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I. Introduction. We consider a queueing system with m -> 1 service channels. 
OO 

We define two sequences {Ti}i= i and {si}i= i of nonnegative random variables. Service requests arrive 
at the system one at a time; the first request arrives at time Ti, and for i -> 2 the i-th request arrives a time 
interval r i after arrival of the (i- l)-th request. The service time for the i-th request in order (i = I, 2, . o . ) 

is s i. 

We define a se t  {w01}ml of  nonnegat ive  r a n d o m  va r i ab l e s  as  fol lows.  Fo r  j = 1, 2, . . . .  m we take ~%j to 
be the t ime when the j - thchannelJ  can s t a r t  to s e r v i c e  r e q u e s t s .  Le t  %0 = @01 . . . .  , W0m). 

By a s e r v i c e  s t r a t e g y  R we mean  an a l g o r i t h m  which  a s s igns  to each  r e q u e s t  a r r i v i n g  in the s y s t e m  the 
n u m b e r  of the channel  in which  the r e q u e s t  m u s t  queue up fo r  s e rv i c ing .  

The s y s t e m  o p e r a t e s  as  fol lows.  In each  channel ,  r e q u e s t s  a r e  handled in the o r d e r  in which  they appea r .  
I f  a r e q u e s t  has queued up in s o m e  channel  which  is f r e e ,  s e r v i c i n g  begins immed ia t e ly .  If s e r v i c i n g  of a r e -  
ques t  has been comple t ed  in s o m e  channel  and the re  a r e  o ther  r e q u e s t s  wai t ing ,  s e r v i c i n g  of  the next  r e q u e s t  
s t a r t s  immed ia t e ly .  A f t e r  s e r v i c i n g  is c o m p l e t e ,  the r e q u e s t s  leave  the s y s t e m .  

The ~f i r s t  i n - f i r s t  out" s t r a t e g y  is usua l ly  the one c o n s i d e r e d  in queueing  theory .  We denote  this s t r a t -  
egy  by R ~ The fol lowing technica l  a p p r o a c h  is used  by many w o r k e r s  to p rove  va r ious  r e s u l t s  (e.g.,  e rgod ic  
t h e o r e m s )  for  s e r v i c e  s y s t e m s  with s t r a t e g y  R~ the s t r a t e g y  R ~ is app rox ima ted  by a s t r a t e g y  R '  which  is 
s i m p l e r  in s o m e  s e n s e ,  and the c o r r e s p o n d i n g  r e s u l t s  a r e  p roved  for  R ' .  In p a r t i c u l a r ,  in [ t ,  2] R '  is taken to 
be the " c y c l i c "  s t r a t e g y :  if t h e n u m b e r  of  a r e q u e s t  is equal to km + l, w h e r e  1 _ l _< m,  then the r e q u e s t  a r -  
r i v e s  a t  the / - t h  channel .  In [3] R '  is taken to be the fol lowing s t r a t e g y :  E a c h  r e q u e s t  a r r i v e s  at  any of the 
channe ls  wi th  p robab i l i ty  1 / m independent  of  the p r i o r  h i s to ry .  A p p r o x i m a t i o n  is unde r s tood  in the fol lowing 
s e n s e :  If  ~n ,k  @n,k) a r e  the t ime in t e rva l s  f r o m  the m o m e n t  when the n - t h  r e q u e s t  (n -> 1) a r r i v e s  fo r  s e r -  
v ic ing  unti l  comple t ion  of s e r v i c i n g  of the f i r s t  n r e q u e s t s  in the k - th  channel  (1 _< k -< m) us ing  s t r a t e g y  R ~ (R') ,  
then 

e 

max o~,,~h~ max o~n,k. (1) 

It is asserted in [i, 2] that (i) holds with probability one. However, Stoyan [4] has shown that this is false. 

In this paper we prove that under certain conditions, inequality (i) is valid "in distribution," and also 

a) the class of strategies {R} is described in which R ~ minimizes, for every n _> i, the distribution of 
the random variable max r 

b) c h a r a c t e r i s t i c s  of  the s e r v i c e  s y s t e m  a r e  chosen  (such as  the v i r tua l  wai t ing t ime ,  mean  a r i t h m e t i c  
wai t ing  t ime of  the f i r s t  n r e q u e s t s ,  etc.)  whose  d i s t r ibu t ion  m i n i m i z e s  the s t r a t e g y  R ~ in the c l a s s  
of s t r a t e g i e s  {R}:  

~O 

In [5] Git tens s t a t es  ana logous  r e s u l t s  when {~'i}i=i and { s i } i -  l a r e  two independent  s equences  of  inde-  
pendent  iden t ica l ly  d i s t r ibu ted  r a n d o m  v a r i a b l e s .  However ,  the p roo f  of these  r e s u l t s  s e e m s  to me  to be in-  
a c c u r a t e  and incomple te .  

2. Defini t ions and S ta t emen t  of the Main Resu l t .  We in t roduce  the fol lowing def in i t ions :  E = { - ~ ,  + ~),  
E+ = [0, ~),  E k = E+ x E+ • . . . • E+ (k-fold d i r e c t  p roduc t ) ,  M = { t ,  2 ,  . . . .  m},  N = {1,  2, . . . .  n, . o ~}. 
If.~ (x l , .  o x m) then (~)+ (x +, + + = . ,  = . . . , X m ) ,  w h e r e  x i = max (0, xi);  i f  k~M, then ~ h = ( 0  . . . . .  0, l,  0,  . . . .  

