B;); Qx,(-) =
\/iﬁ ( QAP(-) —Ap()), with A (+) = P(-)ptn(T,)n; here we again denote by Q/\p(-) the Poisson
point process introduced in the proof of Proposition 2 and having mean measure A,(-);
thus, Q /\p (B1), ..., Q Ap (By) are independent random variables for pairwise disjoint sub-
sets {B;}. Moreover, we suppose that the stochastic signed measures Qy, (-), ..., Qx,,(*)
are independent for pairwise different pq,...,ps. From [3] and relation (12) below, we
conclude that all mixed moments on the right-hand side of (11) are nonnegative.

Further, because of the above arguments, each mixed moment in (11) admits the fol-
lowing representation:

E{Qu, (Bj) -+ Q. (B,)Qx, (Byy) -+~ Qu, (By,)}
= [TTIE(Qx(B))™, (12)

where the products in (12) are taken over [ € {i1,...,im, d),...,4,} and d €
{1,y Jms J15 - Jh} (without account taken of the multiplicity of the indices
{ir,i},} and {ji,5;.}); r(l,d) is the number of pairs (i,j) in the Cartesian product
{iv, oo yimy 0oy} X 1,y Jmy Jhs - -+ Jin ) satisfying the condition i = [ and j = d.
It is important to emphasize that, by the definition of r(I,d) and because of centering
the Poisson point process Q,(-), the following two-sided inequality holds: 2 < r(l,d) <
(2m)?. Thus, using the above-mentioned estimate E(Qy,(B))” < u,(17)*/*s!P(B) (see
[16]), we obtain the inequality

E(Qu(Ba) " < Col(f, m)ua(T) P(Bu).

Substituting the last estimate in (12), we finally obtain from (11) the upper bound

E(Jiy)" < Cill faml?, (13)

where () is a constant independent of n. Passing to the limit in (13) as n — oo, we
obtain by Proposition 2 the required final upper bound:

E (/)" = lim B(Ji7y)" < Cill vl (14)

Note that convergence of the norm on the right-hand side of (13) to the corresponding
limit on the right-hand side of (14) follows immediately from the structure of the step
function fn as. In other words, we have proven that {Jy n; M, N =1,2,...} is a Cauchy
sequence and, hence, it has a limit as M, N — oo in the Hilbert space of random variables
with finite second moments. Therefore, in this space, there exists a limit point J which
actually represents the first multiple stochastic integral in (6):

JZ:/f(tl,...,tm,l‘l,...,l‘m)K(dtl,dﬂfl)"'Kp(dtm,dl'm).
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R em ark 3. To prove inequality (14) we actually do not need results similar to
inequality (13). We can directly estimate the mixed moments

which appear in calculating the second moment of the random variable Jys y (see the proof
of Proposition 2). In order to use the corresponding decoupling arguments for the mixed
moments, we can use Proposition 3 instead of poissonization. This allows us to reduce
the problem to analyzing the multilinear forms of moments of the type EB}L(A, B) =
(r — 1)!'P(A)™/2, where r > 2. Whence, upper bound (14) will be immediately obtained.

R em ar k 4. Construction of integrals of nonrandom functions with respect to
stochastic measures with orthogonal (uncorrelated) values on disjoint subsets was in-
dependently proposed in 1940 by A. N. Kolmogorov [72-74] and H. Cramér [34]. This
construction is based on the Hilbert-space technique (for example, see [54]). More partic-
ular schemes of constructing stochastic integrals with respect to increments of a Wiener
process is contained in the classical paper by N. Wiener. Multiple stochastic integrals
on orthogonal Gaussian random measures (the It6—-Wiener-type integrals) were studied
in [67, 85]. The Hilbert-space technique of the above-cited papers can be transferred
to constructing stochastic integrals (including multiple integrals) of nonrandom functions
with respect to stochastic measures which are not necessarily orthogonal. Such an inte-
gral can be correctly defined if the second moment exists of the integrand with respect
to the marginal projection of the total variation of the symmetric measure defined by
the relation m(A, B) := Eu(A)u(B). For example, for a Brownian bridge W°(-) on
the interval [0, 1], we have

Im(A, B)|" = A(An B) + A(A)A(B),

where |m(A, B)’* is the value of the total variation of m(-,-) on the Cartesian product
AxB. The projection of this measure is calculated by the formula ’m(A, 0, 1]) T =2A(A).
The last relation provides a correct definition of the stochastic integrals with respect to
WO(-) if the second moment (in the Lebesgue measure on [0,1]) of the kernel exists.
Of course, we can use the well-known representation of the Brownian bridge W°(-) via
a Wiener process (for example, this follows from Proposition 3) and reduce constructing
the corresponding stochastic integral to the Wiener construction (cf. [91]). A similar re-
mark can be made regarding the construction of more general multiple stochastic integrals
than those of [67, 85].
So, we have proven the following limit transitions:

J](\/Y[L’)N n:> JM,N

— 0
| |
M™ J
where the vertical arrows denote Ls-convergence of the corresponding integral sums;

the left vertical arrow denotes uniform convergence in n. Whence, the weak convergence
M™ = J follows, as n — oco.
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By Proposition 3 and condition (3) on the kernel functions, we can easily obtain
another representation of the random variable J. To this end, we can consider the integral
sums Jy y and, next, pass to the corresponding limit:

J:/f(tl,...,tm,xl,...,I‘m)K(dtl,dQﬁ)"'Kp(dtm,dl’m)

i/f(tl,...,tm,xl,...,xm)Bp(dtl,dxl)---Bp(dtm,dxm).

Therefore, the theorem is proven.
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11 Limit theorems for canonical Von Mises statistics
based on dependent observations

1. Statement of the main results

In the chapter we study limit behavior of canonical Von Mises statistics based on
samples from a sequence of weakly dependent stationary observations satisfying ¢)-mixing
condition. The approach is based on representation of such statistics as multiple stochastic
integrals with respect to the corresponding normalized empirical product-measure as well
as on the results in [23]. These results allow us to interpret the corresponding limit random
element as a multiple stochastic integral of the kernel of the statistic under consideration
with respect to a Gaussian noise which plays a role of the weak limit for the above-
mentioned normalized empirical measures.

Let {X;; ¢ € Z} be a stationary sequence of random variables taking values in an
arbitrary measurable space {X, A} and having a marginal distribution P. Consider a
measurable function f(ti,...,%;) : X¢ — R. Define Von Mises statistics (or V-statistics)
by the formula

Vn = n_d/2 Z f<Xi17"'7Xid)7 n:1’27"" (1>

1<iy, ..., ig<n

where d > 2 and the subscripts i, independently take all the integers from 1 to n, and
the function f satisfies the degeneracy condition

Ef(tla"'7tk—17Xk’atk+17"-7td):0 (2>

for all t;,...,t4 € X and kK =1,...,d. The function f is called a kernel of a Von Mises
statistic, and the statistics with degenerate kernels are called canonical.

In the case of independent observations { X;} such statistics were studied in the second
half of the last century. (see in [77] the references and examples of such statistics ). For
the first time some limit theorems for these statistics were obtained by Von Mises [89]
and Hoeffding [59], and , moreover, in these papers, there were introduced the so-called
U-statistics:

Up=n" > f(Xi,....X,) (3)
1<ii#-F#ig<n
or
Udi=n"" 3" fo(Xi,.., X5, (4)

1<iy1<-<ig<n
where, as a rule, the kernel fy in (4) is symmetric with respect to all permutations of
the arguments. Notice that to obtain the same limit behavior as that for V-statistics the
factor n=%2 in (4) is replaced by (C’ff)_lﬂ.
The main distinction of U-statistics from V-statistics is absence of the so-called diag-
onal subspaces in the region of summation in multiple sums in (3) and (4), i.e., absence
of subscripts of multiplicities greater than 1 in the definitions (3) and (4).
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Under unrestricted conditions on the sample distribution and on the kernels this dis-
tinction is not essential since the number of various vector subscripts (iq,...,iy) with
the coordinates having multiplicity greater than 1 in the sums above has the order
O(n'), | < d, where [ is the number of free coordinates 4y, (in other words, the dimension of
the corresponding diagonal subspace). Therefore, under supplementary moment restric-
tions on the kernel f, we can easily prove equivalence in probability of representations (1)
and (3) . Moreover, it is easy to see that the representations (3) and (4) of U-statistics,
are equivalent: If we set in (4)

foltr, o sta) =D flti, . ti,)

where summation is taken over all permutations i1,...,iq of the numbers
1,...,d, then we reduce representation (3) to (4).

If the sample distribution P has no atoms then the corresponding U-statistic in (4)
coincides in distribution up to the factor (d!)~! with the corresponding Von Mises statistic
with the symmetric kernel vanishing on all the diagonal subspaces of X¢. This comment
is the central in the limit theory of U-statistics. Notice also that each U-statistic can
be represented as a finite linear combination of canonical U-statistics of all dimensions
from 1 to d. It is the so-called Hoeffding decomposition (for detail, see [77,61]). This
fact allows us to reduce an asymptotic analysis of arbitrary U- and V-statistics to that
for canonical ones. Essential preference of canonical V-statistics over U-statistics is the
integral representation below.

The stochastic process

n

Su(B)=n"2Y (I(X;€ B)— P(B)), BE€A,

i=1
is called normalized empirical measure (a signed random measure) based on the observa-
tions X, ..., X,. It is well known (for example, see [77,21]) that the statistic V,, admits
a representation as the d-fold stochastic integral which is path-wise determined as the
classical Lebesgue integral with respect to a finite signed measure (since the stochastic
part of S,(-) is a pure atomic measure):

/ F@ o 2)Sa(dz1) . - Su(dza). (5)

It is known (see [59, 21, 52]) that, in the IID case, under the condition
> Ef(Xj,....X;,) < oo,
1<j1,-ja<d

the weak limit of the sequence V,, can be interpreted as a multiple stochastic integral which,
under some additional restrictions, (say, if the distribution P has a bounded density) with
the corresponding It6 — Wiener multiple stochastic integral (see [77,67,47]):

V. —>/f t1,...,1 Wp(dtl) WP(dtd) (6>

105



as n — 00, where, hereinafter, the symbol «%7 denotes weak convergence of the cor-
responding distributions, and Wp(A) is a “White noise” with the structure function P,
i. e., it is an elementary stochastic orthogonal Gaussian measure on A with mean zero
and the covariance EWp(A)Wp(B) = P(AN B). Notice that the integral in (6) cannot
be path-wise defined almost surely without some supplementary restrictions on the kernel
since the White noise has an unbounded total variation almost surely for any nonatomic
sample distributions P, say, in R¥.

Our goal is to prove limit theorems in a similar form as that in (6) in the case when
the observations are weakly dependent. We know only few results in this direction. First
of all, we note the paper [48] in which, in the case d = 2, the following representation of
the limit random variable for statistics (3) was obtained:

Z /\k (7']3 - 1)7 (7>
k=1

where {\;} are eigenvalues of the integral operator with the kernel f which are addi-
tionally assumed to be summable, and {7} is a Gaussian sequence with the covariance
function depending on these eigenvalues as well as on the covariance function of the initial
stationary sequence {X;} satisfying ¢-mixing condition.

As a consequence of the main result of the paper we prove that the random variable in
(7) may be interpret as a bivariate multiple stochastic integral with respect to a Gaussian
process with nonorthogonal increments. Such integrals were introduced in [23].

Notice that, in the IID case, the random variables {7} are independent as well,
and, in this case, the representation (7) was obtained in [89]. Latter it was extended
on the statistics of an arbitrary dimension (see [109]), and, moreover, there was proved
another interpretation of the limit random variables as multiple stochastic integrals of
type (6) (see) [47, 52, 67]. It seems that the second interpretation of the limit law is
more constructive than the first one since, as a rule, we cannot explicitly study the sets
of eigenvalues and eigenfunctions of the above-mentioned integral operator for the kernel
from a sufficiently wide class.

In the special case when the observations are defined by a nonrandom transform of
a Gaussian stationary sequence, under another dependency restriction, limit behavior of
canonical U-statistics was investigated in [43]. So, in this paper, other phenomena are
studied and the limit random variables are described as nonrandom transforms of the
classical multiple [to-Wiener stochastic integrals.

Finally, we note that a normalized inner product squared of sums of weakly dependent
random variables taking values in a Hilbert space admits representation (1) in the case
d = 2. This particular case has been studied in detail (for example, see [116]). In this
case relation (6) follows from the corresponding central limit theorem.

We now introduce the main restrictions on parameters of the problem under consid-
eration. Denote by ]-"J’-‘“ the sigma-field of the events generated by the random variables
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X, ..., Xg, j < k. For every m > 1 we define the coefficient

(m) := sup {'% - 1‘ ; Ae FF ., Be 72, P(A)P(B) > O} . (8)

It is clear that the sequence {1)(m)} is not increase. A stationary sequence of random
variables is called a sequence with v -mixing if lim v (m) = 0. Such dependency conditions

were studied in [13, 94, 111]. If a sequence of random variables satisfies ¥-mixing then it
satisfies p-mixing as well.

We also note that, under ¢-mixing condition, relation (8) implies absolutely continuity
of any finite dimensional distribution with respect to the corresponding product-measure
generated by the marginal distribution. For instance, if the random variable X; has the
0, 1]-uniform distribution then the pair (X, X,,) has an absolutely continuous distribu-
tion on the square [0, 1) with a density bounded by the constant 1+1)(m). An analogous
statement for every finite family {X,,,..., X; } is easily deduced by induction.

MAIN ASSUMPTIONS AND DEFINITIONS.

I. X =10,1].

II. The stationary sequence of random variables {X;; i € Z} satisfies ¢)-mixing condi-
tion.

ITII. The random variable X, has the [0, 1]-uniform distribution.

