DOMINANCE THEOREMS AND ERGODIC PROPERTIES OF
POLLING SYSTEMS!

S. G. Foss and N. I. Chernova

We consider a class of polling systems with stationary ergodic input flow such that the control in a system
obeys a certain regeneration property. For this class, necessary and sufficient conditions for the queue-length
process to be bounded in probability are found. Under these conditions, we prove that a stationary regime
exists and the queue-length process for a system that starts from the zero initial state converges to this regime.
In the proof, we use some monotonicity properties of the models considered and some dominance theorems
based on these properties.

1. Introduction

In the paper, we consider polling systems consisting of K message queues and one transmission device
(server) that moves from one queue to another along a random route. Messages entering the system form a
stationary ergodic input flow. The routing of the transmitter has a certain regeneration property. Namely,
in the sequence of transmitter transitions and queue-to-queue switching times, independent and identically
distributed parts can be selected. These parts are called cycles.

In one visit of the transmitter to the kth queue, fi(z) messages are transmitted, where x is the length
of this queue at the time instant of the transmitter arrival. The conditions imposed on the transmission
policy of f messages are stated in Sec. 2; analogous conditions are also presented in [1, 2].

In the paper, some monotonicity properties of the models considered are proved. Based on them,
necessary and sufficient conditions for the queue-length process to be bounded in probability are proved.
Under these conditions, we prove that a stationary regime exists and the queue-length process for a system
that starts from the zero initial state converges to this regime.

Let A be the intensity of the input flow, p; be the probability that an input message is sent to the kth
queue, o be the mean time of the message transmission, F}, = xlin;o fx(z), Ck be the mean number of visits

to the kth queue over a cycle, W be the mean total switching time over a cycle (for precise definitions, see
Sec. 2). Under the condition
Pk
A Wil <1 1
o max o , (1)

we show the so-called coupling-convergence to the stationary regime of the queue-length process (see Sec. 6).
If, conversely, the traffic on the left-hand side of (1) is strictly greater than 1, the queue length in the system
infinitely grows in probability.

The study of ergodicity conditions for polling systems started quite recently. In almost all papers known
to us (except [2]), models with Poissonic input flow and i.i.d. times of message transmission and switching
are studied.
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For example, in [3-5], ergodicity of various polling models is studied, for which the server routing is
controlled by a matrix of transition probabilities, and transmission policies depend on a random variable.

Markovian polling systems for which the server routing does not depend on the system state (as in
the present paper) but the input calls are distributed on the unit circle according to a continuous law are
studied in [6-9].

In [10-14], various Markovian polling systems are studied, for which the server routing depends on the
system state and is determined by a “greedy” (“locally optimal”) strategy.

Properties of stationary polling systems are also discussed in [15, 16].

In [2], a polling system with stationary ergodic input flow is considered, for which the server routing
forms a Markov chain. The existence of a stationary regime is proved provided the condition below holds:

K
Pk

o+ w
; Fymy,

where {7, 1 < k < K} is the stationary distribution of the corresponding Markov chain, and w is the mean
station-to-station switching time in the stationary regime. One can easily see that the above condition is
sufficient, but not necessary, for the ergodicity.

In the present paper, we prove that the condition (1) is sufficient for the queue-length process to be
bounded in probability for a polling system with considerably more general conditions on the transmission
policy than those of [2].

In Sec. 2, basic definitions and statements are presented. In Sec. 3, for a determinate version of a polling
system, some monotonicity properties of system characteristics are established as functions of arrival times
of messages in the input flow. A determinate polling system can be considered as a realization of a stochastic
system described in Sec. 2 on one elementary event. The main result of Sec. 4 is the necessity and sufficiency
of the condition (1) for the exhausting time of the system and the queue length to be bounded. In the proof,
methods presented in [17] are used. The constants involved in (1) are computed in Sec. 5. Section 6 deals
with the proof of the existence of a stationary regime. Possible generalizations of the model are contained
in Sec. 7. In the Appendix, some auxiliary statements are presented; in particular, the result on “random
subadditive” subsequences that generalizes the results of [18, 19].

A <1,

2. Description of systems and basic statements

We consider a polling system consisting of a finite number K of queues with an arbitrarily large number
of waiting positions in each queue and one transmission server. Messages enter the system in a common
input flow. The server moves from one queue to another according to a random route.

Input flow. A message with number n, n = 0,4+1,42,..., arrives at a time instant T;, = T\,_1 + Tn,
To = 0, and is sent to the queue with number p,; o, is its transition time. Denote &, = (Tn, fin, on),
n € Z. The sequence {&,} is assumed to be stationary and metric-transitive. Let Ery = A~ < oo and # 0;

K
Eoi=0<oo; P(u1 =k)=pr>0forallk=1,..., K, > pr=1.

k=1

Server routing. We assume that a sequence of pairs of random variables {v;, w; }JO‘;_ oo 18 given, where

the random variable v; takes the values 1,..., K and equals the number of the queue visited jth by the
server, and w; > 0 is the time required for the switching from the queue v; to the queue v;;;. We assume
that the sequence {v;,w;} can be divided into i.i.d. parts of random lengths (cycles); namely, there exists
an increasing sequence of integer random variables {7;}32_ _ such that random vectors

0 = (gi;l/jiJrl,...,I/ji+1;w]’i+1,...,Wji+1), 1€ Z,

are i.i.d. Here ¢; = j;11 — j; is the number of queues visited by the server during the ith cycle. Without
loss of generality, we assume that the cycles start with the visit to a certain fixed queue, say, number 1,
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ie, vj,41 =1as. Let ¥; = wj11+... +wj,,,, W= Ey; <oo be the mean switching time over a cycle,
Cr = EI(vj,11 = k) + ...+ I(vj, = k)) < oo be the mean number of visits to the kth queue over a
“typical” cycle, k =1,..., K. We also assume the sequences {n;} and {&,} to be independent.

Note that the assumption on the “cyclic” character of the sequence {v;} is valid, e.g., if this sequence
forms a homogeneous Markov chain. As cycles, parts of the chain trajectory between sequential returns to
a fixed station can be considered.

Cycles can be formed in different ways, say, can be determinate.

Consider a marked point random process, the points of which are the starting instants of the cycles
and the distance between points of which equals the total switching time during the corresponding cycle.
We call this process the server route in the empty system. We denote by ¥ the marked point process with
points ¥; and marks 7;, i € Z, for which Wy =0, ¥; = ¥;_; 4+ ; is the end instant of the ith cycle if the
server moves in the empty system.

Consider also the stationary (in continuous time) version of the process ¥ (we denote it by ¥™)), i.e.,
the stationary point process with the same marks and same distances between points as those of ¥. Assign
the number 0 to the first positive point of this process. Then U1 is a stationary ergodic point process
with marks 7;, ¢ € Z, with point numeration such that \I/(()l) is the first positive point of this process (jump
over t = 0). Let U(=") >0, be a stationary ergodic point process obtained from ¥} by shifting each

0

point of it by the random variable Y o; to the left and then by renumbering it such that \I/(()fn)

j=—n

is its
first positive point.

Remark 1. Tt is easily seen that the distributions of the processes ¥(~™) (n > —1) coincide and these
processes do not depend on the input flow. For shifting the points of the process by a constant, this follows

from the stationarity, and for shifting by a random variable independent of the process, one should consider
conditional distributions with respect to this random variable.

We say that the process ¥ (\I/(’”)) controls the polling system if the server starts working at ¢t = —oo,
and in the empty system it moves from one queue to another according to this routing, i.e., the ith cycle
ends at instant W, (\I/z(fn)). If, however, there are messages in the system which wait for the transmission,
then each cycle is extended by the total transmission time during this cycle. In Sec. 4, to each routing
introduced above we relate a polling system controlled by this routing.

Message transmission policy. If in the kth queue there are x messages waiting at the instant of the
server arrival, then fi(x) < z of them are transmitted and then the server switches to another queue of its
route. The transmitted messages leave the system. The function f; : ZT — Z% satisfying the conditions
f2(0) =0,1< fr(z) <z forallz > 1, k =1,...,K, is called the message transmission policy of the
queue k. We consider the following three classes of message transmission policies:

A = {f : lim f(z)=F < o0 exists},

xTr— 00

A = {f: ler{:of(x):Fgooexists, supf(m)zF},
M = {f: f(x)§f(x+1)§f(x)+1forallx62+}.

The class M is called the class of monotone transmission policies. Obviously, M C A C A.