0) ~ E~ .  A s s u m e  we a r e  given Bore l  funct ions  gn :  En(m+2)-I  - -  M fo r  n = 1, 2 . . . . .  
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Defini t ion 1. A s t r a t e g y  R is a co l lec t ion  of funct ions {gn}n=l. The n u m b e r  R n of the channel  r e s p o n s ib l e  
fo r  s e r v i c i n g  the n - t h  r e q u e s t  and the v e c t o r  ~n = (~n,l ,  . . . .  Wn, m) (where Wn,k is the t ime f r o m  a r r i v a l  fo r  
s e r v i c i n g  of  the n - th  r e q u e s t  to comple t ion  of s e r v i c i n g  of the f i r s t  n r e q u e s t s  in the k - th  channel)  a r e  defined 
induct ive ly :  

R~ = g~,(~-i . . . . .  ~)~, T .. . . . . .  ~,  s~_~ . . . .  , s,) (2) 

and 

~n = ( ~ n - 1 -  in) § + sn.~R~, (3) 

w h e r e  7 n = (Tn, ~n, �9 � 9  Tn). 

R e m a r k  1. The a s s e r t i o n s  s t a t ed  in this paper  a r e  c l e a r l y  a l so  t rue  for  s t r a t e g i e s  in which  r eques t s  may 
be s e r v i c e d  in an o r d e r  which  d i f fers  f r o m  the o r d e r  of a r r i v a l .  

Defini t ion 2. Le t  R (1) and R(2) be two s t r a t e g i e s .  We define an o r d e r  r e l a t ion  between t h e m  as fol lows:  
le t  n ~ N; then 

a) R (1) s n R(2) if fo r  e v e r y  x ~ E +  

P max o ) ( i ) - x }  P l m a x  o)l~)h<x}. (i~<k<m ~,k< ~ (4) (1-.<k<;m 

b) R 0) = n R(2) i f R  (1) <- n R(2) a n d R  (2) -< nR (1), 

c) R (1) - R (2) if fo r  all  n ~ N  R (~) ~ R  r (5) 

d) R 0) = R(2) if R (1) s R(2) and R (2) -< R 0). 

Defini t ion 3, We define a s e t  of s t r a t e g i e s  { K} as fol lows.  Fo r  any n u m b e r  n ~ N, s t r a t e g y  K ~ {K}, and 
�9 . .  , ~ E  n ( m J ' 2 ) - I  v e c t o r  (yl, Y n ( m + 2 ) - l )  + , the value  of the funct ion gn(Yl, �9 �9 �9  Yn(m+2)-l) is equal to the index of  s o m e  

min ima l  coo rd ina t e  of the v e c t o r  y~- (yl, . . . ,  ym) ~ E~. 

R e m a r k  2. The " f i r s t  i n - f i r s t  out H pr inc ip le  is used  fo r  al l  the s t r a t e g i e s  in the se t  {K~. 

The  def ini t ion of (K}  impl ies  the fol lowing re su l t .  Le t  K (1), K (2) ~ {K} be two s t r a t e g i e s  and n ~ N,  and 
let  r (~0(n2,)h) be the t ime f r o m  a r r i v a l  of the n - t h  s e r v i c e  r e q u e s t  to comple t ion  of  s e r v i c i n g  of  the f i r s t  n r e -  
ques t s '  by the k - t h  channe l  fo r  the s t r a t e g i e s  K (1) (K(2)). Le t  [1~) (Un (2)) be a pe rmu ta t i on  of the v e c t o r  ~ )  (~2)) 
so  that  the componen t s  a r e  nondec reas ing .  Then u~) = u~) a. s. and hence  K ( ) = K (2) in the sense  of Def ini t ion2.  

Defini t ion 4. In wha t  fol lows,  R ~ denotes  the fol lowing s t r a t e g y  in the c l a s s  {K}: le t  n ~ N  and i <- k -< m. 
Le t  the t ime at wh ich  s e r v i c i n g  of  the f i r s t  n - i r e q u e s t s  in channel  k is comple te  be tn_l,k(to, k = ~ok), tn-1 = 
m i n { t n _ l ,  1 . . . . .  tn_ l ,m} , r = m i n i / I  1 - l -< m, t n - l , / =  tn- l} .  Then g~ . . . ,  Ym, �9 � 9  Yn(m+2)-l} = r ,  i .e . ,  
we choose  the channel  havIng s m a l l e s t  index f r o m  a m o n g  those  channels  which  p r o c e s s e d  the p rev ious  r e q u e s t s  

f a s t e r  than the o the r s .  