Notice that, in the univariate case, without loss of generality we can study the [0, 1]-
uniform sample distribution since by the corresponding quantile transform we can reduce
any sample distribution to the [0, 1]-uniform one. Thus, after the corresponding redeter-
mination of the kernel, we deal with a new V-statistic based on a stationary connected
observations with [0, 1]-uniform marginal distribution.

Denote by Fy(t, s) the joint distribution function of the couple (Xg, Xj). Due to the
comment above every distribution function Fy(t,s) has a density which is denoted by
pi(t, s). By (8) these densities are uniformly bounded on the square [0, 1]2.

Introduce a centered Gaussian process with the covariance function

EY ()Y (s) = min(t,s) — ts+ Y _ (Fi(t,s) + Fi(s, t) — 2ts). (9)

k>1

where ¢, s € [0, 1]. Notice that the definition (8) and summability condition of the coef-
ficients ¢ (k) (it follows from condition (15) below) provide absolute summability of the
function series on the right-hand side of (9) as well as its uniform boundedness on [0, 1]2.

Gaussian processes with the covariance of the form (9) represent weak limits of the
sequence of the classical empirical processes S, ((—oo,t)) under some dependency condi-
tions of the random variables {X}}. In particular, such weak convergence is valid if the
sequence {X}} satisfies ¢-mixing condition (hence, and for ¢-mixing sequences as well)
under the following restrictions on the corresponding coeflicients: (see [12]):

> (k) < 0. (10)

k>1
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We need a result from [23] regarding definition of multiple stochastic integrals with
product-noises generated by increments of Gaussian processes like Y'(t).

Introduce some notation we need. Let p be a noise generated by increments of the
above-mentioned Gaussian process Y (¢) on the interval [0, 1]:

p((t,t+0]) =Y (t+0) =Y(t), p(0,0]) =Y(d)—Y(0).
Consider the function space
Sp = {f Z EfQ(X;‘I,...,X;-‘d)<oo},
1<j1,....3a<d

where { X7} are independent [0, 1]-uniformly distributed random variables. In this space
we define the combined Ly-norm

IFIP:= > B X)) (11)

1<ji,.ja<d

Notice that the normed function space Sy is embedded to the normed space S introduced
in [23]. This embedding follows from conditions I-III and from uniform boundedness (due
to (8) and condition IT) on the square [0, 1]* of the function

b(t,s) =Y Ipi(t,s) + pils.t) = 2|

which plays a key role in the construction of the corresponding stochastic integral in [23].
Therefore, we immediately deduce from [23] the following statement.
Theorem 1. Let f € Sy. Then there exists a sequence of step functions of the form

N d
fN($17”'xd) = Z fjl ~~~~~ jdHI<xk S BJk) (12)
Jiseesda=1 k=1

such that, as N — oo, they converge to f in the norm (11) of the function space Sy,
where, for each k < d, measurable (in the Lebesgue sense) subsets {Bj,} form a partition
of the interval [0,1]. Moreover, as N — 0o, the sequence

Z fj1 ,,,,, Jd H/’L(Bjk) (13)

mean-square converges to some limit random variable n(f) which does not depend on the
sequence fn.

The random variable 7(f) is called d-fold stochastic integral of a function f with
respect to a noise generated by increments of a stochastic process Y ():

n(fn) = |

n(f) = /f(tl, ot dY (1) . dY (ta). (14)
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We now formulate the main result of the paper.
Theorem 2. Let the conditions I-111 be fulfilled and

U(d) ==Y v(k)k*"? < 0. (15)
E>1
Then, for any f € Sy,
v, % —>/f(t1,...,td)dY(t1) . dY () (16)
Xd

as n — 0o.
2. Proof of Theorem 2

First of all, we prove a few auxiliary statements. We need the following elementary
assertion ([77,94]).

Lemma 1. Let random variables & and 1 are measurable with respect to the o-field
FF oo and F3,, (m > 1) accordingly, and, moreover, E|¢| < co and E|n| < co. Then

[E¢n — E¢En| < o (m)E[¢|E|[n|. (17)

Put I,(A) := I(X; € A) — P(4), A € A; hereinafter the marginal distribution P is
the Lebesgue measure on the interval [0, 1].

Lemma 2. For any natural numbers q and li,...,l;, as well as for any pair-wise
disjoint measurable subsets Ay, ..., A, C[0,1] the following inequality holds

E[T0(A)...T7(A)] < (¢ + )P(A)) ... P(4,). (18)
Proor. We will use induction on gq.
1. The case ¢ = 1. It is clear that
E|7}(A)] < E[L(A)] < 2P(A).

2. Assume that inequality (18) is true for some ¢ > 1. We then prove that it is true
for ¢ + 1. We have

E[TY(A). .. 17" (Ag)| S E[L(A) ... T(Ags)]

< E|Tx(A1) - Ti(Ag) I(Agi1)| + P(Agir) EIT(Ar) .. T(A,)|
= E|(—1)"P(Ay) ... P(A)Tx(Agi1)| + P(Ag11) ElTe(A) .. T(A,)]
< P(A)) ... P(Aysr) + P(Ag))(g + DP(A)) ... P(A,).
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The next to last equality above is valid due to the fact that the subsets A;,..., A, are
pair-vise disjoint. The last inequality is valid due to the induction condition. Thus,

E[TY(A)... T (Ag)| < (g +2)P(A) ... P(Agin)-

The Lemma is proved.

Lemma 3. Let ¢4 < --- < g5 be arbitrary natural numbers. Consider arbitrary s
collections of measurable subsets of the unit interval: {Ay, ... Ay}, . . {Ag 141, Ay},
where within every collection the subsets are pair-wise disjoint. Put

Flai g 7l
Vi = Iki " (AQifl‘f‘l) s [ki (qu>

Then for any natural numbers ky < --- < ks and ly, ..., l,,... 1, there is the following
estimate:

E’Vkl e Vg

< C(W(1),5,q5)P(Ay) ... P(A,,), (19)

where the constant C(-) depends only on the arguments indicated.
Proof. By (18) we have

Elvi,| < (¢ — gi-1 + 1)P(Ag_14+1) ... P(Ag,).

It is clear that the random variables vy, satisfy ¢-mixing condition. Using (17) we then
obtain

s—1
Elv, . v | TT(U+ 9k = k) Elvig | Elve |[SC($(1), 5,4) P(AL) - .. P(A,,)-

=1
The Lemma is proved.

A key auxiliary statement to prove the main result is estimating mixed moments of
the form ESn(Al) c Sn(AQd)

Lemma 4. Let d be a natural number and Iy, ..., be a collection of natural numbers
such that ly +--- +1, = 2d, d > 2 and let Ay,..., Ay be pair-wise disjoint measurable
subsets of the interval [0,1]. Under condition (15) the following estimate is valid:

|ESL(Ay) ... Sk(Ay)| < C(d, ¥(d))P(Ay)... P(A,), (20)

where the constant C(-) depends only on the arguments indicated.
Proof. We start with the following simple estimate:

|Esf; (A))... ng(Aq)\
< nd Z |ET,€1(A1)...T,%(A1)...ﬁZd_lq+l(Aq)...sz,d(Aq)|,

where the subscripts k; independently take all integers from 1 to n.
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The initial sum on the right-hand side of this inequality can be estimated by a finite
sum of the following diagonal subsums

> Evy -l (21)

k1<--<kr<n

we denoted here vy, := 721(i)(141) . TZZ(i)(Aq), where the integers s;(7) are defined by the

corresponding “diagonal subspace” of the subscripts in the initial multiple sum and they

satisfy the conditions 0 < s;(i) <, for all i <r and j < ¢, as well as > > s;(i) = 2d.
i<r j<q

Let r < d. Estimating by (19) each summand in (21) and taking the normalized factor
n~? and the number of summands in (21) into account we obtain the upper bound we
need.

In the sequel we do not indicate (say, as in Lemma 3) an obvious dependency of
constants C' or C; on parameters of the problem under consideration. At the same time
we use the subscripts only in the case when we need to distinguish some constants. Due
to monotonicity of the function ¥(-) we can conclude that the final constant depends only
on the values d and ¥(d).

Let now r > d. We call the random variable vy, short product if " s;(i) = 1, i. e.,

Ji<q

Vv = fk.(Aqi) for some ¢; < g. Notice that if vy, is a short product then

3 7

El/k;i =0

To evaluate the sum in (21) we now consider an auxiliary multiple sum of the form

Z |]5]l/]%1 e l/kv2 |, (22)

ko < <kuy <n

where 1 < v; < v < r, and the value v := vy —v;+1 is the dimension of the corresponding
multiple sum and vy, are defined in (21). Introduce the following notation: e;(i) :=
min{1, s;(¢)}. We first prove the following assertion: If, in the summands in (22), there
are at least m shorts products, where 0 < m < v, then the following upper bound is valid:

> B, v, <O PA) S0, (23)
kuy <orr<kup <n j<q
V2
where a;(v1,v2) :== ) e;(4). Notice that the set-function «;(a,b) is additive on intervals

=01
la,b].
We prove this assertion by induction on m for all v; and vy such that v > m and
v<r.
Let m = 1, i. e., the expectations in (22) contain at least one short product. Denote
it by v,, where k,, < k; < k,,. First we note that, in terms of the notation above, we can
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reformulate the statement of Lemma 3 for the absolute moment of each random product
in (22) in such a way:

Elvg,, ..., < C T P(A;) 0.
J<q
Taking this estimate into account we evaluate by (17) and (19) every summand in (22)

setting & := Vky -+ Vky 1= Vi - Vi,

Z ‘EVkvl R Vkv2’

Koy <+ <kuy <n

S Z @Z)(kil_i_l _kl)E|Vk:v1 “‘Vkl|E|Vkl+1 ---Vkv2|

Koy <--<kvy<n

-+ Z |EI/1§U1 --~Vkl| Z E|Vkl+1 '-~Vkv2|

kyy <--<kj<n kiy1<-<kuy<n
< O [T P(Ay) @y (i)
J<q 121
+Con" [T P(A) ) N ok — ki) Bl vk, [Elv|
Ji<q ky1<"'<kl§n
< (Cyn?™t 4 Ot nt=on) [T PAj) e < Cont =2 T P(A) ),
J<q J<q

which required. In this chain of relations the second inequality is valid due to (17) and
the equality Evy, = 0 as well.
We now assume that the upper bounds

Z |EV;%1 o VkU2| < CnV—=/? H P(Aj)aj(vl,vz)

kul <"'<kv2Sn Ji<q

are true for all integers z < m, where z is the minimal possible number of short products
in the expectations under consideration, and for all possible dimensions v : z < v < r
of multiple sums of the form (22), and, moreover, the moments in (22) contain at least
m shorts products. Denote these products by vy, ..., v, . Consider m — 1 pairs of
neighboring products: vy, , vk, ., $ = 1,...,m — 1 Denote by t,...,%, 1 differences
between the subscripts in these pairs. We have

Z ’EV}CUI...I/]{UQ‘§R1+"'+Rm,1,

Koy <-<kp,<n
where the sum Rj is taken over the set of subscripts

Ig = A{(kuyy oo kuy) s hyy <o < ky, <, tg =maxt;}.
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We now estimate by (17) each summand in R; setting

Ry <Y W(kjo1 — ki )Elvi, - v | Elvi, .y - v
I

+ > [Bue, ol Y B, vkl (24)

kyy <--<kjg kjs+1<<kvgy

Consider the first sum on the right-hand side of (24). By (19) we have

> (ki = ki) Bl v | Blvkg vk, | < C T P(A) %00 Zw
I,

Ji<q

< CHP aj vl,'ug) v—(m—1) Z w<t5)

J<q tit;<ts
< CHP a] v1,02) nv" m+1 Z¢ km—?
J<q
< C\I/(m/Z) v—m+1 < O’ m/2 HP aj(vl,vz)
J<q

Notice that the last inequality is valid for m > 2.

Consider now the product of the sums on the right-hand side of (24). Let the sum-
mands of the first sum contain m; short products indicated above, and, in the summands
of the second sum, there are m —m, short products indicated above. By the construction
we have 1 < m; < m — 1. Hence, for these sums, we can use the induction condition.
Finally, we have

Z |]31/]%1 N ijs| Z |El/]€].3_,_1 Ce Vkv2|

koy <--<kjg kjg1<-<kuy

< COnls~ mi/2pv=js=(m-mi /ZHP aJ(v1,v2 ON m/QHP Ocj(vhvz)’
J<q J<q
which required. Thus, for Rs, we obtained the upper bound we need. It implies the
estimate in (23). The induction is over.
To finish the proof of Lemma 4 we should note that, first, by the definition, a;(1,7) > 1
for all j < ¢, and, second, in the case r > d, the summands in (21) contain at least 2(r —d)
short products. So, we should put in (23) vy := 1, vg :=7, m := 2(r —d) and v :=r. It
means that, for the sum in (21), the following upper bound is valid:

> Buk | S O] P(A) M) < Cn'P(A) .. P(A)).
k1<--<kr<n i<q

The Lemma is proved.
Rem ark. Under a stronger restriction on the coefficient ¢(-) the statement of
Lemma 4 is also contained in [111] (in addition, see [77]). However, the proof in [111] was
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carried out only in the case d = 2, and the corresponding constant in the upper bound in
[111] contains the factor (1+1(0))%. Tt is easy to see that if the marginal distribution has
a continuous component (for example, if it is the Lebesgue measure on [0, 1]) or infinitely
many atoms then ¢ (0) = oo. To verify this property we may put in (8) A = B, where A is
an event from the o-field . So, under the above-mentioned restrictions on the marginal
P
$(0) = sup  (1/P(A) —1) = oo.
AeFy, P(A)>0
We now study the integral sums for the integral representation of V-statistics in (5),
where we substitute the step functions fy for the initial kernel:

d
= Y fi ,jdHS ) /fol,...,xd)HSn(dxk). (25)
k=1

J1seesJd<N

Lemma 5. Let step functions of the form (12) converge to f in the norm of the func-
tion space Sy. Then the random variables (25) mean-square converge to the corresponding
Von Mises statistic (5) uniformly on n.

