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i. Introduction. In [i] (cf. also [2-4]) a class of m-channel queueing systems was considered which is 
oo oc 

defined by two sequences of nonnegative random variables {Ti}i= I and {si}i= 1 [where T I is the moment of a r -  
r ival  of the f i rs t  call; T i (i -> 2) the time between a r r iva l  of the ( i -  1)-th and i- th calls; s i (i -> I) is the time 

required to service the i - th call], by the vector W 0 = (Wo,l; Wo,2; . . . w0, m) (Wo, j the nonnegative instant after 
which the j - th channel can s ta r t  to service calls with indices 1, 2, . . .  ), and a class of service strategies.  
A strategy R was taken to be a sequence R = {Ri}i~=1 of random variables ,  where R i is the number of the chan- 
nel at which the i - th call queues up for servicing, calls being serviced in every channel in their order of a r -  

r ival .  

I t  was  a s s u m e d  tha t  

1) the  d i s t r i b u t i o n s  s~, s2, . . . ,  Sn, �9 �9 . a r e  c o n d i t i o n a l l y  c o m m u t a t i v e ,  i . e . ,  i f  n ~ N. {B,, B2 . . . .  , B,J 
a r e  a r b i t r a r y  B o r e l  s e t s ,  and  {C1, C2, �9 �9 . ,  Cn} i s  any  p e r m u t a t i o n  of the B ' s ,  then P{sl ~ CI; . . . ;  s ~  Cn/~o; 

2) for  i -> 1 R i does  not  d e p e n d  on the s e t  of  r a n d o m  v a r i a b l e s  { s i ;  s i+ l ;  . . . ; Sn; . . . }. 

U n d e r  t h e s e  c o n d i t i o n s ,  i t  was  shown tha t  

3) the  F C F S  ( f i r s t  c o m e s  f i r s t  s e r v e )  s t r a t e g y  m i n i m i z e s  the d i s t r i b u t i o n  max w,,~, fo r  e v e r y  n ~ N ( i .e . ,  
1 ~h-< .  n~ 

P~ max w. ~ < x ~  is  m a x i m a l  for  e v e r y  x) ,  w h e r e  Wn, k (1 _< k -< m) i s  the  t i m e  f r o m  a r r i v a l  of the  n - t h  ca l l  
L l  ~<h~<m ' 

for  s e r v i c i n g  to the  t i m e  when s e r v i c i n g  of the f i r s t  n c a l l s  i s  c o m p l e t e  in the  k - t h  channe l ;  

4) a c l a s s  of f u n c t i o n a l s  w h o s e  d i s t r i b u t i o n s  a r e  m i n i m i z e d  by F C F S  was  d e s c r i b e d .  

H o w e v e r ,  we r e m a r k  tha t  when t ak ing  s u c h  an a p p r o a c h  to d e t e r m i n i n g  s t r a t e g i e s ,  c e r t a I n  s t r a t e g i e s  
(which in p a r t i c u l a r  a r e  u s e d  in p r a c t i c e )  a r e  not  c o n t a i n e d  in  the  c l a s s  as  de f ined  above .  F o r  e x a m p l e ,  fo r  
the  F C F S  s t r a t e g y  when two c a l l s  a r r i v e  a t  the s a m e  c h a n n e l ,  the c a l l  wh ich  a r r i v e d  f i r s t  m a y  be s e r v i c e d  
a f t e r  the  o t h e r  c a l l ;  th is  i s  not  p o s s i b l e  fo r  the  c l a s s  of s t r a t e g i e s  i n t r o d u c e d  in [1]. 

In th is  no t e ,  we ob t a in  r e s u l t s  a n a l o g o u s  to 3)-4)  fo r  a n o t h e r  c l a s s  of  s t r a t e g i e s :  t h e s e  s t r a t e g i e s  d e t e r -  
mine  the  o r d e r  in w h i c h  c a l l s  a r e  s e r v i c e d ,  and  in any g iven  c ha nne l  th i s  o r d e r  can  d i f f e r  f r o m  the o r d e r  in 

w h i c h  the c a l l s  a r r i v e .  