R(~) (2) = Defini t ion 5. Le t  R (l) and R (2) be two s t r a t e g i e s .  We say  that  and R coincide  at  s tep  k ~ N (R(h ~) 
R(k ~)) if for  e v e r y  v e c t o r  y ~ E~ ~+~)-~ we have the equal i ty  g{~)~) = g ~ ) ~ ) .  We say  that  R0)  and R (2) co inc ide  

f r o m  s tep  k to s tep  l (k, l ~ N, k < l) and w r i t e  R~)z)= Rl~)z) if fo r  e v e r y  i ~ N, k -< i -< I we have R!  l) = R[  2). 
A s s u m e  we a r e  given t h r e e  s t r a t e g i e s  R 0 ) ,  R(2), t~(3). I f ' f o r  s o m e  k < l  < r (k, l, r ~ N) we have t~!~!, .~ = 

R(*)  . o ( 2 )  . o ( 8 ) .  (6)  (h,r) ----" "tl-(k,l--1) ~J *t(l , r)"  

R e m a r k  3. Equal i ty  (6) is def ined for  k < l _< r .  We wil l  a l so  use  Eq. (6) f o r m a l l y  when l = k o r  l = r + 1, 
in the f i r s t  c a s e  a s s u m i n g  that  ~t(h,h_l)D(2) "U R(h,r)3) = ll<h.r),n<3), and in the second  taking o(e)~t(h,r) ''U R(3)(r+l,r) ~ R('2)(h,r). 

R e m a r k  4. Le t  R(1), R (2), R (3), R (4) be a r b i t r a r y  s t r a t e g i e s  and k, n ~ N, t ~ k ~ n. If the r e l a t ions  o(4) l~(1,n) 

o(2) ,,o(a) ~nd R 0) -> n R(4) hold,  then we wil l  wr i t e :  R C~) ~ o(~) " R  (~) and ~(~) ~ R ~ ) ~ ) .  If the r e l a -  zt(1,k--1) U Zt(k ,n)  (1,n) ~ nZ((1,k--1) U (h,n) ~(( l ,n)  , 
t i o n s  R(~ ~) R~8), D(1)  lp(2) R ( i )  D ( 2 )  "~ = . . . .  ~t(1.h_l ) .tt(1,k_l) , (a+~,~) : ,,(a+~.~, hold,  then we wil l  use  the notat ion o(~)(~.u) ,q~,a-~)~ (~) U R(~) U 

oo ~o ?n 
THEOREM 1. A s s u m e  the se t s  of r a n d o m  va r i ab le s  { ~}n=~, {~}~=~, {0)0j}~=~ sa t i s fy  the fol lowing condi -  

tion. F o r  e v e r y  n ~ N ,  and any Bore l  s e t s  B~, B~, . . . ,  B ~ E + ,  we have 

P { S l ~ B 1  . . . . .  s n ~ B n l - ~ o ,  T t  . . . . . .  Tn} = P { 8 1 ~ C l  . . . . .  8 n ~ C n l ~ D ,  TI . . . . .  Tn} a.go, (7)  
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w h e r e  (Ci, �9 �9 �9  Cn) is an a r b i t r a r y  p e r m u t a t i o n  of (Bl, �9 �9 � 9  Bn). Then the s t r a t e g y  R ~ (cf. Def in i t ion  4) is  
m i n i m a l  among  s t r a t e g i e s  of the f o r m  (2) wi th  r e s p e c t  to the o r d e r  (5). 

3. P r o o f  of T h e o r e m  1. F ix  n ~ N .  

R e m a r k  4. Le t  ~ = ('~01, . . . . .  �9  ~0m,  r~, , r n) be a r a n d o m  vec to r  wi th  va lues  in E ~+'~+ , y = (g , , . . . ,  
u '+ '~  Then  i t fo l lows  f r o m  yn+ra) ~ ~ +  , 

P~ max o)n ~ < x~ = .I P {max ~ ~ < xlT~ = [t} dP [* <-~} 
~+m .~+ 

that if Theorem 1 is valid when ~01, �9 �9 ., ~0m, rl, �9 �9 �9 rn are arbitrary fixed numbers, then Theorem 1 is 

true in the general case. 

Remark 5. Let a = (a~,..., a.) ~ E~ be an arbitrary vector and Ii = { ~} the set of permutations ~(a) = 

(aT h, .... a~ n) of the set (a t ..... an). Let the random variable s t be such that PIsi~{a~}~-i}= i. Then con- 
dition (7) implies that 

P { ( S l , . - - , S n ) ~  U {(a~i,- . . ,  a a n ) } } = t  
~ n  (8) 

p { ( < , . . . ,  ~,~) = ( a ~ , , . . . ,  % ) 1  = P { ( ~ * , ' " ,  ~,,) = (~* , ' '  ", '~)} 

for  eve ry  p e r m u t a t i o n  a ~ II. 

R e m a r k  6. Le t  ~n = (Vn,1, �9 �9 �9 ~n,n) be a r a n d o m  v e c t o r  wi th  va lues  in  En+ which  is  a n o n d e c r e a s i n g  p e r -  
mu ta t i on  of the vec to r  (si . . . . .  s n) (the i n e q u a l i t i e s  ~?n,1 -< ~n,2 -< �9 �9 �9 -< ~n,n a r e  s a t i s f i e d  wi th  p r o b a b i l i t y  one). 
Le t  D~ = { z =  (z i , . . . ,  z , , )~  E~, z ,~.~z~<.. .~z~}.  Then we have the equa l i ty  

[l~h~m En_~mDn (l~k-..<m ' 

Consequen t ly ,  if  T h e o r e m  1 i s v a l i d  unde r  the cond i t ions :  1) ~01 . . . . .  , ~0m, TI, �9 �9 �9 r n a r e  a r b i t r a r i l y  f ixed 
n u m b e r s  and 2) we a r e  g iven  an  a r b i t r a r y  v e c t o r  a =  ( a , , . . . ,  a~) ~ E + and r a n d o m  v a r i a b l e s  s t . . . .  , s n such  
tha t  Eq. (8) ho lds ,  then T h e o r e m  1 is t r ue  in  g e n e r a l .  