Proof It suffices to prove the Cauchy property of the sequence {I%} uniformly on n as
N — 0.

Put fun(x,... xq) = fy(z1,...,2q) — far(21, ..., 2q4). Observe that the step func-
tions fy(x1,...,2q4) and fy(xy,...,24) can be represented as finite linear combinations
of indicator-type functions of the minimal collections of pair-wise disjoint subsets gener-
ated both families of subsets in the deﬁnition of fy and fy;. Denote these subsets by
the symbols A;. We also denote by f , the corresponding values of the step functions
fun(z, ... ,xd) on elements of the above mentioned universal partition. We then have

E(IN (/fMN I‘l,,l’d)HSn(dxk))

Z Jl» »Jd Jd+1, szES”(Ajl) te S”<Aj2d)

.72d
<C Z Elfun(X;, o X0 fun (X7 X
01 ,eeeying <d

Notice that the last inequality follows from (20) since the mixed moment
ES,(A},)...S.(A,,,) can be represented in the form as in Lemma 4 (taking multiplicities
of subscripts jj into account). Using the Cauchy —Bunyakowsky inequality as well as
the elementary evaluation of the sum on the right-hand side of the previous inequality we
obtain the upper bound

E(1} — 17) < Cllfunl® = Cll far — ful>

114



The right-hand side of the last inequality does not depend on n and vanishes as M, N — oo
since, by the condition of the Theorem, the sequence fy converges in the norm of the
function space Sy. Hence it is a Cauchy sequence. Thus we proved the Cauchy property
(in the mean-square norm) of the sequence {I/}} uniformly on n. So, we proved the
uniform mean-square convergence of the integral sums (based on the empirical measure)
to the corresponding stochastic integral, i.e., to Von Mises statistic of the form (5). The
Lemma is proved.

Lemma 6. The sequence of random variables Iy introduced in (25) converges in
distribution to the random variable n(fy) in (13) as n — oo.

Proof. This assertion is a direct consequence of the multivariate central limit theorem
for finite-dimensional distributions of the standard empirical processes based on stationary
connected observations with - or ¢)-mixing. Notice that this multivariate theorem follows
from the univariate version for stationary sequences of weakly dependent random variables
if we take the classical Cramér—Wold method into account. This method allows us to
reduce the multivariate case to the univariate one (for example, see [12, 94]). Notice also
that to apply the multivariate central limit theorem for empirical processes we need the

condition
> 12(k) < o0

k>1

which follows from condition (15) in the case d = 2, due to the Cauchy—Bunyakowsky

inequality:
DUk <D vk K
k>1 k>1 k>1
On the other hand, this condition and Lemma 1 provide fulfillment of the conditions of
Theorem 6 in [94] (the central limit theorem for stationary sequences of numerical random
variables)
The next elementary assertion is contained, in fact, in [12]. We formulate it in a more
convenient form.
Lemma 7Let £,&,&,... be a sequence of random wvariables taking values in an
arbitrary measurable space (X,B) and defined on a probability space (Q, A, P). Let

F = {F} be a family of B-measurable functionals in X such that F(&,) <, —F (&)
as n — oo. Assume that there exist numerical random variables 1n,m1,79, ... defined on
(Q, A, P) such that for some sequence Fy, € F, as k — oo, the following relations are
valid:

(a) Fr(§) — n in the mean-square norm,

(b) Fy(&,) — np in the mean-square norm uniformly on n.

Then ny, <, —1).

Proof of Theorem 2. We set in the notation of Lemma 7

n:Mﬁz/mwanWmmﬂW& —

E=p(), Fu&)=n(fr), & =5u(), Fr(&) =1}
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We consider F as the class of all multilinear transforms of the form (25) which are de-

fined of all elementary stochastic measures. Without loss of generality we assume the

all the random variables under consideration are defined on a common probability space

(for instance, we may assume that the random process Y (¢) and the sequence {X;} are

independent). Convergence (a) follows from Theorem 1 and convergence (b) follows from

Lemma 5. Finally, the weak convergence F(&,) 4 F (&) was proved in Lemma 6.
Thus, Theorem 2 is proved.
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12  The functional limit theorem for the canonical
U-processes based on dependent trials

1. Main Definitions and Notions

From the mid-1950s the functional limit theorem is available, i.e., the invariance prin-
ciple for the partial sum processes based on the sequences of independent and weakly
dependent random variables (for example, see [12, 31, 53]). In the 1980s the limit theory
(including the invariance principle) was created for a more general object, the so-called
U-statistics and Von Mises’ statistics (V-statistics) of arbitrary order which are based on
independent trials (for example, see [42, 44, 104, 109]). To study the limit behavior of
noncanonical U- and V-statistics, as a rule we reduce the problems to the asymptotic anal-
ysis of the sums of random variables. But in the case of canonical statistics, the study is
much complicated. For independent observations, the limit distribution of such statistics
can be represented as the distribution of a polynomial of infinite sequence of independent
Gaussian random variables (see [109]) or as the distribution of a multiple stochastic inte-
gral with the integrating Wiener product-measure (see [44]). The respective weak limits
in the functional limit theorem can be represented as either the analogous polynomials of
independent Wiener processes (see [104]) or a one-parameter family of multiple stochastic
integrals with the integrating Gaussian product-measure generated by the so-called Kiefer
two-parametric process (see [42]).

In the case of weakly dependent observations, the asymptotic behavior of canonical
U- and V-statistics is essentially complicated in comparison with the case of independent
observations. First of all, this remark relates to description of the limit distribution as
a multiple stochastic integral (see [24]). In the case of dependent trials, the approach
is worth noting that is based on the orthogonal series technique (see [25, 109]) that was
firstly applied to independent trials and canonical statistics of second order in 1947 in
the classical paper by Von Mises [89]. Later this result was extended to the canonical
statistics of arbitrary order (see [109)]).

Recall some principal points of the above-mentioned approach in the case of weakly
dependent observations under ¢-mixing condition (for detail, see [25]).

Let X, Xs,... be a stationary sequence of random variables defined on some proba-
bility space (2, F,P). Denote by F' the distribution of X;. Consider f € Lo(R™, F™),
where F™ is the product-measure with marginal F'. Then the following series expansion
is valid (see [11]):

b tm) =) Y frrkmi (t1) - er (), (1)
k1=0 km=0

and this series converges in Ly(R™, F'™); here {ey, } is an orthonormal basis for Ly(R, F)
and, without loss of generality, we can assume that ey = 1. Then Ee;(X;) =0, j > 1, by
orthogonality with e, and Ee;(X;)e;(X;) = 9, ; for all i # j.

Denote by {X;} the sequence of independent copies of Xj. If the expansion co-
efficients { fi, .k, } are absolutely summable then, by B. Levi’s theorem and the simple
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estimate Eleg, (X7)...ex, (X)) < 1, the series in (1) almost surely converges after re-
placement of the nonrandom arguments ¢4, . ..,t,, with the random variables X7,..., X .

Definition 1. A function f(ty,...,tn) € Loy(R™, F™) is called canonical (or degenerate)
if

Ef(yb s 7yi717X17yi+17 s aym> =0

for all y; € R and ¢ € {1,...,m}, where the cases ¢ = 1 and ¢ = m correspond to the
extreme positions of the coordinate X; of the vector argument of f.

Note the important property of canonical functions (see [25]):

Proposition 1 If f(t,...,t,) is canonical then eq is absent in (1), i.e.,

f(tl, .. ., Z Z fk1 ko, €K1 tl €km(t ) (2)

k1=1 km=1

Define the canonical U-statistic of a sample of size n from a stationary sequence of

observations:
n:: —m/2 Z Z f B RREE) zm)

1<ir # Fim<n

where f is canonical.
In the chapter we study the sequence of U-statistics

Un(t) =n""2 3" > f(Xy,. 0 Xs,), te0,1],
1<iy#  #im<[nt]

as a stochastic process in D[0, 1] which is called a U-process.
The asymptotic behavior of canonical U-statistics has been thoroughly studied. For
instance, in the case of independent observations it was proved in [109] that

U, i’ Z Z fkl Ko HHv] (k1eeskm) TJ) (3)
k1=0 km=0

where {7;} is a sequence of independent random variables having the standard normal
distribution, v; (i1, ..., 4,,) is the number of the subscripts among i1, ..., 7, that equal j,
and Hy(x) are the classical Hermite polynomials defined by the formula

Hy(z) = (—1)" exp(x%?)% exp(—2®/2), k>0.

In [25], an analog of (3) was obtained for observations under a- and ¢-mixing conditions.
In the chapter we study only stationary sequences { X;} satisfying p-mixing. Recall the
corresponding definition. Denote by Mf, with j < k, the o-field of the events generated
by X;,..., X.
Definition 2. A sequence of random variables X, Xs, ... satisfies p-mixing if

[P(AB) — P(A)P(B)|

(1) :=sup sup — 0 asi— oo.
k=1 AeMFBeM3  P(A)>0 P(A)
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In the sequel we will assume that

Z o(k)Y? < 0.
k=1

Notice that this well-known condition provides the central limit theorem for the corre-
sponding stationary sequence of random variables (for example, see [12]).

To study dependent observations, the principle difficulty occurs: After replacement of
the nonrandom arguments (t1, . . ., t,,) with the dependent random variables (X7, ..., X,,),
equality in (2) may be false with positive probability (see the corresponding counterex-
ample in [25]). Introduce some restriction on the joint distributions of the dependent
random variables {X;}, which provides possibility of the above-mentioned replacement in
(2) of nonrandom arguments with random arguments (see [25]):

(AC) For every collection of pairwise distinct subscripts (ji, ..., Jm) the distribution of
the random vector (X;,,...,X;,.) is absolutely continuous with respect to the distribution
of (X7,...,X}).

For instance, Condition (AC) is fulfilled for any stationary sequence under the so-called
Y-mixing (see [24,25]). Moreover, it is easy to define some sequence of moving averages
based on a sequence of [0, 1]-uniformly distributed independent random variables such
that m elements from the sequence of moving averages have bounded density of the joint
distribution, which means the fulfilment of Condition (AC).

As noted above, the condition

Do D frkal <00 (4)

k1=1 km=1

implies convergence of (2) almost surely with respect to the distribution of (X7, ..., X}).
Hence, under Condition (AC), the convergence is valid almost surely with respect to the
distribution of the random vector (Xj,,...,Xj, ). In other words, under Condition (AC),
we can substitute in (2) the random variables Xj,,..., X; for nonrandom arguments
ti,...,ty for all pairwise distinct subscripts ji, ..., jm-

Thus, under the fulfilment of Condition (AC) and (4), every U-statistic can be repre-
sented as the following series converging with probability 1:

U, (t) = n~™/? Z aE Z Z e Z Jrr o (Xiy) - - - €8, (XG,,)
km=0

1<i1# i <[nt] k1=0

:n—m/zz... Z Fovkr Z Z er (X)) oo en, (X5,).

ki=0  km=0 1<ii#  #im<[nt]
Further arguments are quite similar to those in the case of independent observations.
They are reduced to sequential extraction of statistics with splitting kernels from the
multiple sum on the right-hand side of the identity above. Indeed, the expression

n_m/2 Z Z €k1<Xi1)~--€km(Xi )

1Sii#  im<[nd]
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is represented as a linear combination of products of the following values:

] ]

n_l/QZek(Xi), Zek’l ek, (Xi), .. l/ZZekl e (XG).
i=1

The proof is pure combinatoric and does not depend on the joint distribution of {X;}
(see [109]).
Below we presume that the basis {e;()} in (2) satisfies the following additional re-

striction to be of use in proving various limit theorems for dependent random variables
(see [25]):

sup Ele;(X1)[™ < oo, (5)
Introduce a sequence of dependent Wiener processes {w;(t)} with joint covariance
Ewy (t)wy(t2) = min(ty, ts) (1 +2) Eek(Xl)ek(XjH)); (6)
j=1

Ewk(tl)wl(tg) = min(tl, tg) <Z Eek(X1)€l<Xj+1) + Z Eel(X1>€k(Xj+1)), l 75 k.

Finiteness of the series in (6) follows from the above-mentioned condition on the mixing
coefficient (see [12]). The sequence of dependent Wiener processes {w;(t)} with joint co-
variance (6) exists due to the Kolmogorov extension theorem (for example, see [27, 31]))
and it will play the role of the weak limit as n — oo for the sequence of stochastic pro-
cesses {n~'/2 E[m] i(X;); i > 1}. Notice that, for every fixed N, the multidimensional

stochastic process {n~"/2 ZE De(X;)1<i< N} C-converges to {w;(t); 1 <i < N} as
n — oo by the corresponding invariance principle. Note that we consider the case when
the coefficient of min(¢y,%9) in (6) vanishes. In other words, it is convenient for us to
interpret the zero function on [0,1] as a Wiener process with zero variance. It is worth
noting that the class of all degenerate distributions is a set of limit points for the class of
Gaussian distributions in the weak convergence topology.

Recall that we say about C-convergence of k-dimensional stochastic processes {,,(t)}
having the paths in D¥[0, 1] with the Skorokhod product-topology, to an a.s. continuous
process £(t) if, for every measurable functional g(-) continuous at the points of C*[0, 1] in
the sup-norm, the sequence g(§,) converges in distribution to the random variable g(&)
(see [28]).

Closing this section, we formulate some important statement that is an analog of the
classical Rosenthal’s moment inequality for sums of independent random variables.

