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On the mean value of the ladder epoch
for random walks with a small drift

V. 1. Lotov

Abstract. In this paper, we prove theorems on the asymptotic behaviour
of the mean value of the time at which the non-negative half-axis is first
attained for a random walk whose drift tends to zero. It is assumed that the
distribution of jumps of the random walk belongs to the domain of attraction
of a stable law with exponent a € (1, 2).

Let {¢°}, n > 1, be a sequence of independent identically distributed random
variables, let E¢? = 0, let F(z) = P(¢) < ) and let

Flea) = 22U poy R

wa

_ b+o(1)

:LrOL

L(z) (1)

as x — oo, where L(z) is a slowly varying function, 1 < o < 2, a >0, b >0
and a + b > 0.

It is known (for example, see [1]) that the above condition is equivalent to the
requirement that the distribution F' should belong to the domain of attraction of a
stable distribution F,, that is, the relation

0

P(g” -4, < x) — Fy(z) (2)
n

should hold for the sequence SO = £9+...+£% n > 1, where A,, and B, are suitable

number sequences. It can easily be seen that one can set A, = 0 for E¢) = 0, and

then the stable limit law will also have zero mean.

Generally speaking, stable distributions form a four-parameter family. Let ()
be the logarithm of the characteristic function of a stable distribution. Various
representations are known for ¥ (¢); in what follows, it will be convenient to use the
following one (see [1]):

(1) = ity — At exp{—i;; (2 a>} 3)

for a € (1,2). Here —1 < 8 <1, A > 0 and v is an arbitrary real number. In
the case under consideration we have v = 0 and, without loss of generality, A can
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be set equal to unity. The number § is found from (1) in the well-known way. In
what follows, we shall use the notation Fy, = Fj, g.

Let &, = &2 + e and S,, = S? + ne, where € > 0 is a small number. We introduce
the ladder epochs

n_ =inf{n >1: S, <0}, ny =inf{n >1: S, >0}

(here we assume that ny = oo if S, < 0 for all n and n_ = o0 if S,, > 0 for
all n) and the ladder heights x4+ = S,,. The quantity x_ will be assumed inde-
terminate for the event {n_ = co}. We write ¢ = P(n_ < o0). It is known that
En; = (1—¢)~! (the proof of Theorem 1 below contains a justification of this rela-
tion). The expression E 7 may increase indefinitely as e — 0, namely, En; = oo
if E&; = 0. (For a discussion of this situation see [2], where an upper bound for E n
is established under more general conditions than those in the present paper.) For
the scheme under consideration, the result in [2] reads as follows: for an arbitrarily
small § > 0, there is a constant C' = C(§) such that En, < C/e?7149 where we
write § = a/(a — 1) for brevity. [2] also contains the easily derived lower bound

E&f
ETI+> 51 )
IS

where & = max(0,&;).
The object of this paper is to investigate the asymptotic behaviour of En,
as € — 0 under the above conditions. We write p = F,, 5(0).

Theorem 1. Let condition (1) hold. Then

917(1+0(1))7

Eny =€ e —0.

Remark 1. Let v = 0 and A = 1 in the representation (3). In this case the value
of p is known [3]:
1 2 —
2 o

It follows at once that ap < 1 since 2(1—ap) = (14+3)(2—a) = 0. Thus, 0p < 0—1,
and this shows that, generally speaking, the upper bound given in [2] overestimates
the growth rate.