We wi l l  p rove  T h e o r e m  1 in this  s p e c i a l  c a s e ,  a s s u m i n g  condi t ion  (8) to be s a t i s f i ed .  The proof  of (8) 
fol lows f r o m  L e m m a  2 wi th  k = 0. 

LEMMA 1. C o n s i d e r  an a r b i t r a r y  s t r a t e g y  R (2)and n u m b e r s  k, n ~ N, i ~< k ~ n .  The re  ex i s t s  a s t r a t e g y  
R(4) such  that  for  a l l  s t r a t e g i e s  R (1) and R {3) which  sa t i s fy  

~(1)  ]~(2) 0 D(3) �9 ])(2) 0 (4 )  (*,n) = *,(],~.) U R(k+l,n) and rq.*,n., = ll'(1,/t--1) U R~ U (9) l((h+l,n)~ 

we have the r e l a t i o n  

R(S) ~< .R (I). (10) 

P r o o f  of L e m m a  1. A s s u m e  that  st = ct ,  s2 = e2, . . . ,  Sk_t = Ck_ i ,  where  ( c l , . . . ,  c n) is  s o m e  p e r m u t a -  
t ion of the se t  ( a t , . . . ,  an); we prove  the I e m m a  for  f ixed va lues  of e l ,  . . . ,  ek_ > We denote  by ~o~,~'~, ~,~,~"(a) the 
wa i t i ng  t i m e s  u n d e r  the s t r a t e g i e s  R (1), R (a), r e s p e c t i v e l y .  

We c o n s t r u c t  R(4). Let  R(hl) = R~2)= r ~  M and  g] (-~(~)-,, ...,m(o ~;, "vh,..., "q, sh-1, . . . ,  Sl) = l ~  M. We se t  
R ~  ) = l and r e m a r k  that  if r = l then the s t a t e m e n t  in  L e m m a  1 is  obvious .  Let  r ~ l. By (9) 

R(,) 
~+1 = g~+~ (~(~", .  �9 -, ' 4 " ,  ~ + , , . . . ,  ~,, ~ , . . . ,  ~,) = i. 

We c o n s i d e r  the two c a s e s  

We put  Rk(4+)l 

~) ~o~*.21 - Tk + ~h+* t> 0; 

8) C~ - -  ~h + ~ + ~  < 0. 

= r and  in  ca se  a) f o r i = k + 2 ,  k + 3 , . . . , n w e p u t  

Ri4~ = ..~") = g~ ( ~ - , , .  � 9  r  ~ , .  . . ,  ~ ,  ~ - ~ , .  . . ,  ~ ) ,  (11) 

while  in  c a s e  fi) we se t :  
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I r, if B(~ i) = l~ 

R~ ~ ) = / l ,  if R~l )=  r, (12) 

We d e f i n e  R (4) a r b i t r a r i l y  f r o m  s t e p  1 to s t e p  ( k -  1) a n d  f r o m  s t e p  (n + 1) on  in  a c c o r d a n c e  w i t h  (2). I t  i s  c l e a r  
t h a t  R @) ha s  the  f o r m  (2). 

We v e r i f y  t ha t  (10) ho lds  fo r  R (3). In  a c c o r d a n c e  w i t h  R e m a r k  5, fo r  a n y  two p e r m u t a t i o n s  (c~, Ck+l, . . . .  

Cn) ano  tCk, Ck+l, . . . .  c~) of  the  s e t  (Ck, Ck+l,  . . . ,  Cn), the e v e n t s  { s  k = Ck, . . . ,  s n = % }  a n d  {s  k = C k , . . . ,  
s n = c~}  h a v e  the  s a m e  p r o b a b i l i t y .  I t  t h e r e f o r e  s u f f i c e s  to p r o v e  r e l a t i o n  (10) by c h e c k i n g  the fo l l owing  a s s e r -  
t i o n .  

L e t  ~ = {(c~, . . . .  %)}  be the  s e t  o f  p e r m u t a t i o n s  of the  s e t  (Ck . . . . .  Cn)- In  bo th  c a s e s  ~) a n d  fi) t h e r e  
e x i s t s  a o n e - t o - o n e  c o r r e s p o n d e n c e  (p: a - +  a ((p (ch, . . ,  c:) = ((Ph ( c a , . . ,  ' �9 ~ . . . .  �9 . ' . c ~ ) , . . ,  (c~, c ' ) )  s u c h  tha t  the  v a l u e  
max (o,,~ f o r R (  I) o n t h e s e t { s  k = e ~ , , . . , s n = c ~ } i s  no t  l e s s  t h a n  t h e  v a l u e  of  max co(n~ fo rR (~ )  on the  s e t  

i<~..<ra l g j 4 m  

( '  ') ( ' ')1 ( '  ') { s h = ~ a  ca,...,.c,~ ~...~ s,~ = ~  c~ , . . . , c~  f o r  e v e r y  s e t  c a , . . . , c ,  ~ .  

