Siberian Mathematical Journal, Vol. 46, No. 4, pp. 661-667, 2005
Original Russian Text Copyright (¢) 2005 Lotov V. I. and Orlova N. G.

FACTORIZATION REPRESENTATIONS IN
THE BOUNDARY CROSSING PROBLEMS
FOR RANDOM WALKS ON A MARKOV CHAIN
V. 1. Lotov and N. G. Orlova UDC 519.21

Abstract: Let 7 be some stopping time for a random walk S,, defined on transitions of a finite Markov
chain and let 7(¢) be the first passage time across the level ¢ which occurs after 7. We prove a theorem
that establishes a connection between the dual Laplace—Stieltjes transforms of the joint distributions of
(7,8-) and (7(t), S;@x)). This result applies to the study of the number of crossings of a strip by sample
paths of a random walk.

Keywords: Markov-modulated random walk, factorization representations, boundary crossing prob-
lems

1. Introduction

Let {72, }n>0 be a finite homogeneous irreducible Markov chain with the state set D = {1,...,m}
and the matrix of transition probabilities P = ||p;i||jxep. Denote by {5](.:)}, n > 1, j,k € D, the family
of independent random variables independent of {s,} and identically distributed for the fixed j and k.

The evolution of the Markov process {Sp, 7, n>0 is determined by the initial value {0, ¢} and

relation
Sp1 = Sp + €MD 1 n>0. (1)
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The distribution of {Sy,, 5, }r>0 is completely defined by the distribution of s¢ and the matrix
oo
Pl = | [ emaesi < = ko = )| = sl T o,
—0o0

where fj,(n) = et .

Similar random walks are considered in many papers (for instance, see [1-4] and the references
therein). It turned out that many results in the boundary crossing problems for ordinary random walks
and the factorization methods connected with them can be translated to the Markov-modulated random
walks. In this article, we prove Theorem 1 which is the translation of an analogous result of [1] to
the processes (1). In [1] this result was established in the case m = 1 corresponding to the usual random
walks generated by a sequence of independent identically distributed random variables.

Let 7 be a stopping time for {S,}. On the set {7 < oo} we define the random variables

74(t) =min{n >7:5, >t}, 7_(t) =min{n >71:5, <t},

where t is an arbitrary real number. In Theorem 1, we establish a connection between matrices of the dual
Laplace—Stieltjes transforms

GE(z, 1) = [[E(z"=W exp{ipS,, 1y }: 74 (t) < 00, 56,1y = k/30 = j)|
and ‘
G(z,p) = |E(z7e"7 1 < 00, 56, = k/30 = j)|.-
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We state the theorem in Section 2. Before stating it, we introduce the matrix factorization and
give some new notations. Theorem 1 can be used in many boundary crossing problems for the random
walk (1). We consider two of them below. The first relates to finding the dual Laplace—Stieltjes transforms
of the joint distribution of the first exit time from a strip for the sample paths of (1) and of the location
of a walking particle at that time. The second problem is to study the distribution of the number of
crossings of a strip by the trajectories of (1). Using Theorem 1, we obtain the factorization representations
for these two problems (see Section 3). We observe that, in many cases, further asymptotic analysis
of the factorization representations of dual transforms leads to the complete asymptotic expansions of
the distributions under consideration. It was carried out in [4] for the distributions related to the first
exit time of (1) from a strip. Asymptotic expansions for the number of crossings of a strip which are
based on Theorem 3 will be published later.

2. The Main Theorem

It is known [1] that, for |z] < 1 and Im p = 0, the matrix function F — zF' () admits the canonical
factorization of the following two types:

E = 2F(p) = Ro— (1) Roy (1) = Loy (1) La— (1)

called the right and left factorizations. Here F is the unit matrix. We use the following representations
for R,4(p) and L,_(p) which are known from [1]:

)

Roi(p) = E — |E(=™ e, < 00,50y, = k[0 = )| = E — ||R}) (2, 1)
L.—(u) = E — |[E(z" €%~ ;5 < 00,56, = k/350 = j)l| = E — ||L'}) (z, ).

Here
ny =inf{n >0:5, >0}, n-=inf{n>0:85, <0}, x+=295,,.