Theorem 1 [119] Let {&} be a sequence of centered random variables with finite
moments of order t > 2 satisfying p-mizing, and moreover ¢ = > oo pY23(2%) < oo.
Then, fort > 2,

n t/2
E max |S,|" < (te(e (ZEEN (;E!&!Q) )a
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where the constant c(p) depends only on .
2. The Functional Limit Theorem for U-Processes

Introduce the random process
Ult) == Z e Z fk:1...k:mtm/2Hij(kl,‘..,km)(t_l/zwj<t))- (7)
1= Jj=1

k1=1 km=1

Theorem 2 Let a stationary sequence of random variables { X;} satisfy @-mixing, with
the restrictions (5) and Y oo, ¢(k)/? < co. For the canonical kernel f € Loy(R™, F™), let
(4) and (AC) be fulfilled.

Then, asn — 00, the sequence of stochastic processes U, (t) C-converges to the stochas-
tic process U(t) defined in (7), and the corresponding multiple series a.s. converges for
every t € [0,1], and moreover it is continuous in t.

Proor. To prove the C-convergence we need to verify convergence of the finite-
dimensional distributions and the property of density of the family of prelimit distributions
with respect to the uniform topology (for example, see [12]).

I. CONVERGENCE OF THE FINITE-DIMENSIONAL DISTRIBUTIONS. We prove that, as
n — oo,

(Un(tr), ..., Unlty)) % (Ut1),..., U(t,)),

where #4,...,t, is an arbitrary finite collection of points from [0, 1].
Introduce the corresponding partial sum in the definition of U, (¢):

N N
UN(t) :=n"m/? Z Z Thrkom Z Z e, (Xiy) - - - €, (Xiy,),
ki=1  kp=1 1<i#  #im<[nt]
and the analogous partial sum for U (t):
N N oo
UN() =D > frakont™ T ] Hoy by (7 205(2)).
ki=1  kp=1 j=1
Firstly, given a natural N, we establish the convergence
(U (02), - U () 5 (UM (1), . UM ().
Consider the statistic
N N
UN(t) :=n—"/? Z Z Trr ko, Z Z er (Xi) - - - ek, (Xi,,)
ki=1  kp=1 1<t Fim<[nd]

that is represented as a finite linear combination of U-statistics of the form

UN(er,,... e, )(t) :=n"m/? Z Z er (Xiy) - e, (Xi,)).

ISii#  Fim<[nd]
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Further, by the arguments similar to those in the case of independent observations,
we represent the last U-statistic as a sum of Von Mises’ statistics where summation is
taken over all different collections (not necessarily pairwise distinct) of the subscripts
J1s---,Jm- Next, changing the order of summation, we reduce the problem to studying
the polynomials of the following stochastic processes:

[nt] [nt] [nt]
n-1/2 Z ex(Xy), n! Z en (Xi)ew, (X5), ... ,n 712 Z er (Xi) - e (X0).
=1 i=1 i=1

For all 2 < [ < m, as n — o0, these sums converge in probability to 0 since, by condition
(5) and Hélder’s inequality, the value Eleg, (X;) - - - ex, (X;)] is finite. Therefore, by the law
of large numbers for weakly dependent random variables, we have

nt Y e (X0) e (Xi) B By, (X)) - e, (X))

i=1
Hence, for [ > 2, we obtain

[nt]

nY e (Xi) e (Xi) B0
=1

for all ¢ € [0, 1].

Thus, the summands containing such sums as factors, also converge in probability
to zero. If | = 2 then we can also apply the law of large numbers to the sums under
consideration. By the orthonormality of the basis, the limits of these values equal tdy, t,,
where 0y, i, is the Kronecker delta. Thus, the limiting result for the partial sums under
consideration is similar to that in the case of independent observations (see [4]):

N N 00
UN () < UN(t) = Z Z Frrknt™? Hij(kl,...,km)(flﬂwj(t))-
k=1 kp=1 j=1

From here we see that, as n — oo,
(UX (), U () = (UN (), UM (1)),

where the dependent Wiener processes {w;(t)} have joint Gaussian distributions with
covariances defined in (6). This assertion is a direct consequence of the multivariate
central limit theorem for stationary sequences of random variables with mixing since, in
this case, we can use the classical Cramér-Wold method (see [12]).

II. DENSITY OF THE DISTRIBUTIONS OF U-PROCESSES. We need to prove that

iim lim sup P(sup |U,(t + A) — U, (t)| > ¢) = 0.
- t

n—~oo
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First we prove the analogous assertion for U2 :

hm hrnsupP(sup‘UN t+A)—=UN(t)] >c) =0.

n—oo

If the density property is valid for every stochastic process (distribution) from a finite
collection then it holds for the sum of these processes. Therefore, we study this property
separately for every stochastic process which forms the truncated statistic U. Note that
the statistic

UN(t) = ’m/ZZ Z DT DT frkntn (Xi) e, (Xa,)

=0 km=01<i1# Zim<[nt]

consists of finitely many sums of the form

Sm(t) = Su(m, by, k) () =072 " Y e (X)) e, (X)),

1<ii#  #im<[nt]

where the indices 1 < kq,..., k,, < N are arbitrary.
Notice that E sup; [Sm(t)| < C(m) < oo. Indeed, adding and subtracting the diagonal
elements of the sum S,,(t), we obtain a finite linear combination of the following products:

SY@) .. .s91), 1<j<m,
where S (1) = n=1/2 > i<inr) €(Xi). Using Theorem 1, we have

. . . . 1 ¥
ESI;p‘S{l)(t) o Sfj)(t)‘ < (ESlélp|S§1)(t)’J e Esgp‘SfJ)(tW) 7 < .

Prove the density for the family of the distributions of S,,(m,...)(t) by induction on
m. For m = 1, the statement is contained in [12].

Assume that the statement was proved for all m < [. Now, prove this assertion for
m = [+ 1. Use the identity

—(1+1)/2 Z e Z €k, (le) .. B (Xiz)ekurl (Xi“rl)

1<iz# Firp1<[nt]

[nt]
nil/2( Z e Z Cky (XH) e Cy (Xil)>n71/2 Z Chiya (Xil+1)
1§217$ ;ézlg[nt] il+1:1

[nt]

—n"! Z 6k1 6kl+1 —=h Z o Z €y (Xlz) . 'ekz(Xiz) -

1<io## #i;<[nt]

—-n Z ek?l ekH—l _(l /2 Z T Z €y (Xu) < Chyy (Xil—l)'

1<i#  #i<[nt]
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It is more convenient to rewrite this relation as follows:
Sn(l + 17 k17 R kl+1)(t) = Sn(l7 kl? R kl)(t)sn(17 lirl)(t)

Sl =1 kg oo k)OL(E) — - — Sl — 1Ky, .. k)6 (1), (8)

where 07 (1) = n~t 31" ex, (X;)ex,,, (X;) and by definition Sy(t) = 1.

First we note that, using (8), one can establish by induction on [ the uniform
stochastic boundedness of the stochastic processes S, (I, ki, ..., k;)(t), i.e., we mean the
relation

lim P(sup |S,(l,ky,... . k)(t)| > K)=0.

K—oo  g<t<1
The induction base (I = 1) is straightforward from Theorem 1 and the simple relation
(the law of large numbers for weakly dependent identically distributed random variables)

sup [83,(6)] <03 few, (X)er, ()] 2 Blew, (X1)eq, (X1)| < 00 asn — oo, (9)
i=1

0<t<1

Now, prove the density of the distributions (for all n) of all pairwise products of the
stochastic processes in (8) by induction on [ once again. For example, consider the
product S, (I, -)(t)S,(1,-)(t) (the other pairwise products in (8) are studied similarly). In
view of the elementary representation

Si(t+ A)Si(t+A) — Si(H)S(£) = (Si(t + A) — Si(£))S1(t+ A) + Si()(Sa(t + A) — Sy (),

we can conclude that the density property for the product of two processes is valid if this
property is fulfilled for each of these two processes, and moreover, each of these processes
is stochastically bounded uniformly in ¢ € [0, 1] which was proved. The induction base
follows from Theorem 1. The induction step from [ to [ + 1 is immediate from (8) and
the fact that the stochastic processes n'/267 (t) are the classical partial sum processes (the
so-called random broken lines) for which, under the above conditions, the density of their
distributions has been proved (see [12]).
Estimate the first moment of the uniform norm of the tail statistic (multiple series):

Bsup|U, (1) = U] =Bsup| > oo D fu Salme ) (1)

max(k;)>N+1
max(kj)>N+1 t max(kj)=N+1

Thus, for every € > 0, by the relation »7°_ --- 37" _ | fa,. k.| < 00, there exists a

natural N such that
Z Z’fklmkm‘ < €.

max(kj)>N+1
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Then the following is valid:
P(sup |U,(t + A) — Up,(t)| > ¢)
t

< P(sgp‘UéV(t +A) = UN ()] + 2sgp‘Un(t) ~UN(@®)| > ¢)

< P(Sli.p|UéV(t+ A) = UN(t)| > ¢/3) + P(sgp‘Un(t) —UY(@®)| > ¢/3)
< P(Sltlp}U,]LV(t +A) = UN(t)] > ¢/3) + 30_1E81t1p|Un(t) 0]
< P(sgp!UéV(t +A) = UN ()| > ¢/3) + 3¢ 'eC(m).

Hence,
lim lim sup P(sup \Un(t + A) — Uy, (t)] > ¢) < 3¢ reC(m).

A=0 pooco

Since ¢ is arbitrary, we conclude that

hm lim sup P(sup |Un(t + A) = U,(t)] > ¢) = 0.
We should only prove a.s. continuity of the limit stochastic process U(t). Since, for

all 7, the relation
Elw;(t +0) — w;(t)]" = Blw;(9)[* = C§*

is valid then, for all [ < m, we obtain
E‘wé(t +9) — wé-(t)|4 =Ew;(t+0) — wj(t)]4|w§-’l(t +d0)+--+ wé-fl(t)|4

< (Blwy(t +8) — w;(O)PE|wl ™ (¢ 4+ 6) + - + w1 (1)) ? < C1 (692 = ¢16% (10)

It is clear that multiplication of the stochastic process w’ ( ) by any nonrandom Lip-
schitz function cannot essentially change (10) which is true up to a constant factor
on the right-hand side of this inequality. So, multiplying these stochastic processes by
tk, t €0, 1] (in the representation of U-processes under consideration, there are only the
factors t* with integer k& > 0), we obtain some new stochastic processes that satisfy the
above-mentioned estimate in (10). Summing the values t*w/(t) with the corresponding
scalar coefficients, we obtain the expression ¢%¥1-km)/2FH, o o (171/2w,(t)). Since, for
all j,ki,..., kn, the order of polynomial vj(ky,..., ky) does not exceed m, there is a
constant C' such that

.....