Denote by @, the total queue length at an instant 73, in the polling system controlled by ¥ with
a “cut-off” input flow, i.e., the messages with numbers 1,...,n only enter the system at time instants
Ty < ... <T,, respectively. Denote by fzn,o] (t) the queue length at the kth station at an instant ¢ in the

system controlled by ¥(~™) which is entered by messages with numbers —n,...,0 only (at time instants
T_, < ... < T, =0 respectively). Denote by W[k—n.o] (t) the residual time of the message transmission in

the kth queue at a time instant ¢ (in the same system). Put W[k_
of the kth queue are not transmitted.

All above-mentioned processes are assumed to be continuous on the right. The initial conditions are
assumed to be zero, i.e., before the first message of the input flow arrives, the system considered is empty.

0] (t) = 0 if at an instant ¢ the messages
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Denote

. Pk
F,=1 < -\
k ;cl—>n<;lo fk(x) =% p 7t 1g}ca<XK F.Cy,
In the paper, the statements below are proved. N
For systems with transmission policies from class A:

Theorem 1. If p <1, then @, is bounded in probability, i.e.,

lim sup P(Qy, > z) = 0.

T—00 pn

For systems with policies from class A:

Theorem 2. If p > 1, then @, L .
Finally, for systems with policies from class M:

Theorem 3. If p < 1, then a process {QF(t),W*(t); k = 1,...,K; t > 0} and a.s. finite random
variables N, tg exist such that

L Qg0 WE, (0} = {QMO), WH(D)} for all n > N k=1,... . K, t > 0;

2Q[_n0() W[k_no](t)—Q() kt)—()as forallk=1,...,K,t>1ty, n>0.

(
If p> 1, then Q(y0(0) = ZQ (0 % oo

Thus, for the polling systems under consideration with policies from class A, the condition p < 1 is
necessary and sufficient (up to the equality) for the total queue length to be bounded in probability. For
systems with policies from M, this condition ensures that a stationary regime exists and the queue-length
process converges to it.

Remark 2. The above statements can be naturally extended to the class of models for which
(1) the messages arrive in batches;

(2) transmission policies depend on a random variable;

(3) some (in particular, all) transmission policies have “exhaustive” character.

In more detail, these extensions are discussed in Sec. 7.

In Sec. 3, monotonicity properties of a determinate polling system are obtained. We also show that the
class M is in a certain sense “dense” in A; namely, any function from A can be pointwise upper and lower
bounded by functions from M with the same limit as x — oo. The proof of Theorems 1 and 2 is presented
in Sec. 4. We show that these statements hold for a system with a monotone transmission policy; here the
“density” of M in A is used. Theorem 3 is proved in Sec. 6.

3. Monotonicity properties

In this section, we consider the determinate case of a polling system, where all control sequences are
nonrandom. We assume that the input flow is “cut off,” i.e., only N messages enter the system. Assume
that the server starts working with the queue v, at a time instant t°. Assume also that, starting from ¢°,
the server switches between queues even if there are no messages in the system.

A message transmission policy is assumed to be a set of K sequences of functions f = {f(k), k =
1,...,K}, where a sequence f(k) = {f} }321 determines the (message transmission) policy in the queue k.

If the server, arriving at the queue k for the jth time, finds = messages in the queue, it transmits f,g () >0
messages in the FIFO order and then switches to the next queue of the route. The transmission of a message
being completed, the message leaves the system.

Remark 3. In this section, we admit that the policies in one queue may depend on the number of the
server visit to this queue (see Sec. 7).

Let for all k € {1,...,K}, 7 =1,2,..., the following conditions hold:
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(M) Ifz <yforz,y€Z", then f,g( )< f} (y),
(My) Tfx <y forz,y € ZT, then z — fl(z) <y — fi(y).

The conditions (M;) and (M) are presented in [1, 2] and are equivalent to the condition f,g(a:) <
f,g (z+1) < f,i(x) + 1 that determines the class M of monotone policies. The conditions (M7)—(M3) hold,
for example, for the following functions: f,g (z) ==, f,g(x) = min(z,¢;) for some ¢; € N.

We assume that messages enter the system at time instants 77 < ... < T. Before T} the system is
empty. The message with number n arrives at instant T),, is sent to the queue with number pu,, and has
the transmission time an.

Put v = {v;}52,, w = {w;}32,, p = {pntn=y, 0 = {on} 1, T = {Tn})_,. Denote such a system by
Y= (N T, v, w, o, f)

Let & = (N, T L, VW, O, f) be a polling system differing from ¥ by instants of message arrivals and
message transmission policies only.

Monotonicity properties. For a system X, introduce the following notations: Uj is the instant of
the server arrival at the queue v;; V; is the instant where the transmission of messages from the queue v;
is completed and switching to the queue v;41 starts, Ujp1 =V +wj, 7 =1,2,...; Xg(u) is the number of
input-flow messages that have entered the queue k by a time instant u; W (u) is the total switching time
of the server over the time interval (t°,u); Ri(u) is the total working time of the server at the kth queue

K

over the same time interval, R(u) = >  Rp(u); Sk(u) is the number of messages from the kth queue which
k=1

K
have been completely transmitted by a time instant u, S(u) = > Sk(u).
k=1

The corresponding parameters for the system ¥ are denoted by l~]j, etc. The parameters introduced
~ ~ =1

have the following properties: Uy = Uy = t°, W(u) + R(u) = u —t°, W(U;) = W(U;) = > w;, and if
i=1

Sk(Vi) > S(V;) for some i,j, k, then Ry(V;) > Ry(V;) since the messages are transmitted in the FIFO
order. Furthermore, W(u) and Ry (u) do not decrease in w.

Let 7 (7) be the end instant of the transmission of the last of N messages that entered the system % (),
ie, 7 =1inf(u: S(u) = N).

We use the notation T < Tif T, < Ty, forall 1 <n < N, and f > fif fi(z) > fi(z) forallk =1,..., K,
j=1,2,...; x € ZT. The following statement is valid.

Theorem 4. If T < f, > ]7, and the transmission policies [ and fsatisfy the conditions (My)—(Ma),
then

LU >U;, V>V, j=1,2,...;

2. 5u(U;) > Si(U;), k=1,...,K, jeN;
3. 5.(V;) > Se(Vy), k=1,...,K, jeN;
4. 7 <T.

THE PROOF of the statements 1-3 of the theorem is performed by induction on j.
Let j = 1. Denote v; = £. Since U; = U; = t°, the queue lengths satisfy the inequality

v

N N
2= Xo(U1) =Y (T <UDy = 0) > Y 1T <UD = 0) = Xo(Uh) =y
n=1 n=1

By (Ml)a B _ o
Se(i) € fHw) > FHa) = fHy) € Su(W).

Therefore, Ry(V1) > Ry(V41), and for the end time instants of the transmission of the first group of messages,
the relations L _
Vi=Ui+ R(V1) > U + Re(V1) = W1
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hold. For i # £, evidently, S;(Vi) = S;(Vi) =0
Next, assume that the statements 1-3 of Theorem 4 are valid for the start and end time instants of the
server visit to the queue v;_1, 7 > 2. Let us show their validity for the instants U;, V;. We have

Uj = Vi1 +wjo1 2 Vioy + w1 =T,
Sk(U;) = Sk(Vi-1) = Sk(Vi-1) = Si(Ty).

Denote v; = £. If Sp(U;) = 0, then, repeating the arguments of the induction basis, we obtain the desired
statement. Consider the case S¢(U;) > 0 and assume that the server visits the queue ¢ for the mth time,
m > 1.

Denote by = X,(U;) — S¢(U;) and y = XU i) — Se(U ;) the lengths of the queue v; = £ at the instant

of the server visit to this queue in corresponding systems. Note that X,(U;) > X g(U ) since U; > U Two
cases are possible, z >y and z <y.
In the first case, f;"(z) > f7*(y) > f;*(y). Therefore, we also have

Se(Vi) = Se(U)) + fi(x) = Se(Uy) + [ (y) = Se(V)).