2. De f in i t i ons  and  S t a t e m e n t  of R e s u l t s .  In o r d e r  to keep  the e x p o s i t i o n  s i m p l e ,  in wha t  fo l lows  we w i l l  

u s e  cond i t i ons  w h i c h  a r e  s t r o n g e r  than 1): 

5) { s i } i= l  a r e  j o in t l y  i n d e p e n d e n t  and  i d e n t i c a l l y  d i s t r i b u t e d ;  

6) {si}i= 1 does not depend on w0 or {ri}i= ~. 

Let <~2, F, P)  be a probability space on which all the random variables considered are defined and mea- 
surable with respect  to the a-a lgebra  F with probability measure P; we write N = {1, 2 . . . .  , n, . . .} and for 

J 
] = I, 2, . . .  xj = ~_~ T~ is the time of a r r iva l  of the j - th call.  The calls are numbered in order  of arr ival .  

i - - i  

Let { u i}i~l be a random permutation of the set  { 1, 2, . . . ,  n, . . . }, i .e. ,  { v i}i~=1 is a sequence of ran-  
dom variables such that for all i, j ~ N, i ~ j 

P { v a = j  = - P  { v i =  k =P{v~=/=vj}---- l .  (1) 
1 ,k 1 
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A strategy R is a sequence 

= {"&:,. (2) 

The c l a s s  of al l  s t r a t e g i e s  is denoted by T. 

A queueing s y s t e m  in which  for  j ~ N the j - t h  ca l l  is s e r v i c e d  for  a t ime sj  is ca l led  a s y s t e m  of ~,pe 1 
and denoted by <{si} ,  1 }. 

A s t r a t e g y  B ~ T in s y s t e m s  of type 1 defines the o r d e r  of a r r i v a l  of ca l l s  fo r  s e r v i c i n g  in the fol lowing 
way:  

F o r  1 :--_/ l_< m l e t u 0 ,  I = w 0 , / a n d  q =  rain uo~ be the t ime a f te r  which  ca l ls  with n u m b e r s  1, 2 , . .  o, 
] ~ l K m .  

n , . . .  can  be s e r v i c e d  in the s y s t e m .  The f i r s t  (j-th) ca l l  to be s e r v e d  is the one for  which  vj = 1. This ca l l  
begins to be s e r v i c e d  a t  t ime a~ = max{t~; x j}  in the channel  with n u m b e r  l~ = r a i n { l : 1  -< l -< m; u0, ! -< a 1 } 
(i.e.,  the channe l  having min ima l  n u m b e r  among  the f r e e  channe l s ) ,  and s e r v i c i n g  cont inues  for  a t ime  s j .  

F o r  ]~ -N ,  on the s e t  {vj = 1} we put Ui,l = u0,l fo r  l ~ i~, 1 _< l _< m and u~,l~ = ~ + sj .  

A s s u m e  that  fo r  k ~ N the r a n d o m  v a r i a b l e s  c~ k have been def ined,  whe re  a k is the t ime  when the k - t h  
ca l l  to be s e r v i c e d  s t a r t s  to be s e r v i c e d ,  and let  Uk, / be the t ime when s e r v i c i n g  in the l - th  channel  of al l  ca l l s  
j such  that  v~ ~ k, t~+~ ~ rain u~:,~ is comple t e .  

On the s e t  {vj = k + 1} for  ] ~ N ,  unti l  t ime  C~k+ 1 = m a x { a k ;  tk+i; xj} ca l l s  with n u m b e r s  r such  that  
Vr -> k + 1 a r e  not  s e r v i c e d ,  and at t ime  ak+J,  s e r v i c i n g  of  the j - t h  ca l l  c o m m e n c e s  in the channe l  wi th  n u m b e r  
/k+~ = m i n { l : !  _< l _< m; Uk, l _< ak+1} and cont inues  for  a t ime  s j .  

F o r  ] ~  N and on the s e t  {vj  = k + 1}, we put Uk+1, l = Uk, 1 for  I ; /k+i~ 1 _< l _< m and Uk+l,lk+l = C~k+ l + s j .  

The o r d e r  of a r r i v a l  of ca l l s  fo r  s e r v i c i n g  in a s y s t e m  of type 1 is t he reby  d e s c r i b e d .  