Proof of Theorem 1. Let
Rai(z,p) =1 —E(2" exp{ux+}; n+ < o0)

for |z| < 1 and Rey = 0. The functions R4 (z, u) are components of the well-known
factorization (for example, see [4])

1- ZSD(M) = R+(Z7M)R7(Z7/'I’)7
where p(u) = Eetét. Setting z = 1 in this identity, we arrive at the relation

_l-e)
= R
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As p — 0, we use Wald’s identity to obtain the relations

&
l-qg=—— = (En,)" L
1= By, (Eny)

Next, for |z| < 1 and Re u = 0, we have the well-known representation

R_(z,p) = eXp{ i % E(exp{uS,}; Sn <0) }

n=1
Therefore
En, =(1-¢) ' =RI'(1,0)
, 2 2" = P(S° < —ne)
—lﬂexp{z;nP(Sn<0)} —exp{z:ln . (4)

Thus, it is necessary to consider the asymptotic series

i P(S% < —ne)
n=1 n

as € — 0. It is established in [5] that, under the assumptions of Theorem 1, the
asymptotic formula

P(|S9 >ne)  «a
n; - = — lloge|(1+0(1)), -0, (5)

holds. Passing to a consideration of one-sided deviations P(S9 < —ne) instead of

two-sided ones hardly changes the proof in [5], and therefore we shall not repeat it
here, merely noting that the proof uses the representation

i % P(S) < —ne) = Ii(e) + L(e), (6)
where
Li(e) = ni_o:l % (P(Sﬂ < —ne) — Fap (gi))
- Sl

n

Using a string of estimates, it is established that
I () = o(|loge|),
ap
Ir(e) = p] log £] (1 + o(1)), e — 0.
o —

The last relation is obtained using the Euler-Maclaurin formula. The same tech-
nique is used below in the proof of Theorem 2, which differs from the proof of
Theorem 1 in that the estimation of I (¢) is simpler (owing to the additional con-
dition imposed in Theorem 2) and the investigation of the asymptotic expression
for I5(e) is more detailed. The theorem is proved.
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Theorem 1 describes the asymptotic behaviour of log En,. In what follows, we
shall show that, under certain additional conditions, this result can be strengthened.

Let us write
SO
A, =sup P(B” < a:) — F, g(x)].

n

To derive the estimate I1(e) = o(|loge]|) in the proof of Theorem 1, use was made
in [5] of the property that A, — 0 as n — oo. To obtain a stronger result on
the asymptotic behaviour of En, it is required to impose a condition on the rate
of convergences of A,, to zero. There are some papers in which various sufficient
conditions are established to ensure that A, decreases at the required rate. For
example, in [6], conditions on F are stated in terms of second-order regularity.
Under these conditions, A, is a regularly varying function of the form A,, = L(n)n”
with exponent v € [—1,0], where L(n) is a slowly varying function.

Theorem 2. In addition to the hypotheses of Theorem 1, assume that the series
f: An
n
n=1
is convergent. Then there is a function l(x) slowly varying at infinity such that
Eny = Pl (1+0(1))
as € — 0. If L(x) = const in formula (1), then we also have l(x) = const.

An exact expression for [(x) is given at the end of the proof.

Proof. By (4), it suffices to show that there is a slowly varying function I(z) such
that the relation

>3

holds. We shall use the representation (6). As a consequence of the hypotheses of

the theorem, the series
o ne
Z ( P(S, < —ne) — Fa,,@(—Bn>>

P(S° < —ne) = —Oploge + logl(e™) + o(1)

3\'—‘

is convergent uniformly with respect to e, and therefore

ti (P(s2 < -ne) ~ Fis (- 3 ))

P(S) < 0) — Fop5(0)),

hm ILi(e

Mg
3\>—'

i

n=1

3\'—‘
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that is, I1(e) = Cy + o(1). C,C1,Cs,... everywhere denote constants, which may
be different in different calculations.

To estimate I2(e), we make use of the arguments in [5].

It is known that the normalizing constants in (2) have the form B,, = cn!/*Ly(n)
for an appropriate choice of the constant ¢, and L1 (z), Li(1) = 1, is a slowly varying
function. Put § =1 —1/a = 1/6. The convergence in (2) is preserved if L;(z) is
replaced by an arbitrary slowly varying function Lg(z) asymptotically equivalent
to Ly (z), that is, Li(x)/Lo(x) — 1 as © — oo. Therefore Li(z) can be assumed
differentiable (see [8], §1.3.2), and y = x°/L,(x) can be regarded as a monotone
function (see [8], §1.5.3).