In the second case, x < y implies that
2 5y (U;) ~ Se(U;) >y — 2> 0.
But, according to (Ma), fi"(y) — fi*(z) <y—x < z, ie, fi*(x) > f*(y) — 2z > ﬁm(y) — 2. Finally,
Se(V3) = Su(Uy) + f7"(2) 2 5e(U)) + = + ['(y) — = = 5u(V),

i.e., in both cases S¢(V;) > Se(V, i) and, hence, R,(V;) > Rg(V) Then

Vi = 04 W(U)+R(V;) ="+ W(U;) + > Ri(Uj) + Re(V5)
i#£L
> O+ W)+ Y Ri(U;) + Re(V;) € V.
i#£L

The last inequality completes the induction step, and it remains to show that 7 > 7. Let 7 = V; > V for
some j, S(V;) =N = S(7), R(7) = R(V;). Then

7=t"+ WE +RE) 2 O+ W) + RE) =+ W(V)) + R(V;) = 7. A

Corollary 1. If, under the conditions of Theorem 4, for any k, j, only one of two functions f,z, }Z obeys
the monotonicity properties (My) and (Mz), i.e., belongs to M, then the assertion of Theorem 4 remains
valid.

Proor. It suffices to show that two inequalities hold:

(a) if > y, then fi(z) > fi(y);

(b) if z < y, then fg(y) — fg(x) <y-—uz.
Indeed, let, say, f;k € M. Then, in case (a), f,i(x) > ﬁi(m) > f;g(y), in case (b), ﬁi(y) - f,i () <
i) = fi(z) <y—z. A

Consider three polling systems (with the same input flow and server route) ¥, %9, ¥" which differ in
the sets of message transmission policies only, where for all k, j, x

fl(@) < gl(x) < hi(2),

and the sets of functions f and h satisfy the monotonicity properties (M;) and (Mz). Under these conditions,
Theorem 4 and Corollary 1 imply the statement below.
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Corollary 2. Time instants of exhausting of the systems 21, 29, %P satisfy the inequality 74 > 79 > 7.

The validity of Corollary 2 is obvious due to Theorem 4 and Corollary 1. A direct proof can also be
found in [1].

Corollary 3. If, in the system %9, for any k,j, one has gi € A, then functions f,g,hfC € M can be
found such that

(2) fl(x) < gl(z) < hi(z), 4

(b) Gy, =limgj (z) = lim f}(z) = lim ki (z) as x — oo,
and for the systems X1, %9, S with the same input flow and server route, Corollary 2 holds.

ProoOF. It suffices to prove that for any function g € A there exist two functions f,h € M with the
same limit G = limg(z) = lim f(z) = limh(x) at infinity such that f(z) < g(z) < h(z) for all z > 0.
As these “bounds,” one can take, for instance, h(x) = min{z, G} and f recursively constructed, f(1) =1,
flx+1)= min{f(x) +1, inilg(y)}. A

y-x
Corollary 3 asserts that the exhausting time of the system 39 with all transmission policies from the

class A can be upper and lower “constrained” by the corresponding times for ¥/ and £" with monotone
policies that have the same limits at infinity as those of X9.

Remark 4. 1If, under the conditions of Corollary 3, gi € Z, then Corollary 3 remains valid if one
replaces (b) by (b’) as follows: ‘
(1) G}, =limgj(z) = lim f](z) <limhj () as © — oo.

As a function hi(m) € M, one can take min {x, sup gi (y)}
y

4. Stochastic polling system

In this section, we study the behavior of polling systems under the assumptions and notations of Sec. 2.
The plan of reasoning and proofs is close to [17] with, however, certain significant distinctions. Thus, for
instance, the homogeneity property (Property 3 below) in [17] is assumed to hold a.s.

Let T = {T,,}22 _ . be the input flow of a system, Ty = 0. We assume that message transmission
policies of each queue belong to the class M. For each server route ¥, U(1) w(=") (n > 0) introduced in
Sec. 2, consider a polling system controlled by this route. We call a cycle nonempty if at least one message
is transmitted during it.

Introduce the following notations: X, (") is the end instant of the last nonempty cycle in the system
controlled by ¥ with a cut-off flow, i.e., messages with numbers m,...,n only enter the system at time
instants Ty, < ... < T, respectively; X, »)(T) is the end instant of the last nonempty cycle for the system

controlled by () with the same input flow; X (—&,¢(T) is the same moment for the system controlled by
U(=F) (k> 0) which is entered by messages with numbers —k, —k + 1,...,¢ only.
The parameters introduced have the following properties.

Property 1 (causality). For all m <n, —k < ¢, the inequalities below hold a.s.
Ximn)(T) 2 Ty, )A([m,n] (T) > Ty, Xi_1g(T) > Ty
Property 2 (outer monotonicity). If T < T’ a.s., then
X (T) < Xpma)(T)s Kpnu(T) € Xpm(T1), Xog(T) < X g(T").

THE PROOF of Property 2 follows directly from Theorem 4, under the conditions of which we now find
ourselves. Let us prove, for example, the first inequality. Consider a realization of all control sequences of
random variables on one elementary event.

Let 7 and 7/ be the instants of the end of transmission of all messages that have arrived in the systems
under comparison (X and ¥'). By Theorem 4, 7 < 7’. Assume that 7 belongs to the ith cycle in the server
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operation in the system X and 7’ belongs to the ¢/th cycle in ¥’. Note that the server routes in ¥ and X'
coincide up to the instant T,,, and also after 7/ since the same service R = o, + ...+ 0, is made, i.e., in

both systems the i’th cycle ends at the instant ¥; + R, and the ith cycle ¥ ends at ¥; + R. Therefore,
i <i'. Then, evidently, 7 < ¥, + R % X, .1(T) < ¥y + R X1, 1(T). A

Property 3 (homogeneity). For all c € R, m <n, —k < ¢,
~ D =« ~ D =
X[m,n] (C + T) = X[m,n] (T) +c, X[fk,l] (C + T) = X[*k,@] (T) +c

(equal in distribution).
PROOF. It suffices to note that the distributions of processes ¥(!) and ¥ — ¢ coincide. A

Property 4 (separability). If )?[,k’,;ﬁm] (T) < T—jtm+1 a.s. for some k,m,l such that —k +m <0,
—k+m </, then

X(pq(T) = X[—k+m+1,€] (7).

PROOF. Note that after the instant )Z'[_k,_;ﬁ_m] (T') the server moves in both systems according to the

route
—k+m—1

o=k 4 Z . def g (—hm)
j=—k
and, starting from this instant, both systems operate a.s. identically. A

In what follows, the numbers 1-4 over equalities and inequalities denote references to the properties
proved above.

Introduce the notations Zj, n)(T) = Ximn)(T) — Tn, E[m,n](T) = )?[m,n](T) —Th, Zxu(T) =
X[_k,g] (T) —Ty.
Lemma 1 (inner monotonicity of X and Z) For all integer —k < £,

X p g > Xipgq(T) as.,

Zwr0(T) > Zipg(T) as.

Proor. Consider the input flow T” with points

T/ — Tj - Z_k_l(T) fOI‘j S —k — 1,
J T; for j > —k.

It is clear that )}[,M] (1) = )?[,M] (T') since the instants of message arrivals for these systems are the

~ ~ ~ 2 -
same. Furthermore, X|_j_1 ¢(7") B Xk (T"), and X{_p—1,0(T") < X(_p—1,9(T) as. A

Define the shift transformations acting on functions that are measurable with respect to o-algebras
generated by the input flow and the server route W. As in Sec. 2, a random vector n; characterizes the
server route during the ith cycle for the process ¥, ¢; = U, — ¥, 1, Uy =0. If

S = h(---afn7§n+17---?---777m;77m+17---)7
then
def
0505 = h("'7£n+1a£n+2;"';"'777manm+1a"')v
def
(9\1105 = h(---agnafn—i-l;---;---777m+1;77m+2;---)-

Let 607, 0 be iterations of transformations ¢, fg.
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Lemma 2 (subadditivity property for X and Z). For arbitrary m < { <mn, for any T, inequalities

Xim,q(T) + 05 o 5™ o Xi1n—g(T),
Zinq(T) + 6¢ o 5™ o Zp1 m—g(T)

IN

IN

hold a.s., where p[m,{] = min{k‘ PV = X g(T) = X2 O'j}.

j=m
ProOF. Consider the input flow T = {le},

Tl {T] fOI’j S E,

I T\ T+ Zim,g(T)  for j > L.

Then )
X (T) < X (TY) = X (T) + 6 0 05 0 X1 o (T). (2)
The subadditivity property for Z follows from (2). A
Lemma 3 (subadditivity property for X and Z ). For arbitrary m < € <mn, for any T, inequalities

Xim(T) < Xpno(T) + 0005 0 X1 g (T),
Zimm)(T) < Zppg(T) + 0t 0 o™ o Zm—g)(T)

N ¢
hold a.s., where plm, ] = min{k : \I/,(Cl) > Ximg(T) = > O'j}.

j=m
The proof of this statement is similar to that of Lemma 2.