F o r  A ~ F ,  le t  I { A }  be the c h a r a c t e r i s t i c  funct ion of the s e t A ,  and fo r  ]~N let yj = ~ a~l{vj =k}=a,j 

be the t ime a t  which  s e r v i c i n g  of  the j - t h  ca l l  c o m m e n c e s ,  zj  + yj + sj the t ime when s e r v i c i n g  of  the j - t h  ca l l  
is comple t e .  We r e m a r k  that  fo r  i, ] ~ N and on the s e t  { vj < v!} ,  we have the inequal i ty  yj _< Yi" 

C o n s i d e r  the c l a s s  I'~ = T~({s,}) = T of s t r a t e g i e s  defined as  fo l lows :  R = {v~}~Y-=i ~ T~ if fo r  e v e r y  l >_ 1 
and e v e r y  se t  of n u m b e r s  {]~ . . . . .  ]~}, ], ~ N with 1 _< k ~ l we have the equal i ty  

P {v~ = 1 ; . . . ' ,  ~;~ . . . . .  ~/~0; {~&%~; {.~&%;} P [~;~ ~; ", ~'h = ~/~0; {~&%i; ~,s~m=~;,-~ ~-~. (3) 

(i.e., queueing does not depend on the servicing time of calls which have not yet arrived). 

We remark that the FCFS R (~ = Iv~~ and LCFS R* -~ , oo {v~}i=~ strategies belong to the class T I and are 
defined as follows: for /, k~N , G (0) =j a.s. and 

3 

{~; = 1} = {xj ~.~ ti; xi+i > ti}; 

w h e r e  r(t) = m a x { j  :xj  <- t} for  t ~ 0.- 

C o n s i d e r  a s y s t e m  of type 1 and let  n ~ N, t ~ k < rn, R ~ T, w,, ~ = w~. k(R) be the t ime  f r o m  a r r i v a l  of the 
n - t h  ca l l  f o r  s e r v i c i n g  unti l  comple t ion  of  s e r v i c i n g  of  the f i r s t  n ca l l s  in the k - t h  channe l  us ing s t r a t e g y  R; 
w(0) = Wn,k(R(0)), 

n ,k 
T H E O R E M  1. In a type I s y s t e m ,  we have for  al l  R ~ T1, a ~ 0, 

n ~ N  P / m a x  ~,.a'(~ max w,.h<a}. 

3. A u x i l i a r y  R e s u l t s .  We c o n s i d e r  a s o m e w h a t  d i f f e ren t  queueing  s y s t e m  <{si} , 2 > of  type 2. When B ~ T,  
we have fo r  e v e r y  ], k E N  and on the s e t  {vj  = k} that  the j - t h  ca l l  is s e r v i c e d  for  a t ime  Sk, and not  s~ as  in 
s y s t e m s  of  type  t (in o the r  w o r d s ,  in type  1 s y s t e m s  the j - t h  ca l l  to  a r r i v e  is s e r v i c e d  f o r t i m e s j ,  while in type  
2 s y s t e m s  it  is the k - t h  ca l l  to be s e r v i c e d  (counting in o rde r )  and the t ime of s e r v i c i n g  is Sk). The p r o c e d u r e  
by which  ca l l s  a r r i v e  for  s e r v i c i n g  in type 2 s y s t e m s  is the s a m e  as f o r  type 1 s y s t e m s ,  excep t  fo r  the fol lowing 
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change :  let  ], k ~ N ; on the s e t  { ~j = k} (the j - t h  ca l l  to a r r i v e  is the k - th  cal l  to be se rv iced)  we have the 
equal i ty  Uk,/k = a k  + sj  in type 1 s y s t e m s ,  while for  type 2 s y s t e m s  we have Uk,lk = a k  + Sk. Reta in ing  for  type 

2 s y s t e m s  the notat ion used  fo r  type 1 s y s t e m s ,  we have for  R E T 

~ d { v j  1~}= ' 
h : l  

* d  {vj a-} + .v~ § gd = - '~ = = (Zv.~ SvJ" 

We define a c l a s s  of s t r a t e g i e s  T2 = T2({&}) c T 
n u m b e r s  { J l , . . . , j l } w i t h  ]~N for  l _ < k _ <  l, we have the equal i ty  

p {% = 1 . . . . .  ~j, = z / G ;  {~}7=~; {~}7_~} = P {~j~ = i . . . . .  ~j, = z / G ;  {~}7~,; {.~dL -1} ~.~. 