Let ®(z) = Fy g(—x/c). An application of the Euler-Maclaurin formula (see [7],
§12.2) results in the expression

1 ex? 1 > 1 ex®
I = —®| ——|d —®(e) — P dl =@ —— 7
0= [ arlim) e [ (ig))
where Py (z) = [z] —z + 1/2.
We shall consider the asymptotic behaviour of each of the three terms on the
right-hand side of (7). For the first, we make the change of variable y = x%/L; ().

Then we obtain z = g(y) = y'/?La(y) (see [8], §1.5.7), where La(y), La(1) =
Ly(1) =1, is a slowly varying function. Thus, we have

[ 3o = [ S venas= [ wtenaionaty

= /:Oq)(t)dlogg<:_> = —/:O @’(t)loggC) dt

1 o0 1 o0 oo
_ &' (1) logt dt + °§5 @’(t)dt—/ /(1) long(z) dt. (8)
€

_gs

€

It can easily be seen that

/oo ' (t)logtdt = Cy + O(e), /oo &' (t)dt = —p + O(e)

as e — 0.

Let us consider the third term on the right-hand side of (8). If L(x) = counst,
then Ly(z) = 1 and La(x) = 1, and therefore the integral in question is zero. In
the general case, we have

/:o @' (t) log LQC) dt = /:O (mg@(i) —log Lo (i))qﬂ(t)dt

+1log Lo C) / T o) dt = / (1) log Z((Z‘?) dt

+log Ly (i) (=p+0()). (9)
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To estimate the integral on the right-hand side of (9), we use Potter’s
theorem (see [8], §1.5.4), according to which there is a constant C3 > 1 such

that Loa)
2(% Ty
< Cymax| —, =
Lo(y) = ° (y x)

for all x > 0, y > 0. Therefore

’ / h @' (t)log ij((ii)) dt‘ <log Cs + /O +|<I>’(t)] log(t™1) dt

+/ |9’ (t)|log t dt < oo,
1

that is, by the majorized convergence theorem, we have

/:O ' (t) log fz((iéi)) dt = /O‘X’ ' (t) Itz o0) (t) log fj((iéi)) dt — 0

as € — 0.
It has thus been established that the relation

/:o ()logL2< )dt logl1< )-i—o()

holds for the slowly varying function Iy (z) = L5(x).
For the second term on the right-hand side of (7), we clearly have ®(¢) = p+0(e).
Finally, let us consider the third term on the right-hand side of (7),

e 1 ex? )) /°° 1 ( ex? >
P(zx)d| —®( —— =— P (x ) dx
/1 1) < (Ll( ) 1 1) 22 Ly(z)
6
Pi( 10
/ i (Ll( )) (10
Since the function ®(e2°/L;(z)) is bounded uniformly with respect to & and the

integral
e 1
P (z)— d
/1 1(2) 5 dz

is convergent, the first integral on the right-hand side of (10) is equal to Cy + O(e).
Let us consider the second integral on the right-hand side of (10). After the
change of variable y = 2° /L1 (z) used above, we obtain

° 1 ex? > 1
/1 Pl(x)xdcb(Ll(z)> =/1 Pl(g(y))@dfb(ay)
)= ®'(ey) dy = O(e)

since Py (g(y))@/(ey) is bounded uniformly with respect to &, g(y) = y/°La(y)
and 6 =1-1/a < 1.
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Hence, as ¢ — 0 we have

1
Ii(e) + Is(e) = —Oploge + logl<5> +o(1),
where

l(fE) :CLZQ)(CL'), C—exp{c’l _9C2+12)+C4}7
1= Z %(P(Sg <0) = Fa5(0)), Coy = / ' (t)log t dt,
n=1 0

e 1
04 :p/ ]31(75)15*2 dt.
1

After some simple calculations, we obtain

1
C4:P<C _2)’

where Cy = 0.5772... is Euler’s constant, that is, we finally have
C= exp{Cl — 902 +p00}.