By finiteness of the moments

~~~~~

and Holder’s inequality, we have

E|Ye, .k, (t+0) — Y,

.........

Notice that, in the infinite product in (10), there is only a finite collection of the factors
that do not equal to 1 since, for j > max k;, all factors of this product are equal to 1 (i.e.,
to the first Hermit polynomial). Denote

N =E[Ut+0)—=UB=E|D > frrkn Vs (t+6) = Vi (£))

For convenience, we replace the multi-index (ki, ..., k) with the symbol k and denote
AY,} = Yl;(t + (S) — Y];(t).

Applying Holder’s inequality, we finally obtain

Do <Y N 3D U falafa EIAY, AV, AY AYy |
Bk ks K

<IN IS U Fo fa Fal (BIAY 'E|AY 'EIAY, [ "Bl AY, [
ki ks ks ka
(o) [e') 4
<SS S Sl = K3 5 el )
ki ks ks ka k1=1 km=1

So, by the classical Kolmogorov’s criterion (see [1]), the a.s. continuity of U(¢) is imme-
diate from here.
The theorem is proven.
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13 Gaussian approximation to the partial sum pro-
cesses of moving averages

1. Introduction

We study approximation to the partial sum processes of moving averages of inde-
pendent identically distributed (i.i.d.) observations to some Gaussian processes. The
approximation of this kind is studied for a long time (for example, see [35, 64]) and is
justified by the explicit applied character of the models under consideration. Note that
the moving averages mentioned below and based on a sequence of i.i.d. random variables
comprise a constructively defined sequence of stationary connected random variables. In
general, the inter dependence of these random variables may be strong enough. In par-
ticular, for moving averages, the classical strong (or uniformly strong) mixing condition
may fail here (see [64,114]).

In [76] some approximation was studied to the above-mentioned partial sum processes
by a fractional Brownian motions with Hurst parameters H > 1/2, where some rates
of convergence were obtained in Donsker’s and Strassen’s invariance principles. In this
paper we obtain analogous convergence rates for all 0 < H < 1 in the above-mentioned
invariance principles. Moreover, in Strassen’s invariance principle we slightly extend the
class of limit Gaussian processes. Also, for H < 1/2, in Donsker’s invariance principle we
weaken the moment restrictions on the initial sequence of i.i.d. random variables in [35]
for convergence in distribution of the normalized partial sum processes to a fractional
Brownian motion.

Let {&; k € Z} be i.i.d. random variables with mean zero and variance one, where Z
is the set of all integer numbers. Consider the sequence of random variables {X;;j € Z}
defined by the formula

o0

Xj = Z aj_kgk; (1)

k=—o00

these random variables are called moving averages of the initial sequence {&; k € Z} (see
[113]). The following well-known condition guarantees convergence with probability 1 of
the series on the right-hand side of (1):

O<Zai<oo. (2)

kEZ

In the sequel we assume (2) to be fulfilled. Define the partial sum process of moving
averages (1):

So=0, S,=) X;n=12...
i=1

This random process will be approximated by the following Gaussian process on the
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positive half-line [0, 00):
By(t) 1/2(/ ((t+5)T712g(t45)—sT12g( —|—/t $YH12g(t—s) dW (s ))
0

where

1
ol = DBH(I), Ly = ﬁ + /((1 + S)H_1/2 . SH_1/2)2 ds,

W(s) and W (s) are two independent versions of the standard Wiener process, 0 < H < 1,
and g is a slowly varying function with the following properties:
(a) g(x) is differentiable on the half-line [0, c0); moreover,

g'(z) = o(g(x)/x) as x — oo;

(b) g(x) and ¢'(x) are monotone and g(z) is sign-preserving on the half-line [0, o).

For example, it is easy to verify that every (positive or negative) power of the m-
iterated logarithm for each natural m satisfies these conditions.

Note that if ¢ = 1 in (3) then the random process Bpy(t) is a fractional Brownian
motion (see [88]), i.e., a centered Gaussian process with covariance function

2
R(t,s) = %(tQH + 2 |t — s2H).

In the sequel we will denote this process by BY. It is easy to see that, in the case H =
1/2, we deal with a Wiener process. Recall the well-known property (H-homogeneity)
of a fractional Brownian motion (see [88]): For every A > 0, the finite-dimensional
distributions of the random processes { B, (At)} and {\* By (t)} coincide. Moreover, the
random process BY, has stationary increments. These properties of BY allow us to relate
it to a class of objects called fractals whose every “distinguished” fragment (say, part of
a trajectory) is similar in a sense to the whole object.
Denote

An= a+-+anif m>0and A1 =0,— (a1 +---+aq)if m<—-1. (4)

For each fixed n > 0 and some « > 2 independent of n, we assume that, as |l| — oo, the
following condition holds:

|An+l - Al| - O<|l|_1/a>7 (5)
implying in view of (2) that
Z(An_H — Al)2 < 0. (6)
lez

We note that the series in (6) coincides with DS, (for details, see Subsection 2.2). If, as
[ — oo, the quantity |A,+; — A;| tends monotonically to zero then (5) follows from (6)
because, in this case, |An+; — A;| = o(|l|7Y/?).
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Remark 1l In the sequel we will speak about the nontrivial (or substantial)
estimates for closeness of the processes S,, and By(n) if, as n — oo, the following holds:

Sn — Bu(n) = o(/DBg(n)) a.s.

In other words, the substantial estimates for closeness should be essentially less than the
random variables under consideration. But in this case (see the proof of Theorem 1 below),
absolutely the same statement is valid for the Gaussian analog of the process S,,, when the
random variables & in (1) are the standard Gaussian (moreover, the numerical value DS,
will be the same), i.e., in the above-mentioned asymptotic relation, we may consider S,
as a Gaussian sequence. It follows that, first, as n — oo, the distributions of the random
variables S,,/\/DBp(n) converge weakly to the standard normal law; and second, for
each n, the random variable S,,/v/D.S,, has the standard normal distribution. Whence
we obtain the following necessary condition for the above-mentioned approximation to be
valid: DS,, ~ DBg(n) as n — 0.
Proposition 1 The following is valid:

DBy (n) ~ o?¢* (n)n*"  as n — cc.

By Proposition 1 we can rewrite the above-mentioned necessary condition as follows:

DS, = Z<A”—k — A ) ~ P (n)n*" as n — oo. (H)
keZ
In addition to the sequence {A,,} in (4), we need also the following notation connected

with the initial coefficients {a;}:

AD =3 (Antm = A — oLy (n+m+ D" 2g(n+ m + 1)

m=0

+o L (m 4+ 1) 2g(m + 1))

A7(12) - Z (An—m — A — ULI_Jl/Q(n —m+ I)H_l/Qg(n —m+ 1))2;

m=1

AP = Y (A= Al Au= AD 4 AP £ AD:

m>n

oo
AL, = Z max{m"*, n"}aprm — am|;
m=1

oo
Aa_,n - Z maX{ml/aa nl/a}|an—m - a—m|; Aa,n = A;_,n + A;,n‘
m=1

In the sequel we will interpret a relation of the type ¥ (t) = O(f(¢)) a.s., where ¥ (t) is a
random process and f(¢) is a certain nonrandom nonnegative function, as fulfillment of the
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inequality | (t)] < Cf(t) for all ¢ > t; (where, in general, ¢, depends on an elementary
event) and some nonrandom positive constant C' that is called the O-symbol constant;
moreover, this constant may be absolute as well as dependant on some parameters of
the problem under consideration. We will indicate the type of dependence in stating the
claims to follow.

Theorem 1. Let (5) be valid and E|&|* < oo for some a > 2. Then, as t — oo, the
following holds:

St — Bu(t) = e(t)An gy + O(1/ Ay logt + oLy (T + ©3°Cr) Vogt) a.s.,

where lim;_o £(t) = 0 a. s.; moreover, if the distribution of the random variable &y is fized
then this convergence is uniform over all other parameters of the problem;

[e.o]

= [ R 4 )P ds 4 [ gls 1)~ glo)Pds,

0

By = 2+/ S+1H1/2 H1/2)2(gs+1 S+/ 2H1 ds,
0 0

if g increases;

/ 8—|—1H 1/2 H 1/2 8+/ 2H— 1 )—g(S))2d8,
0 0

B = 17 (0O + (9O [((s+ )2 = 2 ds g [ 21 (s) ds,

if g decreases; Cyg =Y -, 2=kH L2 - moreover, the O-symbol constant is absolute.
Remark2 Inthecase H > 1/2 and g = 1 an analog of Theorem 1 is proven in
[76], where there is no specification of the O-symbol constant.

In the statements below the O-symbol constant, in general, depends on the sequence
{ar; k € Z}.
Proposition 2. Let the sequence {ax; k € Z} satisfy the following conditions:

a, =0, k<O
ar — oLy P(k+ DI P9k +1) + oLy PRI g (k) = O Pg(k), v < H;  (7)
Ap = oLy Pk + 1) 2g(k + 1) = O(k"g(k)), 0<p<H,

as k — oo. Then, as n — oo,
(i) If H > 1/2 then Ay, = O(g(n)nf =121y A = O(g2(n)nmax{28:23)
(i) If H < 1/2 then A, ,, = O(n Vay: A, = O(g?(n)nmax{28.27}) .
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(iii) iof H=1/2 and Y ;_,|ar] = O(g(n)) for increasing g or > ;- ,|ax| < oo for
decreasing g then A, = O(g(n)n*/*) or Ay, = O(n'/®) for increasing or decreasing g;
An — 0(92(n)nmax{25,27}).

Corollary 1. Let the conditions of Theorem 1 and Proposition 2 be fulfilled. Then,

ast — 00,
(i) In the case H > 1/2,

Sig — Bu(t) = o(g(t)t" /2y L O™ g(t)\/logt) a.s.;
(i) In the case H < 1/2,

Sig — Bu(t) = o(t**) + O™ g(t)\/logt) a.s;
(iii) In the case H = 1/2, if g increases then

Sy — Bu(t) = o(g(t)t"*) + O™ g(t)\/logt)  a.s.;
(iv) In the case H = 1/2, if g decreases then

S — Ba(t) = o(t/*) + 0" g(t)\flogh) a. .

Remark 3 Condition (7) implies Condition (5). In items (i), (iii), and (iv) of Corol-
lary 1 we have nontrivial estimates and Condition (H) is valid. In item (ii) we have
substantial estimates in the case a« > 1/H for g(t) < 1 as t — oo. In the case when
g(t) — 0 as t — oo, these estimates are substantial for a > 1/H.

In the statements below we prove Donsker’s invariance principle for the processes
under consideration. We also estimate the corresponding convergence rate (regarding
other limit theorems for the sums of moving averages, see [63] for example).

Define the normalized partial sum process on the interval [0, 1]:

Snt
Znat(t) = ~ 57

Theorem 2. Let DS, ~ o?n*! as n — oo. Moreover, let E|§|® < oo, where
a > 2 and aH > 1. Then, as n — oo, the distributions of the random processes Z, u(t)
C-converge in D[0,1] to the distribution of a fractional Brownian motion BY(t).

Recall that C-convergence in D0, 1] is weak convergence of distributions of measurable
functionals on D0, 1] (in the Skorokhod topology) which are continuous in the uniform
topology only at the points of C[0, 1] (see [28]).

Remark4. In the case H > 1/2 the claim is proved in [76]. Necessity of the condition
DS, ~ o?n?! in Theorem 2 is proved in [35], where, in addition, C-convergence is proved
in the case H < 1/2 under more restrictive moment conditions than those in Theorem 2.

Remark 5 Under the conditions of Corollary 1 in the case H < 1/2 and a = 1/H, it
is possible to define the processes Z, (t) on a common probability space together with
a fractional Brownian motion so that, as n — oo,

sup | Zyu(t) — By(nt)/n"| = o(1) a.s.
te(0,1]
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Since, for each n, the random processes BY%(nt)/n" and BY(t) coincide in distribution,