(i.e., the sequence  in which  ca l l s  a r e  s e r v i c e d  does not  depend on the t ime for  s e r v i c i n g  of cal ls  which have 
not  ye t  a r r i v e d ) .  

F o r  R = {vi}7=1 ~ T , le t  R-*={~ti}~-, ~ T be the s t r a t e g y  such  that  for  all  
on the s e t  {vj = k}. F o r  k ~ N  we put 

as fo l lows:  R ~ T= if fo r  eve ry  l >_ 1 and all  l - tuples  of 

(5) 

], 1,: e N the equal i ty  #k  = J holds 

4 = *;. (R) = Z z {vj = k} .,j = % ;  

oo 
tr v 

s,. = ,~, ( n ) - -  7~ ~{,,, = ] } s :  = % .  
j = l  

R e m a r k  1. In what  fo l lows,  all  the proofs  can be given (without loss  of  genera l i ty )  under  the a s s u m p t i o n  
that  w0,1, �9 �9 �9  W0,m, {r i} i=l  a r e  a r b i t r a r y  fixed n u m b e r s .  

LEMMA 1. 1) Le t  R ~ l'~({s3). Then the {Sk}k= 1 a r e  joint ly independent  and have the s a m e  d i s t r ibu t ion  as 

St ,  

2) Le t  R ~ T2({s,}). Then the {Sk}k= 1 a r e  joint ly  independent  and have the s a m e  d i s t r ibu t ion  as sl .  

P r o o f .  We prove  1), a s s e r t i o n  2) being p r o v e d  en t i r e ly  ana logous ly .  

We ve r i fy  tha t  fo r  k ~ N s'k has the s a m e  d i s t r ibu t ion  as Sl. Indeed,  for  a -> 0 

oo 

p{slq<a ]= ~ P ( u  k P ( v j = k }  P{sj<:a}=P{sl~.a }.~p{vj=k}=P{,%<a}. 
j = l  ~ = 1  j = l  

T We c h e c k  that  the {Sk}k= 1 a r e  independent .  It su f f i ces  to show that  fo r  all  lz ~ N  and all na tu ra l  n u m b e r s  

kl. ~ . . . , kn, we have 

v v ! t 

P { * , I <  a,; . . . ;  ~<<~.1 = P G I < ~ , } ' . . .  P / . % < , , }  

fo r  al l  (a, . . . . .  a,) ~ F~.  In o r d e r  to s impl i fy  the expos i t ion ,  we give the p roof  for  n = 2: 

Z 
.~1<J2  

P G I < ~ I ;  s ' ~ < . ~ }  = >2 P i 4 1 < a l ;  

t 

%1 = ]1; sl~ < a; 

31<~32 

oo 

' <a=t" =~ P {*a < ~ ;  ~hl = ]~; % = ]=} "P {% < a=} = P {% P {sj < al; % = ]; % > ]1 = 

Similarly, 

oo 
t z p 

= v {% < a~}. s p V,,1 = ]; ~,,o > / }  .P {sj < al} -- P {.% < a,}. p {s,,,~ < ~} .p  {~h~ < y,,~]. 
j=l 
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Thus, 

p l,;,, < <; .<, < o~} : p {.,~ < ~,}.p {.Q, < o j  i p {",,1 <" , ,0  + P {v,,~ > v,~0):: v {~;~ < ~ j . P  {~;,~ < ~} 

L e m m a  I is p roved .  

LEMIVLA2. Let R~T~({s,}) (R~T2({~,})). Then ]{~T~<[s{~j (R ~ T, ({s[})) andy i=yia.s., zi=zia, s., 
= ' z~) are the times when servicing of the i-th call begins " " a.s.), where Yi, Y~, Y~(Zi, zi, (Yi=Yi a.s., z i z i 

(ends) in  the s y s t e m s  <{s), 1> (<{s), 2>), <{s'~}, 2>, <{s~},l>, r e s p e c t i v e l y .  