C a s e  c~). We t ake  ~ to be the  m a p  

%(c~, c~+l . . . . .  c.) = c~+i, :cp~+l(c~, c~+i . . . . .  , c . )-= c~, 

and for i ~ N, k + 2 ~< ~ ~< n, q~(c~, c~+i, . . . ,  c.) = c~. 

W e  p r o v e  t h a t  for  e v e r y  i ,  k + 1 _< i -< n 

a) - (z) o)mr c ~ca) to (.a) (c, , . .  ca-a, ca+z, c~,. ca+s, �9 ci); tOi , r  ~ i , r  k i ~ "  �9 " )  Ck-- l~ CaZ C h T l ,  ' �9 "~ C{) ~ fl}i,r -~- z,r , )  �9 ") 

b) c4P > ~(2; 
c) f o r  a l l  ] ~ M  s u c h  t h a t j  ~ r ,  j ~ l ,  we  have  the  e q u a l i t y  -(z) =(~) t o i j  = w i ,  ~, 

A s s e r t i o n  c) i s  o b v i o u s  s i n c e  the  v a l u e s  of R} 1) on  the  s e t  { s  1 = e l ,  . . . .  Sk_ 1 = Ok_ i ,  s k : c k,  . . . .  s n = 
% }  and  R !  3) on  { s l  = e l ,  . . . .  Sk-~ = Ck-1, Sk = Ck+i, Sk+l = Ck, �9 �9 � 9  Sn = Cn} c o i n c i d e  i f  they  a r e  no t  equa l  to r 
o r  l. We  p r o v e  a) a n d  b). 

. (i) ~(a) . (z) ..~(~) F i r s t  of  a l l ,  ,~- l ,~  = %-z , r  a n d  = UJh-- l , l  tUk--l,e, 

F u r t h e r ,  

( i )  .. (1 )  (o~,r  ~ -  u'~-i,r ~ T~ -~ Ch; "- (I) . (i) Wk+l,r = Wk-l,r -- T~ -- ~%1 A- Ch; 

~(a ~(8) ~O) =(8) 

(o(')~,, = ,wh-z,,r" <~, - ~ 0 + ;  wh+~,,-"> : ( ( 4 % , -  ~ 0  §  ~h+,)  § ~, ch+~; 

=~> ( ( ~ , , ~  ~a) + + ~ + z  ~(~>h,, -- (~s ~h) + + c~+z; ~ + z , ,  = - - ~a§  

T h u s ,  i n e q u a I i t i e s  a) a n d  b) a r e  s a t i s f i e d  fo r  i = k + 1, By (11), t h e s e  i n e q u a l i t i e s  r e m a i n  v a l i d  fo r  i > k + 1, 
(3) s i n c e  the  v a l u e s  of  R !  1) on  the  s e t  { s  1 = e l ,  . . . ,  Sk_ 1 : Ck_l,  s k = c k . . . .  . s n = On} and  R..~ on  the  s e t  { s  1 = 

e l ,  �9 . � 9  Sk-1 = Ck-1, Sk = Ck+i, Sk+i = Ck, � 9  Sn = Cn} c o i n c i d e  fo r  i -> k + 2. In  p a r t i c u l a r ,  a) ,  b) ,  a n d  c) 

i m p l y  t h a t  max r > i  max ~ ( ~ .  
l~j~<m l ~ j ~ m  

C a s e  ~). We  t ake  r to be  the  i d e n t i t y  map :  ~(Ck, �9 �9 �9  % )  = (ek, �9 �9 � 9  Ca) a n d  p r o v e  tha t  f o r  e v e r y  i ,  k + 

(a _ (o(3) (q , .  c~), " (z)-~.  <a a n d  fo r  a l l  ]~M 1 ~< i ~< n, the  f o l l o w i n g  i n e q u a l i t i e s  hold: ~)  (~) (q, cO ~ (ol,z : -  ~,~ , (l)i,r = coi,r �9 �9 . ,  �9 �9 ~ i , e  ~ u)i ,r  ) 

s u c h  t h a t  j ~ r ,  j ;~ / w e  h a v e  coW,j)= (3) (o~,~. U s i n g  a r g u m e n t s  s i m i l a r  to the  ones  in  c a s e  a ) ,  we  ge t  t ha t  i t  s u f -  

f i c e s  to s h o w  the  f o l l o w i n g ;  

a) "-'(~) ~ (a) .<i) ~ co(s) w h + l , r / t "  (0h+l , / ,  b) ~ h + l , l  ~ k+l , r "  

�9 (z) 3 (~) : co(~x,l. Moreover, In addition, ,~h-z,~ = (oh-~,~ and (oh-z,z 

( o ( z ) _  J' (z) . 0 )  _ ~t ( , )  
h,~ - t ( o a - ~ , . -  ~a) + + ~a; . ,~+1~ - t t ~ - ,  ~ - ~ ) +  + ~a - -  ~ + z ) + ;  

~(3) [. (3) ~ , ,+.. .(3) //co(s) %)+ - -  "%+0++ c~+~ = c~+~; 
h,r  ~ k w h - - 1  r - -  ~ h ]  ) wk+Z,v ~ \ \  k--Z,r - - '  