we deduce from this relation the claim of Theorem 2 for the particular case mentioned
above for H < 1/2 and o= 1/H.

Put 0, = supyejo 1) Apna-

Theorem 3 Assume the following:

(i) H > 1/2, E|§|* < oo for some o > 2, and a; = 0 for all i < 0. Moreover,
let, for all i > N > 1, the inequalities a; > a;y; > 0, a; < Ci'=32 and Y7 |a;| <
Ci(n+ 1)H_1/2 be valid for n > 0. Then there exists a probability space such that

P(sup |Z,u(t) — BYy(t)| > n~\/(H + 1) logn(84/2YY + /25, + 2v20Cy)

te(0,1]

T H T (O (22 4 1) 4 C(1 — 2H 3241y 2y)

<6nH + Cen 70 (2 + o/ (a — 1))

for alln > N.

(ii) Let H < 1/2 and E|§|* < oo for some a > 1/H. Moreover, let a; = 0 for all
i <0, a; < aipq <0 and |a;] < Cit=32 for alli > N > 1, and also Y., a;| < Cy for
n > 0. Then there exists a probability space such that

P(sup |Z,u(t) — BY ()| > n~"/(H + 1) logn(81/2YY + /26, + 2v/20Cy)

te(0,1]

F5CIn T e 4 C’n_#ﬁ)(l — 2H_3/2+1/°‘)_2)
<6n " +2Cn~ 4 Cea(a — 1)_171_2&121)

for alln > N, where C¢ is a constant depending only on the distribution of &,

Cou = S 2 MR, Y = [ (s 1) = g
k=1 0

Note that if a; = 0 for all i« < 0 and, in addition, ag = O’L;{l/Q and a; = UL;/z((i +
1)H=1/2 _§H=1/2) for i > 0 then A,, = 6, = 0. We now obtain some estimates for §,, under
more general restrictions on the coefficients {a;,7 € Z}. These estimates are valid for all

H e (0,1).
Proposition 3 Let a; =0 for all i < 0. Then, as n — o0,
Q) 11 )
Z s — oLy 1/2 (k + 1)H71/2)2 < 50
k=0
then



(i) If
A, — oLy P (n+ )12 = 0~ 1?), 0<p<H,
and
|an — oLy ((n+ )H2 —pH12) = O(m77372), 5 < H,

then
5n — O(nmax{Q'y,Qﬁ}) .

Rem ark6. Under the conditions of items (i) or (ii) of Proposition 3 the relation
n~/5,logn — 0 is valid as n — oo. In this case we obtain a nontrivial convergence
rate in Theorem 3.

Remark?7 Let) ,|ax| < oo Then it is easy to deduce the following identity:

n DS, =n"! Z(A”—k — A ) =n"t Z(ak+1 4o Gy )?

keZ kEZ
n n
o 2 4 2 ) - 2 —1 . )
= ag, Ap4j0F n ] Qf+j Q-
kEZ j=1 keZ j=1 keZ

Moreover, by Kronecker’s lemma (see [93, p. 328]) the rightmost double sum of this
identity vanishes as n — oo. Thus, assuming the absolute summability of {ay}, we have

2
lim n'DS,, =0? = (Z ak> )

kEZ

Moreover, if % > 0 then condition (H) is valid for H = 1/2. Hence, under the conditions
of Theorem 2 (i.e., if E|§)|* < oo for some a > 2) for absolutely summable coefficients {a;}
the above-mentioned C-convergence to a Wiener process is valid if only ), ., a, # 0. Note
that, under the finiteness of the fourth moment of the random variable &,, an analogous
proposition follows from [35].

For example, we can apply these arguments to the simplest particular case in which
a; =0 for all i < 0 and ¢ > m, where m is a fixed natural number (in this case, {X;;j > 1}
are m-dependent random variables), and o = > " a; # 0.

R em ar k8. If the second moment of §, exists then in [12, pp. 255 and 264] there
are given some sufficient conditions guaranteeing the C-convergence of Z,, ;2 to a Wiener
process. In particular, the article [12] contains the following additional restriction on the

coefficients {ay}: N
Z(Z a?)l/z < 0. (8)

=1 |i|>l

It is clear that this implies the absolute summability of {a;} of Remark 7. Further, (8)
was slightly weaken as follows:

g((;%)l (Se)) <o
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In particular, the last condition implies the conditional convergence of 3 a;. Note that,
in this case, the following holds:

2
lim n'DS, = (Z ak) ,

keZ

which is actually assumed in Theorem 2. As an example we may consider the coefficients
a; =0 for i <0 and a; = (—1)"/i for i > 1.
However, if the series tail Z|i|> @i decreases slowly enough then the above-mentioned

two conditions of [12] may not be fulfilled. Say, the sequence a; = (i ~*/% — (i + 1)71/2)
for 1 > 0, ag = 09, and a; = 0 for 2 < 0 does not satisfy these conditions, but it enjoys the
conditions of Remark 7, i.e., for these coefficients {a;} the above-mentioned C-convergence
to a Wiener process is valid (but under somewhat stronger moment restrictions than those
in [12]).

2. Proof of the Main Results.
2.1. Proof of Proposition 1. We consider only the case of g increasing. The case

of g decreasing is settled by analogy. We have

1

DB (1) = Ly ¥ 0) ([ #4140 ) s

(9 g1+ 9) ) = g0 o)) ds ). )

Consider the first summand on the right-hand side of (9). By the Lebesgue dominated
convergence theorem,

1
/32H_lgz(ns)/g2(n) ds — 1/(2H) as n — oo.
0
We now split the second integral on the right-hand side of (9) into the following two:
IS = fol + [, Estimate the first integral:
1
[+ g1+ 9)fgln) = 57 glns) fg(n) ds
0
1
<2 [+ 2n) o) + 1) ds
0
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moreover, the sequence {g?(2n)/g*(n)} is bounded. Hence we construct an integrable
majorant for the integrand. Thus, by the Lebesgue dominated convergence theorem,

lim [ ((1+5)""2g(n(1 + 5))/g(n) — s""2g(ns)/g(n))* ds

n—oo

0

1

We now estimate the second integral:

/((1 +8)1712g(n(1 + 5))/g(n) — s 2g(ns)/g(n))? ds

[e.9]

s2/«1+@Hlﬂ—sHV%w%M1+@vfwww

o0

+2 [ 1 g(n(1 +5) - glns)?/g*(n) ds. (1)
1
Consider the first summand on the right-hand side of (11). It is clear that

o) o

Ja 9 SR (1 4 9) g0 ds < 2 [ S8 ) g ).

1 1

For the second summand in (11) we obtain the following simple estimate:

o0 o0

[ 21 a1+ ) = gns) ) ds < € [ #1732 ) 2w ds, 0> 1

1 1

where C' is a positive constant. So, we have

/((1 +8)1712g(n(1+ 5))/g(n) — s 2g(ns)/g(n))? ds

o0

< (1+20) [ 5 0) () ds (12

1
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We now study the right-hand side of (12). Using the L’Hospital principle we have

lim [ s*#7%¢g%(ns)/g*(n)ds = lim((gz(n)nzHQ)1/g2(s)52H3 ds)
1 n

— lm (2 2H — 2ng(n) /g(n)) " = (2~ 2H) " = [ 19 lin ¢ (ns) /5" (n) ds

Thus, the functions {s*?73¢?(ns)/g*(n)},>1 are uniformly integrable. Therefore, we con-
struct a uniformly integrable majorant for the sequence of functions

{1+ )1 2g(n(1 + 5))/g(n) — s 2g(ns)/g(n))* 1z

Hence,
oo

lim [ ((1+5)""2g(n(1 + 5))/g(n) = s""2g(ns)/g(n))* ds

n—oo

1

= /((1 + )2 = MY s, (13)
iFrom (10) and (13) we have
Jim (L ) 2g(n(1 4 ) aln) — 7 Pg(ns) /g(n) ds

_ /((1 +S)H71/2 . 8H71/2)2 ds.
0
The proof of the lemma is complete.

2.2. Proof of Theorem 1. We will follow the scheme of proving the corresponding
result in [76]. Put n = [t]. By (6) it is easy to deduce the representation

Sy = Z(An—k: — A_)&.

kEZ

We now split S, into the two summands S,, and §n:



where W(s) and W(s) are two independent versions of the standard Wiener process.
Moreover, introduce the following notations:

[e o] o0

Co= (Auie = A1ty Co= (Avk = A)y, Gu=Cot G

k=0 k=1

These random variables are Gaussian analogs of the sums S,,, §n, and S, respectively.

It is well known (see [30]) that if E|{)|* < oo for some o > 2 then the sequences
{&, ;s k > 1} and {&_ g, v_x; k > 0} can be defined on a common probability space so
that

n n n—1 n—1
ka - Z% = o(nl/o‘) a.s., Zﬁ_k — Zv_k = o(nl/o‘) a.s. as n—oo. (14)
k=1 k=1 k=0 k=0

In the sequel we assume that the sequences of the random variables {&x,vr; k € Z} are
defined on a common probability space in such a way.

Lemma 1 As n — oo the following is valid: |S, — G| = o(Aan) a.s.

Proof. Introduce the following notations:

l k-1

l
s, = D Ak — Ap)ék, G, = D (Awr = Ay, o= 6 k=1
i=0

k=0 k=0

It is clear that £ j = o1 — o). By the Abel formula (a discrete analog of the formula of
integration by parts), we then obtain

<=0

S, = Zai(ai — Anti) + 01 (Anp — Ay).
In absolutely the same manner, we deduce the representation

—(0)

G( Z Qz i an—l—z + Oi+1 (An—H - Al)a

where g5, = Zf;ol ~v_i, k > 1. In this case,

Z 5 an—l—z + 5Z+I(An+l - Al)?

where 6, = 0., — 0. (From (14) and (5) it follows that
Oi1(Apy —A) — 0 a.s. as | — oo.

Hence, with probability 1,

o)
E aJnJrz
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Further, the following inequality is valid:
1S, — Gn| < sup(k~Y*max |6,,[) A}
k>n m<k

Indeed, we have

n—1
|§n—an| Zlékuanﬂe—ak’+2|§k”an+k_ak
k=1 k=n

—1 o)
= Z nlja 1/a|an+k - ak:| + Z k‘l/o‘ kl/a|an+kz - ak’
k=

max 5,71
< m<k | |> fsa’n.
k>n

|| |0 n
< max {?@EE W,gg 11/a Aan > Ll/a
Since
max,,< |Om|
Sup - ="' = 0(1) a.sS. as n — OO;
k>n kl/a

therefore, S, — G, = o(Af,) a.s. By analogy we obtain 15, — G| = o(A7 ) a.s. Hence,

a.S. as n — Q.

ISy — G| = 0o(Ann)

The proof of the lemma is complete.

Introduce the sequence of random variables:

n

0, B,= JLHl/Z(Z(n —k+ DIV 2g(n — k+ 1)y,

BQ —
k=1

+ i((n T+ DT g+ E+1) — (k4+ D)7 2g(k + 1))7,€), n>1.

k=0
Lemma 2. B, is finite with probability 1 for every n

Proof. 1t suffices to show that

D ((n+k+1)" g+ k+1) - (k+ 1) gk +1))* < oc.

k=0

Indeed, we have

(n+k+1D)F "V 2gn+k+1) = (k+DH 12k +1))?

WK

B
Il
o

Z n~|—k+1 H-1/2 (k+1)H—1/2)2g2(n+k+1)
k=0
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+2 f:(lwr D> Ygn+k+1) — gk +1))> (15)

The first series on the right-hand side of (15) converges due to the estimate
(n+k+DEV2 _(k+ DE VD2 =0k %) as k — oo,
The second series on the right-hand side of (15) converges as well since
(gin+k+1)—glk+1)? =0k +1)/(k+1)*) as k— oo,

and, for sufficiently large arguments, each slowly varying function has a power majorant
with an arbitrarily small positive exponent (for example, see [51]). The proof of the lemma
is complete.

Lemma 3. Asn — oo the following is valid: |G, — B,| = O(v/A,logn) a.s.

Proof. We have A, = D(G,, — B,,). Since G,, — B, has Gaussian distribution, we
obtain the inequality

P(|G, — Bn| > 2¢/A,logn) < exp{—(2y/A,logn)?/(2A,)} =n~2

Using the Borel-Cantelli lemma, we arrive at the claim.
Lemma 4. As n — oo, we have

B, — By(n)| = O(cL;*Y}*\/logn) a.s.,

where
= [y = (s s 4 [ gls 1)~ gls) ds

if g increases;

e}

:/ S—l—lH 1/2 H1/2 S+/ 2H1 )—g(s))2ds,
0 0
if g decreases.

Proof. Put

n

By =Y (n—k+1)"""2g(n—k+ 1)y

k=1

+3 ((n+k+ DT+ k+ 1) — (k+ )"k + 1))y,
k=0

/ VE=120(n — 5) dW ()
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oo

+ /((n + )5V 2(n + 5) — sH_l/2g(s))dW(s).
0
The quantity B} has the following representation as a stochastic integral:

n

[ )2t~ ]y aw(s)

[e.9]

[+ B4 7 g+ 16+ 1) = ]+ PV 2g(0s] + )T s)
We now study the variance D(B — B*(n)). We have

n

D(B, — B*(n)) < /((n = )17 2g(n — 5) — (n = [s])" " 2g(n — [5]))* ds

+2 / (sH12(s) — ([s] + 1) V2g((s] + 1)) ds

[e.e]

+2 [+ 5 (a4 5) = (nt [5 + D2y +[5] + 1)) ds.
0
Consider the first summand on the right-hand side of (16):

n

[ (= )20 = []) = 0= ) g ) ds

2 / (n— )P (g(n — [s]) — g(n — 5)) ds.

0

(16)

(17)

Estimate the first summand on the right-hand side of (17). Since s <n —[n—s] < s+1,

we obtain the inequality

n

[tatn = (P [s)" 2 = (0= )2 ds

0
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(90— [ = s))((n — [ — s)171/% = 1122 d

O\:

n

< [lgln = n— shyP((s + )12 - S22 (18)

Estimate the second summand on the right-hand side of (17):

n n

=571 gt = () = gt = 5)ds = [ S gl n = s)) — g(9)" ds

n

< /32H1<g(5+ 1) — gls))2ds. (19)

We consider now the second summand on the right-hand side of (16):

/ [+ D)2 (5] 4+ 1) — s g(s))” ds < 2/((s+1)H‘1/2—SH‘”Q)Q(Q([S]H))QCZS

o0