P roof .  The proof  fol lows i m m e d i a t e l y  f r o m  the de f in i t ion  of the c l a s s e s  TI~ T a and L e m m a  1. 

Let  ,~ ~= X ,  (b~ . . . . .  b,,) be an a r b i t r a r y  n - t u p l e  of n u m b e r s .  We denote  by rrn(bl, . . . ~ bn) = ( a l , . .  ~  an) 

a p e r m u t a t i o n  of the s e t  (b:, . . . ,  b n) such  that  a 1 -< a 2 -< . . . <- a n. 

LEMMA 3. Let  ~ ~A: ,  H -- {vi}~=~ ~ T~({s~}) and R ('') : {v?~  R ('') (R)be such  that  

a} (.}nl (n)) 
, . . . ,  v = rrn(lJl, . . . ,  Vn) a . s . ;  

b) for  i ~ : Y ;  i > ~ n +  l v~ " j : v i  a . s .  

Then  R ('~ ~ T2({s~}) 

Remark 2. This result is also true when the class T2({si}) is replaced by T1({si}). 

Proof. Without loss of generality, we give the proof for n : 2. We verify that for all i ~ N and Ji~ �9 �9 �9 Jl 
(]h~:~; for i _<k- < I)the event {v]21) = I, .... v~21) = I} does not depend on the a-algebra a{sr;r m ~} generated 

by the random variables {Sr; r -> I}. Indeed, if I, 2 ~ {h ...... ],} or J, 2 ~ {h ..... ],}, the assertion is obvious. 
Let ~{]i ..... it}, 2~{h ..... ],}, ]~=Ifor someq, 1 <-_q-< I (the case l~{h .... , ],}; 2~{h ..... ]~} is considered 

analogously). Then 

V./] = ~ . . .  . , q _ l : q - -  J;  : q ;  aq+l = qn-i . . . .  ' ~ l  = 

= { v  h : l  . . . . .  v O ~ _ ~ : q - - J ; h = q ; v ~ = q - ' l , ' " , v  h = l } U  

U { v h = l  . . . . .  ~ _ ~ = q - - t ; % : q ; v ~ v + ~ = q "  i . . . . .  v h = l } .  

S ince  R ~ T~({s,}) ,  the proof  of L e m m a  3 is  co mp l e t e .  

4. F o r m u l a t i o n  and P r o o f  of T h e o r e m s  and C o r o l l a r i e s .  F o r  ~ e N, le t  F (n) = {fl f- E n -~ E and f is  

Bore1; f o r . e v e r y  n - t u p l e  (a, . . . . .  a , , )~E~_ and  any p e r m u t a t i o n  (b,, . . . ,  bn),  a s s u m e  that  f(a~., . . . .  a n) = f 

b l ,  . . . ,  bn);  if  (a, . . . . .  a n) -< (c~, . . . .  Cn), then f(a~, . . . .  an} -< f(c~, . . . .  Cn)}. 

. (o) ,~  (o h F o r  i ~ N ,  le t  ~i ~ i  ' be the t ime  when s e r v i c i n g  of the i - t h  ca l l  for the FCFS s t r a t e g y  R (~ begins  

(ends). 

THEOREM 2. For every n~N, f~F ~'~, a~>0, R~T~({sJ)(HeT~({s~}))inthe system <{s~},i> (<{s~},2>), we 
have the i n e q u a l i t i e s  

p { / ( ~ , ,  . . . . . . .  , > )  < ~ ) < p { / ( ~ 0 ~ ,  ~,,~0),~ < ~}; 

p {I (z~ . . . . .  z,,) < ~} < p {l (z?) . . . . .  z?O < ~}. (~) 

R e m a r k  3. S ince  max ~v,,,h = max z i - -x , ,  and  ] (a 1 . . . . .  a,,) = max a~ ~ F("),  T h e o r e m  1 is  a c o n s e q u e n c e  of 
1 ~:hgm l~<{gn l g { ~  

T h e o r e m  2. 