(o(Z)k,l "~- ((D(kl)--Zl - ,  T h ) + ;  Uak+l,l"(Z) = ((co(kl) l , l  i T/c) §  T~q_l) § -~  Ch+ 1 -~- Ck+I;  

(I) (3) ((O(k~_)Z,/- Tk)  + -~  Ok; (O(3) (((o(k3),,/ T k ) +  _~ Ch - -  T h §  h,l  : h+Z,/ : - -  
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We o b t a i n  the  r e q u i r e d  r e s u l t  u s i n g  the i n e q u a l i t y  O (1) ~ (-0(3) ~ - ~ , ~  ~-L~. In  p a r t i c u l a r ,  the  p r e v i o u s  a r g u m e n t s  i m p l y  

t h a t  

o0 )  >/  . (a) max n,3 / /  max t~n.j. 
1..<j..<m l~<j~<,m 

L e m m a  1 i s  p r o v e d .  

L E M M A  2. L e t  n ~ N .  T h e n  fo r  e v e r y  s t r a t e g y  R(  2} a n d  i n t e g e r  k (0 -< k -< n) we  h a v e  the  r e l a t i o n  

1,n ~ n  zt(1,h) U (h+l ,n)  

P r o o f  of L e m m a  2. F o r  k = n a n d  k = n - 1 the  a s s e r t i o n  is  o b v i o u s .  A s s u m e  L e m m a  2 has  b e e n  p r o v e d  
for  a l l  k g r e a t e r  t h a n  o r  e q u a l  to k 0 (1 <_ k 0 _< n -  1). We p r o v e  i t  f o r  k = k 0 -  1. 

~(~) -._ R<~) ~ R ~ By the  i n d u c t i o n  a s s u m p t i o n ,  ~,(1,~)/t- ~ ('.~0~ U (%+1,n). We  d e f i n e  a s t r a t e g y  R (1) s o  t h a t  the  e q u a l i t y  

R (') -(~) R o (13) (1,~'~ = /l(1,h0) U (hD+l,n) 

h o l d s .  C o n s e q u e n t l y ,  R (~) >/  R a) ( , , ~ ) ~  (~,.). By L e m m a  1 t h e r e  e x i s t  s t r a t e g i e s  R 0) a n d  R(4) s u c h  tha t  

R(~) (~) ~(4) (14) (,,~) = BO %-~ ) U B~o U ~,(%+~.~) 

a n d  

(1,7 0 ~t(1,n), 

I t  f o l l ows  f r o m  (14) t ha t  R}~),ko) = " ~ )  " �9 ~(1,%-,) u R~ o. By induction hypothesis, strategy R O) also satisfies the relation 

( L ~ ) ~ " O , % )  U (%+1,n). ( 1 6 )  

o Hence ,  By d e f i n i t i o n ,  we  have  R~%,~)= B~o @ B(%+l,n). 

/~(8) Re (~) (o) (~) Re (1,h0) U (h0+l,n) = R(1,h0-1 ) U BO O U R(ko+l,n ) = R(1,ko-1 ) m (he,n) �9 (17) 

I t  f o l l ows  f r o m  (16) a n d  (17) t h a t  

fl(3) ~ n  ~(2) ', Ro (1,~0 n(1,%- L U (%,~). 

U s i n g  (13), (15), (18), a n d  the  t r a n s i t i v i t y  of  the  r e l a t i o n  (->n), we  o b t a i n  

(18) 

R(2) --.. o(:)  Ro 
(1,n) # n  ~(1,k0-]) U (%.n). 

S i n c e  n ~ N is  f i n i t e ,  the  a s s e r t i o n  in  L e m m a  2 is  p r o v e d .  

4. G e n e r a l i z a t i o n s  of  T h e o r e m  1. T h e o r e m  1 a s s e r t s  t h a t  the  s t r a t e g y  R ~ m i n i m i z e s  the  d i s t r i b u t i o n  of  

the  r a n d o m  v a r i a b l e  max 0),,.j. We now d e s c r i b e  f a i r l y  c o m p l e t e l y  a s e t  of  c h a r a c t e r i s t i c s  of a s e r v i c e  s y s t e m  
l-.<j~<m 

w h o s e  d i s t r i b u t i o n  m i n i m i z e s  R ~ 

L e t  n ~ N.  We d e f i n e  the  f o l l o w i n g  c l a s s e s  of f u n c t i o n s :  F(~)= { / l ]  : E ~ - +  E; / B o r e l } ;  F~'r { / ! / :  E~-+  E; / 
B o r e l ,  a n d f o r  a n y  p e r m u t a t i o n  (cl,  . . . .  c n) of  ( a , , . . . ,  as) ~ E~ we have  /(al . . . . .  a~) = / ( c i  . . . .  , c~)}; F ~  ) = {f I /  
F~n); i f  bl~a~; b 2 ~ % ; . .  .; b , ~ a , ~ ,  t h e n / ( b , ,  . . . ,  b,~)<~](al, . .., a,)}; F ( n ) =  { I l l  ." E+ a~-.+E; t h e r e  e x i s t / ~ -  F(, ''),'/~ ~. 
F~")~ , / 8 ~  F TM~ s u c h  tha t  fo r  e v e r y  v e c t o r  ( x l , . . . ,  x~, y~, . . . ,  g,,, z~,. . . ,  z,) ~ E~  ~ the  e q u a l i t y  f(x i ,  . . �9 , Xn, Yi, . . . .  