Lemma 4 (the law of large numbers). A finite constant v > 0 exists such that

Ziin) P EZ;
n -7, n -7,
Zl—n,—1] L EZ_, oy
n ’ n ’
/Z\[lvn] B) /Z\[_nv_l] 3
n Y n 0

as n — oQ.

PRrOOF. The statement of the lemma for the process Z follows from the results presented in the Appendix
(on random subadditive subsequences). Let us prove that the lemma is valid for Z. Let us show that

lim P< 25) =0
n— 00

for some constant M and an arbitrary € > 0.

(a) By the subadditivity property,
Z ntin)(T) < Zjoan (T) + 0 0 05 0 71y 0(T).

~

Zi1 g ) (T)
-
n

Therefore, for any € > 0 and ¢ < ¢,
Zimoan(T 7 T Zn.o(T
n n n
since Z i1,m](T) has nonsingular distribution and Z obeys the law of large numbers (LLN).
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(b) To prove the second part of the statement, we have to ascertain some property of “solidarity” of
processes Z and Z.

Lemma 5. For any © > 0, g < z, and any M € N, an event Ay and a random variable ¢y with
nonsingular distribution exist such that

P(Z[1,n+1] > x) < P(AM) + P<2[1,M+n] >z — xo) +P(¢ar > x0),

P(AM> —0 as M — oco.
Indeed, let M > 1 be an arbitrary fixed number, 7! be the input flow with points

T —

{—oo for j < M —1,
j

T;  forj> M.

Let us supply, for convenience, all processes with an additional argument to indicate the server route that
controls the system. We have

M—-1

~ 2 A D -~

Xy (T8 0) = Xy gy (TH 9 W) = Xiagar gy (Tl v - aj)
Jj=1

~ M—1 ~ ~
Let ¥ = ¢ — oj, ¥o be the first positive point of this process, the event Ay = {\Ilo < Tr-1}.

j=1
Denote by T2 the input flow with points sz =Wy +T; —Thr—1. Then

~ ~ 2 - -
Rinaren (T4 9) H{Au} = Kararen (T2 9) 1{An} 2 (T0+ 02 0 Xy (1)) I{Aur }.
Denoting ¢pr = Thr—1 — \ffo, we obtain

D ~
By (3), we conclude that for any z, z¢ < z,
P(Z[l,nJrl] Z J)) S P(AM> + P(Z[LnJrl] X I{AM} Z .1?)

(AM) (2[1 Min] = & — xo) + P(dnr > 20),

IN

which completes the proof of Lemma 5.

Using Lemma 5, we conclude that for any e,e1,n, M,

Z1n Zy M4n
P( . +1]27_5>§P(AM>+P< [1’M+]27—6—61>+P(¢M251>.
n n n

Since \Tlo and ¢p; are random variables with nonsingular distribution and Th;_1 infinitely grows with M,
then for any § > 0 there exist M = M(6), &1 = £1(0) > 0 such that P( Ay ) < & and, for all n sufficiently
large, P(®pr/n > €1) < 6. Then

Zy Man A
limian< [1,M+n] >7—5—61> Zlimian< (Ln+1] >’y—5> —26=1-—26,
n n n n

which, together with (a), completes the proof of the LLN. A

351



Corollary 4. Let v be the constant introduced in Lemma 4. Then
P -1 - P -1
X[l,n]/n_)7+>‘ ) X[l,n]/n_)7+>‘ .

Let A be the following event:

A= {hgl Zim) < oo} - {X =lim X[, < oo}

(the limits are considered in the sense of a.s. convergence, and the existence of limits is guaranteed by
Lemma 1).

Theorem 5 (the law of 0 and 1). The probability of A equals either 0 or 1.
ProOF. Consider a polling system where entering messages have numbers —n, —n+1,...,0,1, and the

server moves along the route (=1 Al (=) 01. Denote the end instant of the last nonempty cycle in

such system by X [0_ 1) (T). Consider the auxiliary input flow T'! with points

T —

{Tj for j <0,
J

max {Tl,)?} for j > 1.

- - - . 0
Then X(_,, 1)(T") = X(—n,0)(T) + X1 (T) — max{T1, X}, since U= + 3~ o L g e, starting

j=-n
from the instant X|_, o(T") < X, the server moves identically in the systems with routes W) and v,
Denote ¢ = )?[1’1] (TY) — max{Ty, )?} Then a.s.

Xicn0)(T) = Xy (T") = ¢ > X (T) = 6 > X ) (T — 01) — ¢ = X, (T) — 01 — 6. (4)

The shift
0§ e} \I/(in) = \I/(inJrl’l) = @(7n) +o_p, — 01

is ergodic (see, e.g., [20, Chapter 1, Sec. 7]), and

O 0 X(_p_1,0)(T) = X[O—n,l] (T).

The inequality (4) implies that A C 6 0 A. Since the shift 6 is ergodic, the event A has probability either 0
or 1. A

Scaling. For any 0 < ¢ < oo, denote by ¢TI the sequence consisting of the points {c¢T;}, i € Z. It is
obvious that, for all n, Zj_,, _1;(cT") decreases in ¢ and X; ,)(cT) increases in c a.s. Therefore, the lemma
below is valid.

Lemma 6. For any c > 0, a nonnegative constant y(c) exists such that Z;_,, _1(cT)/n 5 ~(c) and
v(c) decreases in ¢, whereas y(c) + cA~! increases in c.

Theorem 6. If lim)N([,nyo] (T) = 0 a.s., then A\y(0) > 1. If A,(0) > 1, then 1im)~([,n’0] (T) = a.s.

PROOF. First, let us prove the second assertion. Let Q be a point process whose points are all zero,
Q =0 xT. For a fixed n, denote by T™ the point process with points =1, for any j. Then

2
X[—n,O] (T) > X[—n,O] (Tn) = Yv[—n,O] (Q) + Ty,

where Y[_, 0/(Q) is the end instant of the last nonempty cycle in the system with n + 1 messages and
server route ¥(~™) — T_ . This route is also stationary and does not depend on an input flow, and random
variables Y|_,, o)(Q) and X|_,, (@) are identically distributed. Hence,

X[—n,O] (T)

lim inf >5(0) =Xt >0,

352



which completes the proof of the second assertion of the lemma.
Let us prove the first one. Let £ > 1 be a fixed integer number. Consider the events

Apye = {)N([—n,o] (T) > Te} , Bug= {)A([—n,o] (T) > Tz} :

By the condition of the theorem, P(A, () — 1 as n — oo and, since the random variables )A(:[_mo] (T') and
X [—n,0](T') are identically distributed, we also have

P(Bmg) — 1, P(Bn,g) — 0. (5)

By the subadditivity property, for any integer n > 0,

¢
Xing(T) < X o) (T) + 657 % 0 S X as, (6)
i=1
where X; = X[1,1]7 ooy, Xi = 0¢ 00y o X;_1 are integrable and identically distributed.
Introduce the process T™ with points
T ng for j <0,
J X[fn,O] (T) fOI‘j > 1.

Then

~

Xng(T)(Bne) < X[ono(TI(Bpy) = (X[fn,O] (T) + Y1, (Q)) I(Bny) as., (7)

where Y1 (Q) = 9&,[7”’0] 0 X1,4(Q) b X1,4(Q). From (6) and (7), we obtain (a.s.)

4
[—n,¢] (T) — Z[fn,O] (T) < 0&,[7%0] o Z X x I( Bn,é) + Y[l,l] (Q)I(Bn,é) =Ty =15+ Iz, (8)

i=1

N)

E([1) + E(I2) < co. Due to the stationarity of the server routing,

Zin)(T) = Zp o) (T) 2 Zi_ o (T) = Z_p )(T) < ©1 + I, (9)

Due to the stationarity of the input flow and the property of inner monotonicity,

o

~ 2 ~ ~ 8.~ ~ def

Zng(T) = Z ) (T) 2 Zp o 0.0((T) = Zpont-0(T) > Zpo0.0)(T) = Zj—po0(T) = ¢1. (10)

D
Inequalities (9) and (10) imply that ®; < I + I, hence, E(®]) < oo.
Next, note that random variables

Z[—n—Z,O] (T)v Z[—n—%,—@] (T)v Z[—n—BZ,—%](T)a

are identically distributed and form a stationary sequence. By Lemma 10 (see Appendix), E|¢1| < oo,
E¢; = 0. Then

0=E¢1 <I1 + I = (E(X;,yI(Bny)) + E(Y1,9(Q)I(Bn)) — A" (11)

Letting n tend to infinity and using (5), we obtain that the first component on the right-hand side of (11)
tends to zero, and
0<E(Yg(Q) — A"

Dividing both sides of this inequality by ¢, and letting ¢ tend to infinity, we obtain 0 < v(0) — A71. A
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Boundedness of the queue-length process.
Property 5. The conditions below are equivalent:

~

(a) supP(Z[Ln] > :c) = supP(Z[_mO] > x) — 0 as ¢ — o0,
n n

(b) supP(Z[Ln} > :c) — 0 as T — oo.
n

Indeed, (b) implies (a) by Lemma 3; the converse holds by Lemma 5.