C~(z~) is the t ime  when s e r v i c i n g  of P r o o f  of T h e o r e m  2. We i n t r o d u c e  the fol lowing nota t ion :  for  ~ ~ N ,  Yi 
the i - t h  ca l l  s t a r t s  (ends}; r ~  is  the n u m b e r  of the c ha nne l  in  which  the i - t h  ca l l  is  s e r v i c e d ;  and  w i ,  l is  the 
t i m e  when the / - t h  c h a n n e l  is  no l o n g e r  invo lved  in  s e r v i c i n g  any ca l l s  wi th  n u m b e r s  <-i u s i ng  s e r v i c i n g  s t r a t -  

egy R ~ (here ~ is  s o m e  index) .  

We p rove  the t h e o r e m  for  R ~ T2({s,}). 

R e m a r k  4. F o r  a l l  n ~ N and  ] ~ F ~'~ , the d i s t r i b u t i o n  of the func t iona l s  f(y~o)" 
(0), (0) 

, ' "  o , Y n  ~ a n d f ( z l  , . . . ,  
z~ ~}}~" does no t  depend  on the type of the queue ing  s y s t e m ,  

R e m a r k  5. If the t h e o r e m  holds for  e v e r y  R ~ T2((s,}), then  by L e m m a  2 and R e m a r k  4 i t  is va l id  for  
e v e r y  R ~ T~({sP). 
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F i x  n ~ N .  We def ine  a s e r v i c e  s t r a t e g y  R (n'~ def ined by B = {v~}~ t ~ T2({s~})as fo l lows .  Cal l s  wi th  n u m -  
b e r s  i, i > n, a r e  s e r v i c e d  in t h e s a m e  way  as  in R (i .e. ,  in the s a m e  c h a n n e l s ,  wi th  s e r v i c i n g  s t a r t i n g  and 
ending a t  the s a m e  t i m e s ) ,  and if  we w r i t e  (di, . . . ,  dn) = ~rn(Y~, �9 �9 �9  Yn), w h e r e  {Yi}int a r e  the t imes  a t  which  
s e r v i c i n g  beg ins  unde r  s t r a t e g y  R ,  c a l l s  wi th  n u m b e r s  1, 2 , . . . ,  n begin  to be s e r v i c e d  a t  t i m e s  dl,  d2, . . . ,  
dn, r e s p e c t i v e l y ,  i . e . ,  "wi th  de lay ,  n By def in i t ion  

(g~,,o) . . . . .  yl, '~'~ = (d, . . . . .  d,,) = ~,~ (gl . . . . .  g,,) a.s. (7) 

and ~,, (z? '~ . . . .  , z V ' )  = ~,, (z, . . . . .  ~,,) ~.~. IS) 

s ince  we  c o n s i d e r  a s y s t e m  <{s i} ,  2 }. Queue ing  of ca l l s  unde r  R (n,~ is  the s a m e  as  for  R (n) = { ,~n)}~=1. 

(,~) ." (//o,)) = sj~,) ; c o n s i d e r  the s y s t e m  <{s~n)}, 1 }. We r e m a r k  tha t  by L e m m a  2, the We w r i t e  sl ---- s~ 
r a n d o m  v e c t o r s  (y~n,0) . . . ,  y~n,o)) ~nd (y,(n,o) . . . .  , yn(n,  ~ ob ta ined  us ing  s t r a t e g y  R(n,  ~ in the s y s t e m s  

<{s i},  2} and <{ s~n)}, 1 }, r e s p e c t i v e l y ,  co inc ide  a . s .  [the s a m e  is t r ue  fo r  the v e c t o r s  (z~ n '~  . . . , z (n'~ and 

(z,1 (n,0) zn(n,0)); (r~n,0) _ (n,0). ,(n,0) (n,0))] 
'' �9 "' ' .... "n ) and (r I ,...,r n . 