Yn, z i ,  �9 �9 �9 , Zn) = f l (x l ,  . . . .  Xn) + f2 (yi,  . . . .  Yn) + f3(zi,  �9 �9 �9 , Zn)} h o l d s .  

Now a s s u m e  t h a t  a s e t  G of m e a s u r a b l e  f u n c t i o n s  i s  s u c h  tha t  G = {g I g : ~ X E~ • E~ • E~--~ E; t h e r e  e x i s t s  
a d e c o m p o s i t i o n  of  the  s p a c e  of e l e m e n t a r y  o u t c o m e s  2 i n t o  d i s j o i n t  s e t s  A n b e l o n g i n g  to the  a - a l g e b r a  g e n e r -  
a t e d  by the  r a n d o m  v a r i a b l e s  T1, 7 2 , . . . ,  Tn, r n + i ,  and  fo r  a l l  n ~ N  t h e r e  e x i s t s  a n  f~) ~ F ~') s u c h  tha t  f o r  
a l m o s t  a l l  o ~ A ,  the  e q u a l i t y  g ( ~ ;  x i ,  . . . .  Xn, �9 �9 �9 ; Yl,  . . . .  Yn, �9 �9 * ; z l ,  . . . .  z n ,  - �9 - ) = fn(xi  . . . .  , Xn,  
Yl,  �9 �9 . ,  Yn, z l ,  . � 9  Zn)} h o l d s .  

Le t  '.(]) ~f2) be  the  t i m e  i n t e r v a l s  f r o m  t i m e  z e r o  to c o m p l e t i o n  of  s e r v i c i n g  the  k - t h  r e q u e s t  for  s t r a t e -  Jl~, s JK 
g i e s  R(1), R{2), r e s p e c t i v e l y .  

D e f i n i t i o n  6. A s s u m e  w e a r e  g i v e n  two s t r a t e g i e s  R 0) a n d  R {2). T h e n  

R(~) t> 2R<2)' (19) 

i f  f o r  e v e r y  f u n c t i o n  g ~ G an d  e v e r y  n u m b e r  x ~ E we h a v e  the  e q u a l i t y  
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�9 , . i ' , . ,  J~:>, �9 . )  < x} ~< p { g  6 , ;  ~ , . .  P[g(~o;~i ,~ �9 ~= , . . . ; s i ,  . . , s ~ , . . . ;  . .  . 

..., . . ~(~), . , ~ : ) , .  ) < ~ }  Tn~ ' ' ;  $1," "~ Sn~ ' ' ' ;  "" 

T H E O R E M  2. A s s u m e  the h y p o t h e s e s  of  T h e o r e m  1 hold.  Then  the s t r a t e g y  R ~ is  m i n i m a l  a m o n g  s t r a t e -  
g i e s  of the  f o r m  (2) wi th  r e s p e c t  to the o r d e r  (19). 

R e m a r k  7. The p r o o f  of T h e o r e m  2 is  a r e p e t i t i o n  of  the p r o o f  of T h e o r e m  1. The only change  is that  
Eq.  (7) is  r e p l a c e d  by an e q u i v a l e n t  equa l i t y  P{sl a B1 . . . . .  s,  ~ B,,Ic0o, ~, . . . . .  xk+l} = P{sl ~ C1, . . . ,  sk ~ C~]o~o, vl . . . .  , 
Tk+l} a.  s . ,  wh ich  is  ob t a ined  f r o m  (7) fo r  k = n - 1 and B n = Cn = E+. 

I 
COROLLARY 1. L e t  5k, 6~ be the  wa i t i ng  t i m e s  fo r  the k - t h  r e q u e s t  f r o m  the t ime  of  a r r i v a l  to the 

s t a r t  of s e r v i c i n g  for  s t r a t e g i e s  R ' ,  R ~ r e s p e c t i v e l y ,  and l e t  a~ ,  a~  be the w a i t i n g  t i m e s  fo r  the k - t h  r e q u e s t  
f r o m  the m o m e n t  of a r r i v a l  to c o m p l e t i o n  of s e r v i c i n g .  Le t  w ' ( t ) ,  w~ (t > 0) be the t i m e s  f r o m  t ime  t to c o m -  
p le t ion  of s e r v i c i n g  of r e q u e s t s  wh ich  a r r i v e d  p r i o r  to t ime  t for  s t r a t e g i e s  R ' ,  R ~ r e s p e c t i v e l y .  Then the 

fo l lowing  t h r e e  i n e q u a l i t i e s  hold:  

1) fo r  e v e r y  n ~ N  and x ~ E  

2) fo r  e v e r y  n ~ N  and x ~ E  

} P 6 k < x  ~<P ~ t~<x  ; 
h : l  

3) for  e v e r y t > 0 a n d  x ~ E  

P{w'( t )  < x} <~ P{w~ < x}. 