Let us show that boundedness in probability of the process Z|; ,)(T) is equivalent to boundedness in
probability of the total queue length Q,, = Q,(T) in the system at instant T},. Let Q,, = QL + ...+ QX,
or,; be the transmission time of the jth message in the kth queue, i.e., if

my = min{i>1: I(y; = k) =1},
m; = min{i>m;_1: I(p; =k) =1},

then oy j = oy, . Let ny = max{j: m; < n}. Then, forany k =1,..., K,

n no+Qn

K ng
Z Ok, < Z[l,n] < Z Z Ok, + Z Yy, (12)

j=ni—Qk+2 k=1 j=nr—Qn+1 Jj=no+1

where ¢; = ¥; — ¥;_, is the total switching time during the jth cycle, no(T, ¥) is the largest number of a
cycle completed up to Tr,.

Since the input flow is stationary and ergodic, and random variables ¢; are i.i.d., (12) implies that
Qn(T) and Zp ) (T) are bounded in probability simultaneously.

If the condition A,(0) < 1 holds, lim Z[fn,o] (T') < oo a.s. Then Property 5 and inequality (12) imply

that @, (T) is bounded in probability. In the case A,(0) > 1, Theorem 6 yields lim Z[—n,O] (T) = 00 a.s,;
therefore, Z}; ,)(T') and Q,(T) infinitely grow in probability.

Systems with policies from the classes A, A. Let us state some corollaries of Theorem 6. Consider
a stochastic system X9, where g € A is the transmission policy in the kth queue. According to Corollary 3,
there exist functions fj, hy € M such that

lim f(x) = limgg(x) = F, = lim hy(x),
T T

T— 00

fe(®) < gr(x) < hi(x) for all x > 0. As will be shown in Sec. 5, for systems ¥/, X", we have

Pk

v(0) =0+ max [chk

wl.

Then, for Zﬁ_n] (T"), the corollary below holds.

Corollary 5. If Z} (T) L oo, then A, (0) > 1. If A,(0) > 1, then Z o L .

PROOF. Indeed, if Zf’lm] (T) L, 0, then, by Corollary 3,

a.s. P
Zh o (T) = Zf (T) = oo

[Jin 0] (T) L, . Since the sequence Z[Jin 0 (T) is monotone

in n, convergency to infinity holds a.s., and then Theorem 6 yields A,(0) > 1. In the case A\,(0) > 1,

Since Corollary 5 is valid for the system %7, Z

Z[h—n,o] (T') — o0 a.s.; hence,

P

Z (1) > 20 (T) = oo

due to Corollary 3 and Property 5. A
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The statement of Theorem 2 follows now directly from Corollary 5 and inequality (12) which, unlike
preceding statements of this section, is not related with the assumptions on the monotonicity of transmission
policies. R R

Consider the class A. For g € A, generally speaking, it is impossible to construct a monotone function
h > g with the same limit at infinity, but the lower function can still be constructed (see Remark 4). Thus,
the corollary below holds.

Corollary 6. If Z[’;!n] (T) LR 00, then Ay (0) > 1.

The proof is quite similar to that of Corollary 5. Since Z ﬁ (T') and Q9(T) are bounded in probability

simultaneously, Corollary 5 implies Theorem 1.

n]

5. Explicit form of the ergodicity condition

Consider a system which is entered by N messages with numbers 1,..., NV at ¢ = 0; other messages do not
arrive; the server moves from queue to queue along a cyclic route W. It is required to find v(0) = li]{]n Zi /N

N
The existence of this limit was proved in Sec. 4. Note that Zj; ,) = Zy + )_ 0, where Zy is the end
n=1

instant of the last nonempty cycle for the same system with zero message—zransmission times. Then,
~(0) = li]{[nZN/N +o.
Consider a determinate model of a polling system, which is a realization of the above-described system
with zero transmission times on one elementary event.
We assume that some laws of large numbers hold, the validity of which is guaranteed by the conditions
of Sec. 2. Also, let fr e M fork=1,... K.
Let w,, be the total switching time over the nth cycle, ¢, be the number of visits to the kth queue
n
(k=1,...,K) during the nth cycle, Ly(n) = )" ¢k ;. Assume that (for any k)
j=1
>
w; k.
=’ Li(n) =

lim ’ =W >0, lim =lim’ =Cy > 0.
n n n n n n

n

Let N = N; + ...+ Nk be the queue length at instant 0. Let li]{]n Ni/N = pj > 0 for any k.

Bounded transmission policies. Let lim fj(z) = F, < oo and, for ¢ > 0, Qn(t) be the total queue
xr
length in the system at instant ¢, Qn(0) = N.

Denote
2 = min{z: fi(y) = Fx Vk, Yy >z},
n
ng = max{n: Zekaij+x0§Nk}'
j=1
Since ng — oo as N — oo,
ni
> Uk Fi +a° N
lim 7~ = F,C, and lim " = F,Cy.
N Nk N ng
Therefore,
N,
nE Mg k Pe _ ap > 0.

= X —
N N, N F.Cy,
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Let n = max{ni,...,nk}. Then

ZN = zn:wj + o(N) =nW + o(N).

j=1
Since n/N — max aj, we obtain li]{[n ZNn/N = max oW, i.e., for the case of bounded transmission policies
k<K k

we have proved the theorem below.

Theorem 7. The constant v(0) introduced above is given by

K
- Dk _ Dk
7(0) = k§=1kaa,k + mgx { F.Ch } W=o0+ m]?x { F.C } W,

where o = Eo, is the mean message-transmission time.

Unbounded transmission policies. Let, for some fixed m € {1,...,K — 1}, Fi,...,F, < oo,
Fy41 =...= Fg = co. Fix an arbitrary positive L > 0 and consider the system X% that differs from our
system in message transmission policies in the queues m + 1,..., K only, i.e., let f£(x) = min{L, fr(x)} <
fe(@) form+1 <k <K and ff(z) = fi(z) for 1 <k < m. It is obvious that the limits li;n fE(z) = FF
exist and are equal to fi for the first m stations and to L for the others. By Theorem 4, the end instant of
the last nonempty cycle ZL > Zx a.s., and by Theorem 7 just proved,

L

Z Z
lim sup ]\][V < 1i]¥fn N — ma Pk W = max (max

Pk
N kX FkLCk ) wW. (13)

k
max
k<m chk7 k>m LCk

Consider the system ¥’ with the following message transmission policies: f;(z) =« > fi(z) form+1 <
k< K and f](z) = fx(z) for 1 <k <m. By Theorem 4, Z)y < Zy a.s.

Let us find li]{]n Z%/N. Repeating the construction from the first part of the section, we obtain that

(a) for 1 <k <m, ng — oo;

(b) for m +1 < k < K, one visit to the kth queue suffices, i.e., ny = min{n : fx, > 0} < co. In
particular, max{nm,+1,...,nx }/N — 0.

Let s = max{ni,...,nm,}. We have the representation as follows: Zy = > w; + o(N) = sW + o(N).
j=1

Therefore,
lim inf 2N > lim N = max oW = max Pk W, (14)
N =N N 1<k<m <k<m F},C}
By (13) and (14), for any L,
Pk Pk Pk
< < .
ot lrgr}caéxm F.Cy W< 7(0) S 0+ max <lg}ca<xm chk, mI?I?%{K { LC, }) w.

Letting L tend to infinity, we obtain that Theorem 7 holds for the case of unbounded transmission policies
as well (1/Fy, =0 for Fj, = c0).