~n,O, ~n) r and R e m a r k  6. Since in L e m m a  3 t l  ~') ~ T2((s,}), fo r  1 _< i -< n the r a n d o m  v e c t o r s  (r s , . . . ,  si_l~ 
(s:n) . . ,  s(:t/are independent. 

s (n,0)}~ L e t  { i i=t be a s e q u e n c e  of r a n d o m  v e c t o r s  s u c h  tha t  

1) a l l  the s !  n,~ have  the s a m e  d i s t r i b u t i o n  as  s l ;  
1 

2) the { s (n,0)}r162 jo in t ly  independent ;  i i=1 a r e  

3) fo r  1 _< i -< n s~ n'0) = s~ n) a . s . ;  

. . . . . . . .  e j (n,0) (n,0) s(n,0)~ _~  (n,0) (n,0) (n,0) 
4) f o r l - < i _ < n m e s e ~ s o I r a n ( ] o m v a r m m  s l r ~  ; S l  , . . . ,  i-1 / a n a t s i  ,S i+ l  , ' ' ' , S n  , ' " }  

a r e  mu tua l ly  independent .  By R e m a r k  6,  t h e r e  ex i s t s  a s e q u e n c e  {s~n, ~ wi th  t he se  p r o p e r t i e s . "  

C o n s i d e r  the queue ing  s y s t e m  < { s ~n,0)}, 1> and s e r v i c e  s t r a t e g y  R ~n''l), which  ca l l s  a r e  s e r v i c e d  in o r d e r  
of a r r i v a l ,  but the f i r s t  n ca l l s  begin to be s e r v i c e d  a t  t i m e s  y~n,o)  . . ",~nV (n,~ in channe l s  wi th  n u m b e r s  
r~n,~ . . . . .  r(~n,~ r e s p e c t i v e l y ,  i . e . , " v ~ t h d e l a y s . "  By def in i t ion ,  

(~?,1~ . . . .  , yl:,~)) = (y(;.,,~ . . . . .  y~:.,o)), (9) 

z,~ ) (zl '''~ a.s. (10) (z~,,i), (,,,l) (,~.o)~ 

C o n s i d e r  the s e r v i c e  s t r a t e g y  R (n,2) in the s y s t e m  <{s~n'~ 1 ) def ined as fo l lows.  The f i r s t  n ca l l s  fo r  
s e r v i c i n g  a r r i v e  a t  the s a m e  channe l s  as  fo r  R(n,1), but wi thout  " d e l a y s , "  the r e m a i n i n g  ca l l s  be ing s e r v i c e d  
a f t e r  the f i r s t  n in o r d e r  of  a r r i v a l  and wi thout  " d e l a y s . "  R (n,2) is c o n s t r u c t e d  as fo l lows:  for  I _< I _< m p(ut 
w l?2 )  = Wo/; a s s u m e  that  W(kn,~2)(1 _ < l _  m ) h a v e  been  def ined  f o r t  - < k -  < n; then we put g~'~")=max (x,~+l; u,k.~I/~o)); 

(-,'-') ,(~,~) - -  (,,,o). (,~,'-,)~ o(,) _ z(,~:'~). wk+~,z=uk,~ for  l ~ r l ~ + i  , t ~ l ~ m  and w ('''~') (, o~= gk+~ -7- o~+~-- 
A+l,rh~l 

We r e m a r k  tha t  

. . . . .  ~,~ ) ~ , Y i  . . . . .  g,~ , a.s. , (11) 

(~i ",~) . . . . .  ~~ < (~.7 ,') . . . . .  ~ , ' ) )  a.~., o~)  

Note that  the s t r a t e g y  R (n'2) is uniquely  d e t e r m i n e d  by {r~n'2)}~=~ and s a t i s f i e s  condi t ion 2), so  tha t  T h e o r e m  2 
in [1] app l i e s  and s a y s  tha t  fo r  any ] ~ F  (~), a ~ E +  

(, 2) . .  . ( o ) ] ~ a  , P (t M '  , . . . .  y~"' - ) )<~}  ~ < P ( I  M ~ ., ~,~, }- ( i3)  

p [1 (~? , - ' ) , . . . ,  ~:','>) < ~] < p  {1 (~(?) . . . . .  ~i~ )) < ~ } .  0 4 )  

Using  R e m a r k s  4 -5  and r e l a t i o n s  (7)-(14),  we obta in  the a s s e r t i o n  of the t h e o r e m .  ,~ 

C O R O L L A R Y  1. F o r  any n ~ N, R ~ T~((sJ) (R ~ T~( ( sJ ) ) ,  a >1 O, the inequa l i t i e s  P ~ 

" ~ b , < a  h o l d i n t h e  s y s t e m s  ( { s i } ,  1 ) ( { { s i } , 2 ) ) f o r  a) b i = z i ;  b) b i = y i ; c )  b i = z  i - x  i. 