Proof, We prove the first assertion. Since T 6~ = lh-- -~- ~h ---/ sk, it suffices to define 
tr  k=1 / ~ : I  ~=j 

the  func t ions  fl (3~1," " ' '  Xn)  - -  

n 
t 

' ~  Xk;  /2 ( Y l , "  " " '  ~n) -- -- 

h=) 
,~ Y~; f3 ( z i , ' '  ", zn) = -~- zl~, g - f = fl + f2 + f3. 

h=i k - - i  

We prove 2). Since the equality 

T ah = T J'~ - T -  ~h 
h ~ l  h = l  h = l  

h o l d s ,  i t  s u f f i c e s  to de f ine  the func t ions  f l ,  f2, f3, g by 

s t 
]1 (xl . . . .  , x , )  = - @ x~; I ,  ( a , . . . ,  yn) -=  0; f3 ( z , . . . ,  ,.~) = T ~ z~; 

h=~ h = l  

g ~ h  +I2 +/3. 

We p r o v e  3). Le t  the even t  A n c o n s i s t  in the t r u t h  of the  i n e q u a l i t i e s  

Th < t aIldh~==jTh > t" 
k = l  

J Then  the e q u a l i t y  W ' ( t ) = ( m a x l t - - t )  + ho lds  on the s e t  An.  We take  the func t ion  ]" ~ F  r to be the s u m  f(n) = 
\ I ~ j - . < n  / 

fl + f2 + f3' w h e r e  fl(Xl . . . .  Xn) - 0 ,  f2ff l  . . . . .  Yn) =- 0, fa(zl ,  . . . .  Zn) = ( max z j - -  t) + .  We now def ine  the 
' \l~<j-.~m 

func t ion  g on An  by g = f(n). 

C o r o l l a r y  1 is  p roved .  

We s t a t e  a n o t h e r  g e n e r a l i z a t i o n  of T h e o r e m  1. 

T H E O R E M  3. L e t  the func t ions  gk  a p p e a r i n g  in  de f in i t i on  (2) be r a n d o m .  Then i f  for  e v e r y  n ~ N  the s e t s  
{g l ,  . . . .  gn} and {s  n, Sn+~ . . . .  } of r a n d o m  v a r i a b l e s  a r e  m u t u a l l y  i nde pe nde n t ,  T h e o r e m s  1 and 2 a r e  t r ue  

u n d e r  the s a m e  a s s u m p t i o n s .  
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1, 
2. 

3. 
4. 

5. 

The proof  of T h e o r e m  3 r educes  in a na tura l  way to the proof  of T h e o r e m  1. 

In conclusion the author thanks B. A. Rogozin for  his g r e a t  i n t e r e s t  in this work.  
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F I N I T E  G R O U P S  W I T H  A N O R M A L I Z E R  C O N D I T I O N  

L .  I .  S h i d o v  UDC 519.44 

Let  G be a finite group. A subgroup H of G will be cal led normal ly  independent in G if for  any nonunit 
no rma l  subgroup F of H we have the inclusion NG(F) _< NG(H). If the validi ty of this inclusion does not r equ i re  
the normal i ty  of F in H, the subgroup H is cal led s imply  independent in G. The s t r u c t u r e  of a finite group de-  
pends essen t ia l ly  on the degree  of its sa tura t ion  with normal ly  independent subgroups .  

It  can be requ i red  that n o r m a l i z e r  conditions should be sa t i s f ied  by one or  another  s y s t e m  of subgroups 
with given p roper t i e s .  

If all the subgroups of the group G that have some property cr are normally independent in G, we shall 
call G a cr-normalizable group. A group which is normalizable by all its subgroups will be called a universally 
normalizable group. 

The aim of the present note is the study of the structure of finite ~-normalizable groups. Here, by the 
property ~ we shall understand, apart from universality, nilpotence and, in particular, the primary nature 
of subgroups. 

We shall state some properties which follow easily from the definitions. 

Property I. Any a-subgroup of a ~-normalizable group G containing a nonunit subgroup that is normal in 
G is itself normal in G. 

Property 2. A finite universally normalizable group G is nilpotent if its Frattini group ~(G) does not re- 
duce to a unit group. 

P r o p e r t y  3 .  Any or-subgroup of a ~ -no rma l i zab l e  group is i t se l f  ~ -no rma l i zab le .  

Proof. Let G be a group satisfying this condition, and K a certain ~-subgroup of G. Furthermore, let H 
be a subgroup of K, and F a normal nonunit subgroup of H. According to our assumption, NG(F) -< NG(H). Since 
NK(F) -< N G (F), we have N~(F) ~ K n N~(F) ~ K N N~(II) =A%(H), from which it follows that K is universally nor- 
realizable. 

It  follows f r o m  P r o p e r t y  3 that in pa r t i cu la r  the in te r sec t ion  of two ~-subgroups  of a ~ -no rma l i zab l e  
group is i t se l f  a ~ -no rm a l i zab l e  group. 

P r o p e r t y  4. The fac to r  group of a u n i v e r s a l l y n o r m a l i z a b l e  group by any normal  subgroup is u n i v e r s a l l y n o r -  
mal izable .  

Proof. Let G be a universally normalizable group, and A a normal subgroup of G. Consider the factor 
group G = G/A. Let~I be a subgroup of G, and F a normal subgroup of TI. If H and F are the complete inverse 
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