Recall that the slowly varying function Lo is found from the relation x =
y'/°Ly(y), where y = 2° /Ly (z). The function L; is involved in the definition of the
normalizing constants in (2), namely, B, = cn'/*Li(n), Li(1) = 1. Here L ()
can be assumed differentiable and y = 2°/L; () can be regarded as monotone. The
theorem is proved.

It is clear that the use of Wald’s identity E x4 = ¢En, also enables one to
determine an asymptotic expression for E x4, and asymptotic estimates can also
be found for E x% . This follows from the inequality

Ex} <CEp)

established in [2] (and used there), which is valid under the conditions of the present
paper for any a; such that 1 < a1 < @ and a1 — 1 < s < 3.

The author is grateful to A. A. Borovkov, I. S. Borisov and S. V. Nagaev for
valuable discussions.

Bibliography

[1] 1. A. Ibragimov and Ju. V. Linnik, Independent and stationarily connected variables, Nauka,
Moscow 1965. (Russian)

[2] V.1 Lotov, “Inequalities for the moments and distribution of the ladder height of a random
walk”, Sibirsk. Mat. Zh. 43 (2002), 816-822; English transl., Siberian Math. J. 43 (2002),
655-660.

[3] V. M. Zolotarev, “On the representation of stable laws by integrals”, Trudy Mat. Inst.
Steklov. 71 (1964), 46-50. (Russian)


http://www.zentralblatt-math.org/zmath/search/?an=0154.42201
http://www.zentralblatt-math.org/zmath/search/?an=0154.42201
http://www.zentralblatt-math.org/zmath/search/?an=1012.60049
http://www.zentralblatt-math.org/zmath/search/?an=1012.60049
http://www.zentralblatt-math.org/zmath/search/?an=1012.60049
http://www.zentralblatt-math.org/zmath/search/?an=1012.60049
http://www.zentralblatt-math.org/zmath/search/?an=0154.19404
http://www.zentralblatt-math.org/zmath/search/?an=0154.19404

1232 V. I. Lotov

[4] A. A. Borovkov, Probability theory, 2nd ed., Nauka, Moscow 1986. (Russian)

[6] A. Spataru, “Precise asymptotics in Spitzer’s law of large numbers”, J. Theoret. Probab. 12
(1999), 811-819.

[6] L. de Haan and L. Peng, “Exact rates of convergence to a stable law”, J. London Math. Soc.
59 (1999), 1134-1152.

[7] H. Cramer, Mathematical methods of statistics, Princeton Math. Ser., vol. 9, Princeton
Univ. Press, Princeton 1946; Russian transl., Mir, Moscow 1975.

[8] N. H. Bingham, C. M. Goldie, and J. L. Teugels, Regular variation, Encyclopedia Math.
Appl., vol. 27, Cambridge Univ. Press, Cambridge 1987.

V. 1. Lotov Received 21/JAN/05
Sobolev Institute of Mathematics, Translated by V. M. VOLOSOV
Russian Academy of Sciences, Siberian Division

E-mail: lotov@math.nsc.ru


http://www.zentralblatt-math.org/zmath/search/?an=0662.60001
http://dx.doi.org/10.1023/A:1021636117551
http://dx.doi.org/10.1023/A:1021636117551
http://dx.doi.org/10.1112/S0024610799007346
http://dx.doi.org/10.1112/S0024610799007346
http://www.zentralblatt-math.org/zmath/search/?an=0063.01014
http://www.zentralblatt-math.org/zmath/search/?an=0063.01014
http://www.ams.org/mathscinet-getitem?mr=0410995
http://www.zentralblatt-math.org/zmath/search/?an=0617.26001
http://www.zentralblatt-math.org/zmath/search/?an=0617.26001
mailto:lotov@math.nsc.ru

	Bibliography