6. Existence of the stationary regime

Consider an arbitrary realization of a polling system described in Sec. 2 on one elementary event (de-
terminate model). Renumber the server route ¥(1) in the empty system as follows. Assign the number 0 to
the time of the switching that is made by the server at instant +0; to the next switching time, assign the
number 1, etc.; to the previous one, the number —1, etc. Thus, we obtain the sequence of switching times
{w;}52 _ . Let, as before, \Ilél) = min {\IIEU : \I/él) > 0} be the end instant of the zero cycle, \Ily), LeZ,
be the end instant of the ¢th cycle.
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Introduce the following notations: a; is the starting instant of the ith switching time in the empty
system, a;+1 = a; +w;; Ep = \Ilgl) — ‘I/§17)1 is the total switching time in the fth cycle.
0
For the point process ¥(—™) = ¢ — $° 0j, keep the above-introduced numeration of switching times
j=-n

and cycles, i.e., the ith switching time for the process ¥(~") starts at the time instant al(.fn) def a;— Y. oy,

j=-n
0
the ¢th cycle ends at the instant \Il§_n) def \I/él) - Z oj.
j=—-n
Consider a polling system where n + 1 entering messages from the input flow have numbers —n, —n +
1,...,0 (see Sec. 4) and the server moves along the route W(~™). We call such a system a [—n, 0]-model.

The instant of the end of the transmission of all arrived messages in a [—n, 0] system is denoted by 7(_y, o).
The model introduced has the following properties:
1. T[=n,0] < OO;
2. T[_p,0) coincides with one of the instants a;, i > 1, say, with an_, ,;
3. Tl—n,o) < X[ n,0, where X[ n,0] is the instant of the end of the last nonempty cycle, as in Sec. 4.
Denote by 6_, ) the number of the last switching time in a [~n,0]-model before the instant 7(_y, g.
Evidently, 0[_p,0) = M[_y,0 — 1 since, starting from 7_,, ¢, the server route in a [~n,0]-model coincides
with (1),
Lemma 7. The sequences T|_p o], O[—n,0] d0 not decrease in n.

PROOF. Let n > 0. Introduce a [—n — 1,0]’-model that differs from the [—n — 1, 0]-model in the instant
of the arrival of the message with number —n — 1 only. Define 77, _; in such a way that the transmission
of the (—n — 1)st message would be completed before T_,,. Let

ly = max {Z \Il( n-1) +o_po1 = \Ilﬁ_n) < T,n},
{1 = max {£ < 4y : during the fth cycle, the server visits the station u,n,l},
jo = max {] : a§.7n71) < min {T_n_l, \If{rffl)}}.

Now, it suffices to put 77, _; = a( n=h),

Let us compare the models [— n—1 ,0/" and [-n — 1,0]. By Theorem 4, 77, o < T[-n—1,]- Since
the total switching time of all messages is the same for these models, the total switching time over the
time interval [ (=n—1) T[ S 0]} for the first model is less than the total switching time over the interval

ag-o_n_l), T[,n,l,oﬂ for the second one. Therefore, 5f—n—1,0] < Oj—n—1,0] as well.

Comparing the [—n — 1,0]’- and [—n, 0]-models, we obtain
T[,_n_LO] = T[-n,0]» 6f—n—170] = 6[—"70]

since U714 5 = U Thus, the lemma is proved. A
Let us assume that the condition below holds.

Ap: The limit lim 7(_, ¢ =7 < 0o exists.
n—oo

If Ag holds and a; — oo as ¢ — oo, then 7 coincides with one of the a;’s, 7 > 1. Moreover, the statement
below, which is a direct consequence of Lemma 7 and condition Ay, is valid.
Corollary 7. 1. There can be found N > 1 and M > 1 such that, for any n > N, T[_p, 0] =T = apm.
2. The limit lim 6;_,, 00 =0 < M < oo emists.
n—oo
3. There can be found Ny such that §|_, 0 =9 for all n > No.
4. Therewith, 6 = M — 1.
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For a [—n,0]-model, denote by cgfn) the actual starting instant of the ith switching. By definition,
cg_n) = az(_n) if ag_") <T_,,and cg_n) =a; if i > M[_, g
Introduce the following notation: for any queue k and any switching number i, let Gf[fn 0] denote the

number of messages to be transmitted in the kth queue after the instant c( ),
Repeating the reasoning of Lemma 7 and using statement 3 of Theorem 4, we obtain the corollary below.

Corollary 8. For any i, k, the sequence {Gf[fn 0]} does not decrease in n.
The following statement is valid.

Lemma 8. The sequence Gk is upper bounded.

[=n,0]

PROOF. Let n > max{N, Ny}, and k' be such that Gz[ o > 0, o =min{j > 0: p_; = k'}. By the
definition of transmission policies, it is evident that, in a [—n O] model for n > 7y, the transmission of the
last group of messages of the queue k' after the instant c((s_n) cannot start before 7_,,,. Therefore, the total
transmission time during the last visit of the server to this queue is not greater than 7 —7T_,,. Then, for
any k,

0
ng=min< £ >0: Z oil(p; =kK)>1—-T_,, p > G§7[_n70]. A

j=—2

Due to the monotonicity and boundness, the integer sequence Gk[ has properties as follows.

n,0]
1. For any k, the limit G¥ = hm G —no] < 0 exists, and there exists N1 < oo such that for all

’I’L>N1,k:1 KGk_G&[nO]

2. By definition, only one of the G§’s is nonzero, i.e., Gk0 >0, G¥ =0 for k # ko. Then, in a [-n,0]-
model, for any n > max{N, Ny, N1}, the last servicing is made in the queue kg, and during this visit, the
server transmits Glgo messages.

0
3. For the same n’s, cg_") =c5 = asy1 — . 0;1(u; = ko) — ws does not depend on n, where
j=—ms

0
ms = min {Z oy I(py = ko) = G’go}, —my is the number of the message that is sent first in the last
j=—t
group of Gko s messages.
Consider now the sequence G 1[=n,0]" Let us show the validity of Lemma 8 and Properties 1-3 for this
sequence. Similarly to Lemma 8, the lemma below can be proved.

Lemma 9. The sequence G571 (—n,0] is upper bounded.

Since the sequence G¥ 5—1,[=n,0] is integer, nondecreasing, and upper bounded, the following statements
hold.
1. For any k, the limit G§_, = lim G¥ | [n,0 < 00 exists, and there exists Ny < oo such that for all
n>Ny, k=1,...,K,
Gy =G5 1 0

2. At most one of the G§71’s is nonzero.

3. For n > max{N, Ny, N1, N2}, cg:rf) = ¢5_1 does not depend on n.

Set mg = max{m > 0 : cs_,m > 0}. Since ¢5_my, < G5—m,, We have mg < M. Repeat the above
reasoning for Glg—z[—n.o}v RN Glg—mo—l.[—n.O]' After mo + 1 steps, we conclude that in a [—n,0]-model, for
any n > N = max{N, No, N1, Na, ..., Npot2} and t > 0 > ¢s_pm,—1, the system state at an instant ¢ does
not depend on n.

Denote by QF—n,O] (t) the queue length for the kth station at an instant ¢; by W[k_ .0] (t), the residual
message-transmission time for the kth queue at an instant ¢; by ji_y0)(t), the number of the switching that
is made at ¢ or of the preceding switching if the server is busy with transmission at ¢. Let us state the main
result of this section, which follows from the above reasoning.
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Theorem 8. If the condition Ay holds, a process {Q*(t), W*(t),j(t),t > 0} and numbers N, M < oo
exist such that

LAQ[ )W, @) ii—no®)} ={Q(t), W*),5(t),t > 0} for any k=1,...,K,t>0,n> N,

2. Q[ no() W[Iin,o]( )=QF(t)=WFEt) =0 forany k=1,...,K, t > ap, n > 0.

Return to the stochastic model of a polling system described in Secs. 2 and 4. Since 7[_, o < X[fn,o]
a.s., under the condition A, (0) < 1 we have

7 < lim )?[,n’o] (T) < oo as.

by Theorem 6, i.e., the condition Ay holds a.s. The validity of the additional assumption that a; — oo as
i — oo is obvious due to the stationarity of ¥(1). Thus, the proof of Theorem 3 is completed.