+2 / PH1 (g5 1 1) — g(s))% ds. (20)

In turn, the third summand on the right-hand side of (16) admits the estimate

[0k 5) = ([ D g4 [5) 4 1) s

(e e

_ / (5] & )52 [s] + 1) — s7-1/2g(s))2 ds

n

<2 [ (s )1 = MR g([s] 1)) ds 2 [ 10l + 1) - g(s))P s (21)

Further, we note that |g([s]+1) —g(s)| < |g(s+1) —g(s)|. Moreover, g([s]+1) < g(s+1)
if g increases, and g([s] +1) < g(s) if g decreases. Combining these upper bounds for the
right-hand sides in (18)—(21), we obtain the following inequality:

o0

D(B; — B( 8/ ((s41)"1/2 =g~ 1/2)2(9(8+1))2d3+8/32H_1(9(s+1)—9(8>>2d3’
0 0
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if g increases;
o0

D(B; = B'(m) <8 [((s+ )12 = S22 g()P s+ 8 [0 g(s 4+ 1) - g(s)) P ds.

if g decreases.
We prove that the integral
[t (s 4 1) s
0
exists. Indeed, as s — oo, we have ((s + 1)A71/2 — sH=1/2)2 — O(s2H-3) and g(s +

1)/g(s) — 1. Thus the integral [~ s**73(g(s))?ds exists (see the properties of slowly
varying functions in [13]) that implies existence of the integral

[t (s 4 s
0
Finally, by Borel-Cantelli lemma we infer the claim.

In the sequel we need the following (see [81])
Lemma 5. Let {£(t);0 <t < 1} be a centered Gaussian process. Moreover, £(0) =0
and E(£(t) — £(s))? < C|t — s|* for some H > 0. Then, for all z > 0,

P(sup |£(t)] > z) < dexp{—C}*2*(8C) 7"},
t€[0,1]

where Cp =Y oo | 27FH|1/2,
Lemma 6. Ast — oo the following is valid:

By(t) — Bu([t]) = O(®°C\/logt)  a.s.,

where

1

Py = —
H=um

(g(1))* + / ((s+ D2 — 122 (g(s + 1) ds + [ $*H71 (g (s))* ds,

0\8

if g increases;

[e9]

B = 1 00+ @O [ (s + )82 = 22 as s [ 24 () s,

0

if g decreases, and Cg = > po 27 1/2,
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Proof. Let t € [n,n+ 1], n > 0. Put

t

() = / (t— )" V2g(t — )dW (s) + / (£ 8)T2g(t + 5) — s 1/2g(5))dTH(s)

n

- /(n —5)H712g(n — / n+ )T 2g(n + s) — T 12g(s))dW (s).
0 0
Estimate the moment E(¢(v +n) — &(u +n))?, u < v, where u,v € [0, 1]. We have

v+n

E((v+n)—&u+n))?< /(v+n—s)2H1(g(v+n—s))2ds
+/((v—l—n—s)H1/2g(v—|—n—s)—(u—|—n—s)H1/Qg(u—|—n—s))2ds

0

oo

+ /((U +n+8) T g +n+s)— (ut+n+s) T 2g(u+n+s)?ds. (22)

For the first summand on the right-hand side of (22) the following equality holds:

v+n v—u

/ (v+n—s) Y glv+n—s))ds = / s2H=1(g(5))2 ds.

u+n 0

JFrom this it follows that

[ gl ds < S - u, (23)
if g increases, and
[ 0l ds < 5000 - u, (21)

if g decreases.
Consider the second summand on the right-hand side of (22):

u+n

/((v +n—s)T2gw+n—s)— (u+n—s) " 2gu+n—s))>ds

0
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u+n

<9 / (0 =+ )72 = H22 (g0 — u + 5))2 ds

u+n

+2 / s g(v —u+s) — g(s))* ds. (25)
0
Finally, the third summand on the right-hand side of (22) admits the upper bound

/ (v+n+s)T2gw+n+s)— (u+n+s) " 2g(u+n+s))%ds
0

<2 [ (a1 = R g0 ok s)ds
u+n
+2 / s (g(v —u+s) — g(s))* ds. (26)

Combining the right-hand sides of (25) and (26), we obtain an upper bound for the sum
of the second and third summands on the right-hand side of (22):

o0 o0

2/((U—u+S)H1/Q—3H1/2)2(g(v—u+s))2d8+2/52H1(g(v—u+s)—g(s))2ds. (27)

Consider the first integral in (27):

o0

/((v —u+s)HV2 D2 (g0 —u + 5))2 ds

0
(v—u 2H/ ((s + D)HY2 _ H=YD2(g((y —u)(s 4+ 1)))? ds.
0
Whence we have the estimates

/ v —u+ 8)T7Y2 22 (g(y —u + 5))? ds
0

o0

< (v—u) /((s b)Y H2 gHAL2)2 04 1)) s, (28)

0
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if g increases, and

/ v —u+8)TY2 22 (g(p —u + 5))? ds
0

< (U / s+ 1 H-1/2 H 1/2)2 dS, (29>
0

if g decreases.
Estimate the second integral in (27):

o0 [e.o]

/sQH_l(g(v —u4+ 3) — g(S))2 ds < (Q; - u)Q/SQH_l(g,(S))Q ds. (30)

0 0

Combining the upper bounds in (23), (24), (28)—(30) we have

E((v+n) —&(u+n))?

< (U—u)2H< 2+2 8—|—1 H-1/2__ H 1/2)2(g<8+1))2 d5> +2(U—u)2/s2H1(g'(s))2 ds

0/ 0
/ ((s+1)H712_gH=1/2)2(4(541))? ds+2/82H_1(g’(s))2 ds),
0 0

< (v—u)”’( 1))*+2

if g increases, and
D +n)—&(u+mn))

< (U—U)QH<$(9 7 s+1)H12 H_1/2)2d3>—|—2(v—u)2 / P11 (g (5))* ds

0

(e 9]

< (’U—U)QH(%(Q( 2/ S—I—l H-1/2 H 1/2)2d$—|-2/82H_1(g/(8))2d8),
0 0

if g decreases. Finally, by Lemma 5 and by the Borel-Cantelli lemma (letting z =
44/2(® g logn)/?>Cy), we complete the proof.

The claim of Theorem 1 follows from the lemmas above.

2.3. Proof of Proposition 2 and Corollary 1.

Proof of Proposition 2. At first we prove item (i).

Lemma 7. The following is valid: |ay| = O(g(k)k"~3/2) as k — oco.

Proof. Indeed,

(k= 1)1 2g(0k 4 1) = K2 (k)| = [g(k -+ 1)((k + 1)172 — k111
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R (g(k +1) = g (k)] < g(k + D|(k + )2 — KH2) 4 B2 1g(k 4+ 1) — (k).

Hence,
|(k+1)H*1/Qg(k+1)—kH*1/2 (k)| = O(g(k )kH 3/2) as k — oc.

From this the claim of the lemma follows.
Lemma 8. The following is valid:

> lal = Olgm)n™72) as 0 — oc.

Proof. Consider the case when g increases. Obviously, there exists a constant C' such
that |an| < Cg(k + 1)(k + 1)%73/2 for all k > 0. Moreover, the sequence g(k)k™=3/2 is
monotone decreasing for all sufficiently large £ > N. So,

n+1 n+1

Z‘ak‘ < ng kH 3/2 Zg kH 3/2+ Z kH73/2
k=N+1
N n+1
N

Consider the last summand on the right-hand side of (31):

n+1
H-3/2 7. (n + 1)"-1/2 NH 1/2 H—1/2
/g(x)x e ) T N i /H—1/2 z)da.
Hence
T H=3/2 zg'(x) _ (n+1)H-1/2 NH-1/2
/g(m)x / (1+(H—l/?)g(m))dm_g(n—i_l)H——l/Q_g(N>H——1/2’

We can choose the number NV so that ‘m‘ < 1/2 for x > N. Whence we obtain

n+1
1)H-1/2
H-3/2 3. < 9 1 (n+
[ st e < 2gtn+ )
N

The case when g decreases is settled in a similar manner. The proof of the lemma is
complete.

We now estimate A, ,. First of all, we note that

n—1 [e'¢)
Aoy =0 3" ag — apgn| + Y k" *ar — agal. (32)
k=—-n k=n
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Estimate the first summand on the right-hand side of (32). We have

2n—1

n'/e Z |ak — apgn| < 201 Z lag| = pH =121y,

k=—n
Consider now the second summand on the right-hand side of (32):

2n—1

Zkl/aiak — apin] < Z /o] + 3 faul (877 — (& — )/

k=2n

< (2n — 1)Yeng(n)nt =32 4+ Z Cik" =R g(kyn(1/a)(k — )"/

k=2n

< (2n — 1)Yong(n)nt =32 4+ Z Cy(k +n)32g(k + n)n(1/a)k/o!
k=n

< (20— D)Yong(r)nf=32 + 37 CkA-2g(kyn(1 fa) ko, (33)
k=n
where C] is some constant (see Lemma 7). Consider the last summand on the right-hand
side of (33). We have (see the proof of Lemma 8)

[e.9]
o0

SRt < [ R g @) de = O™ Y2 as 0 oo,

k=n ne1

Thus,
Z kY% ag, — aggn| = O(g(n)nT=12HY%) a5 n — 0.

Whence we deduce that
Aam = O(g(n)nf =121,

We now prove item (ii) of Proposition 2. We have |ax| = O(g(k)k"~3/2), k — oo (the
proof is absolutely the same as in the case H > 1/2). Also, > 7 Jag| < co. We then
estimate A, . As in the case H > 1/2 we separately study the sums

n—1 00
nl/a Z ‘ak - ak+n|7 Z kl/a|ak - ak+n|‘ (34)
k=—n k=n

For the first sum in (34) the upper bound is elementary:

2n—1

n'/e Z |ax — agyn| < 207 Z |ax] = O(n**) as n — <.
k=—n
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Consider the second sum in (34). We have

%) 2n—1 00
D kY ak — apinl < YR ar] + > lar] (K = (k= n)"/*)
k=n k=n k=2n
2n—1
l/aZ|ak|+ m 1/aZ|ak|_ l/a) as 1 —s 00,

k=2n
Therefore, A,,, = O(n'/%) as n — oo.
We now prove item (iii) of Proposition 2. We consider only the case when g increases.

The case when ¢ decreases is settled in the same manner as in item (ii). Consider the
first sum in (34):

2n—1
n'/e Z |ax — axyn| < 2017 Z |ax| = O(g(n)n'/*) as n — oo.
k=—n
Estimate the second sum in (34):
2n—1
SLLEES STLIAPS ST
k=2n
2n—1 o
<C@n—=1)""Y gk)/k+CY_ gk)/k((n+ k)" — k")
k=n k=n
2n—1
<C l/aZg /k+C'nZg k)EYo=2 = O(g(n)n¥®) as n — oo,
k=n k=n

where C' is a constant (see Lemma 7). So, in the conditions of item (iii),
Aan = O(g(n)n'*) as n — oo, if g increases;

Agn =O0nY*) as n — oo, if g decreases.

We prove in all three cases above that A, = O(g?(n)n™>*{2%27}) as n — oco. Introduce
the notations:
—1/2
apg=ag— oLy / g(1),

Q= Qp, — O'LI_{1/2((TL + DE2g(n 4 1) = nfY2g(n)), n>1,
Bp=An— oL P(n+ 1) 2g(n+1), n>0.

Note that )
m:O m=0
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At first we consider the second summand on the right-hand side of (35):
n—1 n
Y B, <O KPP (k) = 0(n*g’(n)) as n— oo,
m=0 k=1

where C' is a constant (see (7)). We now consider the first summand on the right-hand
side of (35):

)_l

n—

Z Bner m 2 S (ﬁn+m ﬁm + Z ﬁn+m ﬁm)
m=0

3
Il
o

[

n—1

By analogy with the above,

2n—1

252— (n*¢*(n)) as n — oo.

Further, we have
m—+n

|Bn+m - ﬁm‘ S Z |Oék| S Clng<m>m’y*3/27

k=m+1

where (] is a constant (see (7)). Hence,

Z(ﬁnm — Bm)? < Ctn® Z @ (m)m* 73 = O(¢*(n)n*) as n — oo.
Therefore,

A, = O(g3(n)nm&28.2) a5 n — oo,

which yields the claim.
Corollary 1 follows from Proposition 2 and Theorem 1.

2.4. Proof of Theorem 2. Put

—k+[nt]

Agn(t) =n~ Z a;, VZ?=DS,.

j=—k+1

Then the following representation is valid:
t) = ZAk,n(t)gk

We need some auxiliary statements.

149



Lemma 9. [64, p. 456] For all k € Z, the following is valid:

1 1/2
2
\ak+1+---+@k+n| < (4Vn2]ak] (1+m)) .

kEZ

Lemma 10. For alll >t > 7 > 0 we have

EZ, y(t)Znu(t) — EBY(t)BY (1) as n — oo.
Proof. Indeed,

—itnt) =[]\ 2
E(Znu(t) = Znu(1))* =n"" Z( > aj)

€7 J=—1+1

([nt] — [n7)*™ Vig—inr)
w2 (] — [n7))2H

Whence we obtain

E(Zuu(t) = Zuu(r))? — o2(t — 7)1 = E(BY(t) — BY(1)).
Using the convergence of the second moments of the one-dimensional projections of the
random processes Z, y(t) we deduce the equality

2EZ, 5 () Zn1(7) = B(Zo y ()’ +E(Zp 1 (7)) ~E(Zp.y (t)— Z 1 (1))* — 2EBY (1) By (7).

The proof of the lemma is complete.
Lemma 11. For all1 >t > 7 > 0 there is a positive constant K depending only on
{a;} such that

Z(Ak;,n(t) — Apn(7)? < K([nt] 7_12[37])211‘

keZ

Proof We have

a2 = = ) Vi
2 (Annll) = A= i (g~

keZ

Since V2 /n* — ¢% as n — oo, we complete the proof.
Lemma 12 [93, p. 86]. Let { X }r—1.. n be independent centered random variables and
E|X:|* < oo for all k and some oo > 2. Put

S, = ixk, My, = iE[Xk\“, B, = iEX,f.
k=1 k=1 k=1
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Then
E|S,|* < ¢(a) (Ma,n + Bgm),

where c(a) is a positive constant depending only on c.
Lemma 13. The following inequality s valid:

o [nt] — [nr]\*"

B\Zn(t) — Zu(l* < 0 (F—0)

where C' is a constant depending on the distributions of &, o, and {a;}.
Proof. By Lemma 12 and the Fatou theorem we obtain

[e%

E[ Y (Aea(t) = Aa(r))é

kEZ

< (@) (X 14ualt) = An DBl + (X (Aialt) — Aun(r)?) ™)

keZ keZ
a/2

< (@)1 + Blgo|") (3 (Akn(t) — Aun(7))?)

kEZ

Note that we applied here the following elementary inequality:

Sl < (X ml) . =1

keZ kEZ

Using Lemma 11, we complete the proof.
Lemma 14. Let 1 > t3 >ty >t > 0. Then the following inequality is valid:

E|Z, u(ts) — Zn,H<t2)‘a/2|Zn,H<t2) — Zn,H(t1>’a/2 < C(ts — t)™,

where C' is a positive constant depending on «, {a;}, and the distribution of &.
Proof. By the Cauchy-Bunyakovskii inequality we obtain

E|Znu(ts) = Znu (82)|*? Znr (t2) = Znor ()|

([nts] = [nt2)*"72([nta] — [nta])*"7? < %([ntﬂ — [nta])*"

< Cy(ty —ty 4+ 1/n)*H,

where (] is the constant in Lemma 13. If t3—¢; > 1/n then, using the previous inequality,
we obtain the following upper bound:

E|Z, u(ts) — Zn,H(tZ)’a/zyzn,H(tQ) — Zn,H(tl)‘a/Q < 012aH(t3 — tl)aH-