C O R O L L A R Y  2. L e t  {An}n~=~ be the full  g roup  of even ts  on <f~, F )  belonging to the a - a l g e b r a  g e n e r a t e d  
by the r a n d o m  v a r i a b l e s  {ri}i~=~, and le t  
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oo 

~((t),gl~ (/ . . . .  ) =  ~ / { A n } ' f r ' ( a l ,  (/'rl) for ( ( t l . . .  (In, .) ~E,+, f,,~.b'(t'), (o~.Q 

Then for  ]~ ~ Tl({~}) (/~ ~- Y2({~))) we have 

in the system ({si}, I} ({si} , 2}) for every a _> 0. 

For t -> 0 let "~(t, R) be the time needed for the system to process calls arriving prior to time t using 

R. For n>- I we put A n ={x n-< t; Xn+ ~ > t}. Then on the set An, 

and by Coroilary 2, we obtain 

COROLLARY 3. For k = i, 2 and any R~ Tj~({sj), t~0; a~0, the inequality 

P{~,,(t, t~ ~~ < a} -> P{,~(I, R) < a} 

holds in the system ({si}, k}. 

In conclusion, the author expresses his deep thanks to B. A. Rogozin for valuable comments and for his 

support in this work. 
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SELF-ADJOINTNESS OF THE SCHRODINGER 

WITH AN INFINITE NUMBER OF VARIABLES 

N. N. F r o l o v  

OPERA TOR 

UDC 517.43 

Self-adjoint differential operators with an infinite number of independent variables have been studied in 
[1-5]. In particular, in [2] one has proved the essential self-adjointness of the infinite-dimensional SchrSdinger 
operator, whose potential is twice differentiable and semibounded on some "admissible" set. A similar fact 
has been proved in [5] under the condition that the potential admits a sufficiently fast approximation by cylin- 
drical functions which have a special estimate from below. In the present paper one establishes the essential 
self-adjointness of an infinite-dimensional semibounded Schr~Jdinger operator whose potential satisfies only 
measurability and boundedness conditions on any bounded sets. 

i. Let H be a real, separable Hilbert space with norm lJ" II and inner product (. , .), equipped [I] with 
the Hi lbe r t  spaces  B and ]3* : B*  ~ It  ~ B so that  the embedding  o p e r a t o r  f r o m  H into B is a H i l b e r t - S c h m i d t  
o p e r a t o r .  In the space  B we define the Gauss i an  m e a s u r e  p (dx) by the c h a r a c t e r i s t i c  funct ional  Z;r = exp 
(-'/2E!(~[b2), (~pE H) [1]. The s e t  of  a l l  r e a l  p - m e a s u r a b l e  funct ions  u(x) on B, fo r  which  ]u(x)12 is i n t eg rab le  with 
r e s p e c t  to the m e a s u r e  p (dx), wil l  be denoted by l_q(B). The value  of the l inear  funct ional  e E B* at  the e l e me n t  
x ~ f3 wil l  be denoted by (e, x). 

We denote  by C~(B) the s e t  of  al l  inf ini te ly  d i f fe ren t i ab le  (Frechet )  r e a l  funct ions on B, bounded on any 
bounded s e t  f r o m  B toge the r  with the de r iva t i ve s  of any o r d e r .  Le t  C~(B) be the s e t  of al l  the funct ions f r o m  
C~~ which  have in B a bounded suppor t .  We define c o n v e r g e n c e  in C~(B) in the fol lowing manne r .  %, ~ C,7(B)  

F a r - E a s t e r n  State  U n i v e r s i t y ,  Vladivostok.  T r a n s l a t e d  f r o m  S ib i r sk i i  Ma tema t i chesk i i  Zhurna l ,  Vol. 22, 
No. 1, pp. 198-204,  J a n u a r y - F e b r u a r y ,  1981. Or ig ina l  a r t i c l e  submi t t ed  F e b r u a r y  28, 1979. 
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