Remark 5. With the help of the process {Q*(t), W¥(t),5(t)} introduced in Theorem 8, for the polling
systems under consideration one can construct (as is done in [21] for Jackson-type queueing networks)
the process {(Qk W’“( ), A'( )), —00 <t < oo} that determines the stationary regime on the whole
axis, and this regime is the minimum possible one. Stationarity is understood in the following sense:
distributions of the processes {(Qk(t, n), Wk(t,n), j(t, n)),t > 0} coincide for all n = 0, %1, 42, ..., where
Q" (t,n) = Q*(T, +t), Wk(t,n) = W’“(Tn + 1), j(t,n) = j(T, +1t). There exist natural examples where a
stationary regime is not unique.

Remark 6. The maximum stationary regime also exists and can be constructed analogously to what is
done in [21]. Schematically, this looks as follows: for any 0 < ¢ < 1, a polling system is introduced with
the same control sequences as before, with the only change being that messages arrive at time instants cT;.
For ¢ close enough to 1, the traffic condition is fulfilled and, hence, the corresponding minimum stationary
regimes exist. For ¢ / 1, these stationary regimes monotonically decrease, and their limit provides the
desired maximum stationary regime.

7. Possible generalizations of the model considered

1. Batch arrivals. All statements of Sec. 2 remain unchanged if batch message arrival in the input flow
is admitted. Let (7,,, i,,, 01,) be a stationary metric-transitive sequence. Here, 7, is the time between arrival
instants of the (n—1)st and nth batch, p,, = (tin,1,- - -, fin, k) is the number of messages of the nth batch sent
to queues 1,..., K respectively, o, = (n,1,.--,0nK); Onk = (Onk1,-->Onkp,,) are the transmission
times for the nth batch at the kth station. Let Ery = A™! < oo and # 0, EY. > 014 = 0 < 00,

k@

0<Epyr=pr <ooforany k=1,...,K. Then

p=2A a—i—maxF:Lng

The proofs of Theorems 1-3 remain valid without any considerable changes (except for some obvious
distinctions in terminology, such as “batch call” instead of “call,” etc.)

2. Random policies. Theorems 1-3 also hold for natural extensions of the classes A, //1\, M, which in-
clude random functions. Assume that transmission policies depend on a random variable, namely, f(z, D)
messages are transmitted during the jth visit of the server to the kth station, where for any k, random
variables Dy, j = 1,2,..., are i.i.d. It is necessarily required therewith (say, in the extended class M) that

for any k, j, fi(z, Di) < frlx+1, Di) < fr(x, Di) + 1 a.s. In this case,
F, =E lim f(z,D}) = EFy(z,D}) < 0o

The validity of the statements of Secs. 3, 4, and 6 is evident; we just explain the changes in Sec. 5.
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Let Fj, < co. Then Fk(Di) < o0, and random variables xfc = min{z : fk(x,Di) = Fk(Di)} are ii.d.
and a.s. finite. Also,
n .
Fi(Dy)
=1

! — Fj, as. (15)
n

Let us compute the limit Zn /N in the sense of convergence in probability. Let Ny be a (random) length of
the kth queue at ¢t =0,

n—1
my = max{n: Ny > ah, Ny — Fo(D}) > 22, ..., Ny — ZFk(Di) > xZ}

=1

Since my — oo a.s., we also have ny = max{j: Li(j) < mr} — oo a.s. Then

mg .
> Fu(D})
j=1 Tmy+1 P
1>’ >1- "M 1.
- Ny - Ny, -
Using (15), we obtain
3. (DY)
k
Ny, Ny j=1 F P
m - me ) m - Fk7
g > Fu(Dy) g
i=1
Nk ng mr N p 1
= =, Fip.

Further computation of the limit desired is made in the same way as in Sec. 5. In the case Fj = oo, the
changes are analogous to the above ones.

3. Exhaustive policies. Theorems 1-3 are also valid in a more general case, where some transmission
policies can have an “exhaustive” character, i.e., not only the queue but also new messages that arrive
while the server works at a station can be transmitted before switching of the server. Such a policy can be
defined by a sequence of functions { f 521, where for all j, f1’s belong to one of the classes introduced in
Sec. 1, and f}(1) = 1. If at the instant of a server arrival, there are x1 messages in the queue, fi(z1) of
them are to be transmitted. Then, if at the instant of the transmission end, there are x5 messages in the
queue, f,f(xg) of them are to be transmitted, and so on. The server switches to the next station only if
f,g (xzj) = 0 for some j (for an analogous way of describing such policies, see, e.g., [1]).

Under these conditions, Theorems 1-3 are also valid. The quantity Fj in the ergodicity condition for
an exhaustive policy is determined as Fy = Zliin fi(z). If, for example, fi(xz) = « for all k and j, then

J

Fy, = oo for all k and p = Ao.
The proofs of Theorems 1-3 remain unchanged; certain changes should be made in the proof of Theorem 4
only.

4. Systems with infinite number of servers. Under certain conditions, analogous results hold for
this case as well. A paper on this subject is being prepared for publication.

Appendix

Let {&}, i € N, be a stationary sequence of stationary random variables. Define a stationary sequence
{¢:}, i € N, of random variables with nonsingular distributions as ¢; = &; — &+1. The following statement
holds.
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Lemma 10. If E(¢]) < oo, then E|¢1| < oo, E¢y = 0.
PROOF. The sequence {¢;} obeys the LLN:

1+t dm & mt P

since the corresponding random variables have nonsingular distributions. B
Let us show that E|¢1| < co. Let N > 0, ¢; = max{¢;, —N} > —N. Then, a random variable ¢ exists

such that E|<Z| < oo, E¢ = Eczl, and

(1+...+bm)/m— ¢ as.

Assume that N exists such that E%z Eggl < 0. Then, for some ¢ > 0, P(gg <—g)=A>0,l1ie,
P(ligln(gl ot Gm)/m < —E) =A>0.

Then, mg exists such that for all m > my,
P((f1+ ...+ dm)/m < —£/2) > AJ2> 0.

But, since ¢ < %i,
P((¢1+ ...+ dm)/m < —£/2) > AJ2 >0,

which contradicts (16); thus, E¢; > 0 for any N, and E¢; > 0. Then, obviously, E¢, <E¢] < oo, whence
the desired statement follows.

Now, let us show that E¢; = 0. Let, on the contrary, E¢; > 0. Then a random variable ¢ exists such
that E¢ = E¢; > 0 and (¢1 + ... 4+ ém)/m — ¢ a.s. Therefore, for some € > 0, P(¢ > ) = A > 0. Then
my exists such that for all m > my,

P((¢1+ ...+ dm)/m >e/2) > AJ2 >0,

which contradicts (16). A

LLN for random subadditive stochastic sequences. The results presented below are generaliza-
tions of the corresponding properties of subadditive sequences [18, 19] for the case of shift transformations
with random index. They are used in Sec. 4.

Let (X,Bx) be an arbitrary metric space. Consider two sequences of random variables, X-valued
{&n}2, and real-valued {1}, . We assume that

(a) {&,} is a stationary ergodic sequence,

(b) {¢n} is a sequence of i.i.d. nonnegative random variables, and P(¢y > 0) > 0,

(c) these sequences are mutually independent.

Set Fe = 0{&,; —00 < n < o0}, Fy = 0{thn; —00 <n < o0}, Feyp = 0{(&n,¥n); —00 <n < 00}. Let 6
and 6y be two measure-preserving shift transformations of F¢ ,-measurable random variables, namely, if

S:h("'afn—lvgnafn-i-la"';-'-7wm—1awm;wm+l---)7
then
HEOS:h("'vgnagnJrlagnJer"';'"71/}m717/¢)m7/¢)m+1“')a
and
0111OS:h('"7£n*1a£na£n+1a"';'"7wmawm+1awm+2~“)~

For n > 1, let 9? and 6 denote the iterations of ¢ and 6, respectively, and O " and 9;” be the shift
transformations inverse to 02’ and 6.

For each k > 1, let Z; ) be a nonnegative random variable and 7,5 = min{n > 1: 1 + ...+, >
Z[l,k]}' Put 77[170] =0.
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We assume that
(d) For any £ > 1 and any Borel set B, the event {Z1 ) € B; nux < £} belongs to the o-algebra
0{517"'7€k;w17"'7¢€}-

For m < n, introduce the pair of random variables

(Zimnds Mimng) = 081 0 0 (Z11m—met1]s M n—met1])»

and for r < m < n, the pair of random variables

(Z[Tm,n] ) n{m,n]) = 9?_T © QZ[TYH_” (Z[r,n—m-i-l]v n[r,n—m-i-l])-

T

The assumptions (a)—(d) imply that the sequences {(Z[m7m+k],77[%,m+k]), k< O} and {(Z[l,l+k]777[1,1+k])7
k < 0} are identically distributed. Assume that Z1 = Zj3 1), m = 1), Z2 = Z[1272]7 Ny = 77[1272], and for
k>3, (Zk,nk) = 0g 0 0 0 (Ze—1,mk-1)-

The assumptions (a)—(d) imply the proposition below.