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Iftg—tl < 1/n then

E(|Zn(ts) = Zoa(t2)|*?| Zou(ta) = Zou(t1)|*?) = 0,

since either the pair ¢; and ¢y or the pair t3 and ¢y lies on an interval of the form [(i —
1)/n,i/n). The proof of the lemma is complete.

From Lemma 14 it follows that the family of distributions of the random processes
{Z, 1 }n>1 1s tight if aoH > 1 (see [12]).

Lemma 15 [76]. Let {b,;;n > 1,i € Z} be an array of real numbers, and let {Cqi;n >
1,i € Z} be an array of random variables satisfying the following conditions:

L1, imy, oo ) sy b2 = 1

L2. limy, o0 SUP;ey |bni| =

L3. For every n > 1 the sequence {(ni,t € Z} consists of i.i.d. random variables with
mean zero and variance 1.

L4. limpg o SUp,>; EC%OI(’QLO’ > K)=0.

Then the sums ZzeZ_I’niCni converge in distribution to a standard Gaussian random vari-
able as n — oo.

Lemma 16. The finite-dimensional distributions of random processes Z, p(t) con-
verge to the corresponding finite-dimensional distributions of random process B%(t) as
n — 0o.

Proof. It suffices to prove that 22:1 ¢;Znu(t;) converges in distribution to

S eiBY(t;) for every finite set of numbers {c;;i = 1...1}. So, we observe first that

Zn—zcz nH ZZCZAkn )

keZ =1

Further (see Lemma 10)

B2l = Y t;B(Zuu(t:) Zuu(t;) — Y cie/B(By (1) B (L))

1,j=1 1,j=1

. 2
=E (Z cz-B?{(ti)> as n — oo.

i=1
Use the notation

I 2
(52 =E (Z CZB%(tz)> s Z1n = Zn/(s

=1

Then

; 2
Ezl = Z (Z ci/5Ak7n(ti)> — 1 as n— oo.

keZ \i1=1
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Now, under the conditions of Lemma 15 put

!
bk = Zci/(SAk,n(ti), Gk = k-
i—1

It is easy to see that, in this case, Condition L1 is valid.
Using Lemma 9 we find, as n — oo, that

l

Z(Cz’Ak,n(ti))‘ = O(n~"7?).

=1

sup
k

Hence, Condition L2 is valid. It is easy to verify that Conditions L3 and L4 hold as well.
So, the random variables z, converge in distribution to a normal random variable with
mean zero and variance 62. The proof of the lemma is complete.

The claim of Theorem 2 follows from Lemmas 14 and 16.

2.5. Proof of Theorem 3. Put
W =Wk/n) = W((k—=1)/n), k>1, 5% =W((k+1)/n) = W(k/n), k> 0.

Denote by {Gl(n),l > 0} the corresponding partial sums of moving averages in (1) for
these Gaussian random variables {7,(;), ke Z}; and by

G(n)

[nt]
Lnu(t) = A2

the corresponding normalized partial sum process.

We split the proof into the auxiliary lemmas below.

Lemma 17 [30]. Let {&;k > 1} be i.i.d. random variables, E&; = 0,D& = 1 and
E|& | < oo for some a > 2. Then there exists a Wiener process W such that

P (sup | D &/ v —W(k/m)| 2 x(n)n™*?) < Cena™*(n),

where x(n) — 0o as n — oo, and the constant C¢ depends only on the distribution of &.
Put

, k> 0;

_ Sk
\/ﬁ

k
S =3 (A — AJEY, k=0 S =0, 80 =3 Ae™, k> 1
=1

i=0
. k

@I(en) = Z(Ak+i - Ai)’Y(_nz‘), k> 0; Qén) =0, Ql(cn) - ZAk—in(n), k=1
i=0 =



Further, we have
G(”)

[nt]> nt] =

S —

[nt] —

S[nt] + 5 G[nt] +a"

In Lemmas 18-20 below we assume the conditions of the first part of Theorem 3 to
be fulfilled.
Lemma 18. The following equality is valid:

[nt]

G(”)

—H+1/2 —ga=2 a2
[nt] —[nt}’n > Cin = H)) < an e,

P( sup ‘S
t€(0,1]

Proof Put

)N )N )
i 52‘ ) i i
oV =>&" o Zv

j=1
Using the Abel formula, we obtain the representations

[nt]

_[nt] ZU Afnt]—i; —[m] Z Q(”)

Hence,

> (0" — o )agu i

1<i<n

n—1
< sup }a an)} Z |a;|
=0

< sup |a — 0, )|C’nH /2,
1<i<n

By Lemma 17 we have

P( sup S — Glipfn "2 = G20 M)
te[0,1]

< P( sup ‘a — an)‘ > anY?) < Cenaz ™.
1<i<n

Letting x = n@ we arrive at the claim of the lemma.
Lemma 19. For alln > N the following inequality is valid:

Pl [Siag = Glagln™F12 > n7 20 (220, 4 O(1 — 2H-3/210/0)72))

< Cen™ 5 (14 af(a— 1)),

Proof. We have

n—1 00
S[nt] = (Apgsi — AE®) + > (Apggi — Anel). (37)
=0 i=n
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We now represent the second summand on the right-hand side (37) as

[ee) oo n2k—1

Z(A[m]” §_Z Z Z (Apg+i — z)f(_nz)

i=n k=1 j=n2k-1
Put
k—1)
§ e, G § =02k n2h - 1
j=n2k—1 j=n2k—1

Further, by the Abel formula we obtain

n2k—1 nak_o
n k—1
Z (Apa+i — Ai)é(—i) = Z (@it — a[nt]+i+1)5i( )(n)
i=n2k—1 i=n2k—1

+(A[nt}+n2k71 - An2k71>sk2kl 1( )
Thus,

n2k—1

i=n2k—1

< sup |SFTV(n) = GV () |(Apgk oy — Apgrs

n2k—1<i<n2k—1
_(A[nt]+n2kfl - A[nt}+n2k—1) + A[nt]+n2kfl - An2k71)
k— k—
= sup  [S7V(n) — GV )| (Apgsmarr — Anasr).
n2k—1<i<n2k—1

H=3/2.

Since a,, < Cn therefore,

A[nt]+n2k71 — A1 < Cn( ok— l)H 3/2 — = Cnt- 1/29(k=1)(H=3/2)

So,

n2k—1

Z (Apg+i — Ai) (5(_7? - 7(_7;))

i=n2k—1

< swp [SETV(n) — GFD ()| ot 0=5/2),

i
n2k—1<i<n2k—1

Hence (see Lemma 17),

n2k—1
n n — — _ — — a7 e
P| sup Z (A[nt]+i—z4i)(§(_i) —7(—¢)) - H+1/2 > Cn 1/29(k=1)(H 3/2)x<2k 1)1/ s
tel01]],  or1
<p Gk=D) 0y _ k=) > P ok-nyap ey oo T
N (n2kflsslz‘l£n2k—1} o NOIE \/ﬁ< ) ) < S paklte
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Therefore,

P( sup Z(A[nt}—i-i - 4) (f(—? - 7(—72)) n
tefo,1]1 =,
¥ <ok Y g

[ee]
. 3 .
Putting ¢ = @ — 1 and x = n2+1) and using the elementary facts

—H+1/2

o(k—1)(H-3/2+1/)

C

v

S

k=1

oo 1 o)
Z B «a Z Eok=1)(H=3/2+1/a) _ (1— 2H73/2+1/a>72
ke

k=1 k=1
we obtain the inequality

[e.9]

P( sup Z(A[nt}—i-i —Ay) (f(—? - 7(—2))
tefo,1]1 =,

< an”&fl) af(a—1).
We now study the first summand on the right-hand side of (37). Put

%

Ul(n):ZE Zv_J, 1=0,...,n—1.

(Apias — A)EW =3 01 (a1 — apgirs) + 00 (Apntient — An);

)

n~H+1/2 > C’n_ﬂaai_fl)(l . 2H—3/2+1/a>—2)

Ani).

=0 =0
n—1 n—2
(A[ntHz' - Ai)'Y(jli) = Z Qz(n)(ai+l - a[nt}+i+1) + 02@1(A[m]+n71 -
1=0 i=0
Therefore
n—1 2n—1
(At )(f(n )’ <4 sup JZ(") — an)| Z la;|.
i—0 0<i<n—1 —
By the conditions of Theorem 3,
2n—1
Z |az| < 012H_1/2TLH_1/2.
i=0

So,
n—1
Z A = A) (€5 =25 |n

=

P| sup
t€(0,1]
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<P( sup |0§n) - an)| > an_l/zn_H) < Cenx™ .
0<i<n—1

3
Letting = n2@+1) we obtain the upper bound

P| sup
te[0,1]

Finally, combining inequalities (38) and (39) we infer the claim of Lemma 19.

n—1
EZ«AMHM A)(ER =) nH+”2z<zzH*W%12&f”> < Cen™ 2. (39)

=

Lemmas 18 and 19 imply the following
Lemma 20. There exists a probability space such that

te(0,1]

< Cen” 0 (24 af(a — 1))

for all n > N.

In Lemmas 21-23 we assume the conditions of the second part of Theorem 3 to be
fulfilled.

Lemma 21. The following inequality is valid:

P ( sup |S[ [nt]‘ nHH2) > Oy ) < Cen™ e
te[0,1]
Proof Put |
o =3 =3
Jj=1 j=1
Then .

< (n) _ () | < ) _ o
< g | ] 2l < s o =]

Whence using Lemma 17, we deduce the upper bound

P( sup |S

‘ —H+1/2 > Cyn~ )
t€[0,1]

[nt]

<P(sup o = o] > on 1) < Cona,

Letting x = ne+ we arrive at the claim of the lemma.
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Lemma 22. The following inequality holds:

P( sup |S éf,’jt)] I HH2 > 40 n” “F 4 Cn HerD (1 — 2H =3/ ey=2)
te[0,1]
aH-—1 __a—2
< Cen™ ofT + Cen” X D/ (a — 1)
for alln > N.

Proof. Consider the second summand on the right-hand side of (37) for which the
Gaussian approximation is deduced by analogy with that in the proof of Lemma 19:

[e.9]

> (Apigei — A) (€7 — 4y

P sup
te[0.1]] =,

n—H+1/2 > C«n—g((;i‘fn(l . 2H—3/2+1/a)—2>

< Cen™ a+1>a/(a -1) (40)

for all n > N. We now consider the first summand on the right-hand side of (37). As in
the proof of Lemma 19, put

U(n):iﬁ(_nj), - 27_3, 1=0,...,n—1.
§=0

By the Abel formula we obtain the representations

—_

3

l\)

n—

(Apiyss — A)e™) = aipr = apgrisn) + 00 (Apg it — Ano1);

>0
=0 =0
n—1 n—2
(Apgei — A7 =" 0 (a1 — apgein) + 081 (Apigenat — Anr)-
i—0 =0
Therefore,
—1 2n—1
Apsi — AN (ED =) <4 swp [0l = oY lal.
:0 0<i<n—1 P

Since 27" |a;] < €4, we have

sup
t€[0,1]

< P( sup ‘afn) — Ql(-")‘n_HH/Q > xn_H) < Cenx™.
0<i<n-—1

—1
Z A[nt]—i—z 5 ’7—1 )
=0

n~HH1/2 > 4xC’1n_H>

Letting x = ne+ we obtain the estimate

sup
te[0,1]

S (s — AN(ED 1)

=0

n7H+1/2 > 401n_af+11> < Csn_aof{f:ll. (41)
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Combining (40) and (41), we complete the proof.

As a consequence of Lemmas 21 and 22 we obtain the following
Lemma 23. There exists a probability space such that

P(sup |Z,u(t) — Tnu(t) > E)C’ln_&aHJr_l1 + C’n_Q&_ﬁU (1-— 2H_3/2+1/0‘)_2)
te(0,1]
aH—1 __a—=2
<2Cen™ ot +Cen” 20 D a/(a — 1)

for alln > N.
Introduce the sequence of random variables

B =0, BY = Y (k= i+ D1

) (e i+ )T — ()2 >
=0

Lemma 24. The following inequality is valid:

P( s1[(1)p]n H“/Q’G [(;lt)]| > n "/20,(H 4+ 1)logn) <n ",
tef0,1

Proof. We have

P(max{n_HH/Q‘G(ln) - B£n)|, - ,n_H+1/2‘G£Z”) - BT(Z”)|} > n~May,)

<> P(|G = B[ = n,) < nesp (=42 /25,).

Putting

= \/20,(H + 1) logn

we complete the proof.
Lemma 25. The following inequality is valid:

P( sup ‘B n~HH2 — BY ([nt]/n)| > 8n_H\/2T9LI(H +1)logn) <n~ ™.
t€[0,1]

Proof. First of all we note that the value B\ /n®=1/2 can be represented as the
stochastic integral

k/n

/(k/n—[ns]/n)H 1/2dW +/ (k/n+ ([ns] +1)/n)"~ 1/2

0
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~(([ns] + 1)/m) =12 dW (s).

Then (see the proof of Lemma 4),

n*"E(BY (k/n) — nl/Q_HB£)2 <647Y, 0<k<n.

Putting v, = 84/2T%(H + 1)logn, we complete the proof.
Lemma 26. The following inequality is valid:

P (sup |By(t) — By ([nt]/n)| > 2V2on ACy\/(H + 1) logn) < 4n™",

te(0,1]

where Cyy = Y oo | 27FHE1/2,
Proof. We have

sup | By (t) — By ([nt]/n)| = max{ sup | By (t) — By([nt]/n)|}.

tef0,1] k=l.n ™o

Bl k)

Using the stationarity of the increments of the process BY(t) as well as its H-homogeneity
(i.e., BY(nt) 2 nHBY (¢ %(t)) and the upper bound E(BY(t) — B%(s))? < o?|t — s (see
Lemma 5), we deduce the following estimate:

P(sup [By(t) — By ([nt]/n)] = n~"4n)

t€[0,1]

<> P( sup [BY(t) = By([nt]/n)| = n~"y,)

k=1  te[ELE]

< nP( sup |BO ‘ Hwn) = nP Sup ‘BO ‘ > ¢n)
tefo, L 1 t€[0,1]

< Anexp(—Cyi*:/0?).
Putting 1, = 2v/20Cy+/(H + 1) logn, we complete the proof.

Lemmas 24-26 yield
Lemma 27. For all H € (0,1) we have the inequality

P (sup [n "G — By (1))
te(0,1]

> nH\/(H + 1) logn(84/2Y% + /26, +2v20Cy)) < 6n~ "

The claim of Theorem 3 follows from Lemmas 20, 23, and 27.

2.6. Proof of Proposition 3. Introduce the notations:

ap = ag — O'L_l/2 ap = Gy — aL;/?((n + D)2 _p Y2y >
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Bn=A, — aL;/Q(n +DEV2 >0,

Prove item (i). Note that in the case under consideration we have

00 n—1
m=0 m=0
Denote by ALY the first sum on the right-hand side of (42); and by A,(f), the second sum.

We have . . . .
V<2 B, 42> pR=2) BR42)
m=0 m=0 m=n m=0
Therefore,

An§4§:ﬁfn < 00.
m=0

We now prove item (ii). We have

[nt]—1
AEELZ] = ag + Z B <al+1, =00 as n— oo,

=1

where wn = O 1291 = O(n?) (see the conditions of Proposition 3). Represent the

value AY as follows:

[ni]

8
3

0 m=n

3
I
(=)
3
Il

Estimate the first summand on the right-hand side of (43):

n—1 n+[nt]—1 o2n—1

(Bt +m — Bn)? <4 Z B2 <4 Z B2 = O(nw) as n — 00.
m=0 m=0

m=0

We now estimate the second summand on the right-hand side of (43):

[nt]+m
| Bt 4m — Bm| < Z lag| < Clntlm =32, m > 1;
I=m+1
Z(ﬁ[nt]m Bm)” = ( Zmzy_ ) =0((n*) as n— oo,

where C is a positive constant. So, d, = O(n™>{2%:28}) as n — co which was to be proved.
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