Proposition 1. The sequence {(Zk,ni), k > 1} is stationary and metric-transitive.

Let the conditions below hold,
(e) d=EZ; < oo,
(f) “random” subadditivity: For any r < m < n,

Z[rrn] S Z[T,m] + Z[T‘erl’n] a.s.

In this inequality, in contrast to the subadditive processes in [18], the variable Z[Tm 41.n) does not equal

Zlm+1,n); it only equals the latter in distribution, being its random shift in ¢. The “range” of this shift
depends on the first summand on the right-hand side of (f).
Let us state simple corollaries of the assumptions (a)—(f).

n
Corollary 9. For any n>1, Zjy ) < Y Zi = Sp.

i=1
Corollary 10. Forall n>1, m > 1,

EZ=gn <0 and gnim < gn+g+m.

Corollary 11. Let v = ir;flgn/n, Then v < oo and v = lim g, /n.
n> n

For the proof of the last statement, see, e.g., [18].

Corollary 12. Let ® = limsup Z}; ,)/n. Then ® < d a.s.

PROOF. Since S, /n — d a.s., imsup Z; ,)/n < lim S, /n = d a.s. A
Corollary 13. The random variable ¥ is F¢-measurable.

PROOF. Since Z[1 ) < Z[1,m) + Z[lm+1 n] &-S., We have for any fixed m > 1 and m — oo

¢ = limsup Z}; ,)/n < limsup Z[1m+17n]/n = lim sup Z[1m+1,n] (n—m+1)= <I>[1m+1].
Since ¢ 2 <I>[1m+1], we have & = <I>[1m+1] a.s. Forany 0 >0, k> 1, and A € 0{¢1,...,¢r}, choose m > 1
such that P(n1,,) > k) > 1 — . Then, for any Borel set B,

P@eBA) < S (@ € Bi Aimpum =)+ = i (®h € B) x P(Aimm =) +0
=k i=k

(2

< P(® e B) x P(A) +6.

Analogously, P(® € B;A) > ...>P(® € B) xP(A) — 4. A
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Corollary 14. & =~ a.s.

PROOF. Let us show that ® = const a.s. Indeed, ® = <I>[12} = 9% X 93}“’” x <I)[11} = 9% x ® a.s. Therefore,
® is an F¢-invariant random variable, and ® = const a.s.

Remark 7. The sequence Sy, /n is uniformly integrable since S, /n — d a.s. and ES,,/n = d for any n.

Next, let us show that v < ® a.s. The sequence {Z[Ln]/n} is uniformly integrable. Hence, v =
limsup EZ[ ,,)/n < Elimsup Zpy ,,/n = ® ass.

Finally, let us show that ® < g /k for any k. Fix k and define the sequence {Z,(Lk)},

k k
Zf ) = Z[l,k]a Zé ) = Z[1k+1,2k]a

Zék) a.s., and

NIE!

and for £ > 3, Zék) = 0¢ x Ok x Zéﬁ)l. If km <n < k(m+1), then Z}; ) <

{=1

>

(=1

lim sup Z[1 5,/ < limsup Jk(m—1)=gp/k as. A

Corollary 15. As n — oo, the sequence Z|1 n)/n tends to ® in probability.
PROOF. Let @1, = sup Z[; ,)/m. The sequence {(I)[17"]}n>1 is nonincreasing, and ®(; ,) — ® a.s. as
m>n -

n — oo. Therefore,
(I>[1,n] X I{(I)[l,n] <o+ E} — o

a.s., and
P(Z[Ln]/n > o —|—€) < P((b[l,n] > (I)+€) — 0.

Assume that there exists 0 < 0 < ® such that limsup P(Z; ,j/n < ® —§) > 0. Then a subsequence {n}
can be selected, for which the limit

liinP(Z[Lnk]/nk <P-6)=p>0

exists. Choose ¢ < dp and xy > 1 such that

sup E{Z[Ln]/n X I(Z[Ln]/n > xo)} <gq

and € > 0 such that e(1 — p) + ¢ < dp.
For n > 1, define the sequence of random variables

Bn = (2—0)xI(Zpn/n<P®—08)+(@+e)xXI(®—0<Zpu/n<P+e)
+ x9 X I(‘I)—I—E < Z[Ln]/n < J)Q) +Z[1,n]/n X I(Z[l,n] > J)Q).

It is evident that Z}; ,,)/n < 3, a.s. On the other hand,

EZ[l,nk]/nk < Eﬁnk < ((I)—(S)Xp—l—(‘l)—l—f)X(l—p)+l‘0XP(Z[lynk]/nkZ‘I)—l-&)—l-q

— (2—d)xp+(2+e)x(1—p)+gqg
= ®d—0xp+ex(1l—-p +qg< ®

as k — oo. This provides a contradiction, i.e., Z; ,,;/n — @ in probability. A

363



—_

10.
11.

12.

13.

14.

15.

16.

17.

18.
19.

20.
21.

REFERENCES

. H. Levy, M. Sidi, and O. J. Boxma, “Dominance relations in polling systems,” Queueing Systems, 6,
No. 2, 155-171 (1960).

. L. Massoulie, “Stability of non-Markovian polling systems,” Queueing Systems, 21, No. 1-2, 67-96
(1995).

. A. A. Borovkov and R. Schassberger, “Ergodicity of a polling network,” Stochast. Process. Appl., 50,
No. 2, 253-262 (1994).

. L. Georgiadis and W. Szpankowski, “Stability of token passing rings,” Queueing Systems, 11, No. 1-2,
7-34 (1992).

. C. Fricker and M. R. Jaibi, “Monotonicity and stability of periodic polling models,” Queueing Systems,
15, No. 1-4, 211-238 (1994).

. D. P. Kroese and V. Schmidt, “A continuous polling system with general service times,” Ann. Appl.
Probab., 2, No. 4, 906-927 (1992).

. D. P. Kroese and V. Schmidt, “Single-server queues with spatially distributed arrivals,” Queueing
Systems, 17, No. 1-2, 317-345 (1994).

. V. Sharma, “Stability and continuity of polling systems,” Queueing Systems, 16, No. 1-2, 115-137
(1994).

. H. Takagi, “Queueing analysis of polling models,” in: Stochastic Analysis of Computer and Communi-
cations Systems, North-Holland, Amsterdam, (1990). pp. 267-318.

E. Altman and H. Levy, “Queueing in space,” Adv. Appl. Probab., 26, No. 4, 1095-1116 (1994).

E. G. Coffman and E. N. Gilbert, “Polling and greedy service on a line,” Queueing Systems, 2, No. 2,
115-145 (1987).

R. Schassberger, “Stability of polling networks with state-dependent server routing,” Technical report
12/93, Technical University, Braunschweig, Germany, 1993.

G. Last and S. Foss, “On the stability of greedy polling systems with exhaustive service policies,”

Technical report 18/94, Technical University, Braunschweig, Germany, 1994.

G. Last and S. Foss, “On the stability of greedy polling systems with general service policies,” Technical

report 6/95, Technical University, Braunschweig, Germany, 1995.

E. Altman, P. Konstantinopoulos, and Z. Liu, “Stability, monotonicity and invariant quantities in

general polling systems,” Queueing Systems, 11, No. 1-2, 35-57 (1992).

J. A. C. Resing, “Polling systems and multi-type branching processes,” Queueing Systems, 13, No. 4,

409-426 (1993).

F. Baccelli and S. Foss, “On the saturation rule for the stability of queues,” J. Appl. Probab., 32, No. 2,

494-507 (1995).

J. F. C. Kingman, “Subadditive ergodic theory,” Ann. Probab., 1, No. 6, 883-909 (1973).

T. Liggett, “An improved version of Kingman’s subadditive ergodic theorem,” Ann. Probab., 13, No. 4,
1279-1285 (1985).

F. Baccelli and P. Bremaud, Elements of Queueing Theory, Springer-Verlag, Berlin (1994).

F. Baccelli and S. Foss, “Ergodicity of Jackson-type queueing networks,” Queueing Systems, 17, No. 1-2,
5-72 (1994).

364