We assume everywhere that inf @ = oco. Let h be the matrix function whose every element admits
the representation

mwz/wwm@,/wmmmm 2)
for Im g = 0. We write this as
Wb/WM@

where H(y) = ||H;x(y)||. Following [2], define the operators

(h)(z, 1) = [ L ()] L (), (Bih) (2, 1) = ()R] R ()

with the notation
o0 D
[ / ewde(y)] = / e"™dH(y), DCR
—00 D

(here we bear in mind the componentwise equality). The function h in the definition of the operators
can depend on z as well.
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Theorem 1. For |z| <1 and Impu =0,
+

PrROOF. We use the following expressions for R, ! (x) and L7 * (1) known from [1]:

o0
-l 1) :E+Zzn
n=1

Z“ydP(Oglrgi(nS <Sp Ly, =k/n = ])H

= E+||R (=),

/ “‘ydIP’( min S,, > S,, S, <y7%n—k/%0_.])H

o<m<n

= 5+ 1060

Then
]E(ZT+t WSy (1). T+(t) < 00, 3, :]{/%Ozj)
00 (0.@)
:Zzn/ ZW( (1=mn,8; € dy, »n, = k/»0 = j)
n=0 t

(o.)
3 SP(r=n,  SWp S <t Srin € dy, i, = k0 = j >>

=1 n<m<n+iy

_ Zzn/eiuyp(q- =n,S; €dy, s, =k/xp =)

n=0 t
[e.e] [e.e] o0
+ Z Z Pkaxc! / wy[p (r=mn, sup Sy < Sntiy, Sntiy € dY, nyiy = k[0 =)
n=04;=1 t n<m<n+i1
oo oo o0
— Z Z i /ei“y]P’(T =n,t < sup Sy < Sntigs
n=01i; =1 ) nam<nti

Sntii €AY, stntiy =k/g=7) =T +1Tp — Ts.
Observe that
=2 / MB(r =, 5r € dy, s = k[0 = J) = [Gji(z )] .
n=0 +

Moreover,

n= 021 1 n<m<n+i1

o0
Ty = Z Z Lt / ”‘yIP’ (t=mn, sup Sm < SntiysSnti, € Ay, sen1i, = k/20 =7)
t

m o o o0
= Z Z Pianc /e”‘yIF’(T =mn, sup  Sm < Sntiys Sntiy, € Ay, en =1,

! < )
=1 n—04i;—1 / n<m<n-+ii
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%n-‘ru_k/%():] [Z(ZZ / wy]PT_nS Gdya”n—l/%0:])>

[ee] [t,OO)
(Z 2 [ €MVP( sup  Sm < Siy, Sy € dy, s, = k[ = l))]

=1 0 0<m<z1

™ @) [t.00)
S D SCEL eV I
=1
To analyze T3, we introduce the following random variables on the set {7 < oco}:
=inf{n >0: S, > S}, x1=Sr4n — 5,
i = inf{n >0: ST+771+"'+772'71+774 > ST+T]1+"'+772‘71}7

Xi = S‘r+n1+---+m - ST+771+---+77¢71’ 12> 2.

‘We obtain
o0
Ty = Z Z T / EMP(r=mn,t < sup  Sp < Sntir, Sntiy € AY, Hniy, = k)30 = 7)
n—=0i1=1 J n<m<n-+tin

o.] 0 oo
= Zz"/ewy[z ZP(r =n,S; >t,S; 4+ x1 € dy, 1 = 1, ¥nti, = k)20 =J)
n=0

i1=1

[oe)
+ Z Zi1+i2P(T =n,m =1i1,5 +x1 > t,
i ia=1
N2 = 12,87 + X1+ X2 € dY, Hntirtin = k/30=7) + ...

o0 00 [e.o]

:ZZz"/ei“y[Zz“/P(T:n,&edu,%n:l,ST—i-Xl €dy,m = i1,
t t

=1 n=0 i1=1

0o o0

Syiy = ko =)+ Y 2T /P(T =n,m = i1, 8- + x1 € du, 2 = i,
11,02=1 i

S‘I’ +X1 +X2 S dy7%n+i1 - la%n+i1+2'2 - k/%O :]) +...

Using the above notation

i1=1

Rl(li) (2, 1) = Z 2 /ewyﬁb(ﬁl =11, X1 € dy, 3, = k/x = 1),
0

we have

=1 s=1n=041=1

. 1
sup < Sn+i1 ) Sn+i1 € dy, »n = s, Hn+ip = l/%0 = ])>Rl(k)(z7 :u)
n<m<n-+ii
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m

= <[Gjl(z, )] B> 4 Z(Z z”/ei“yIP’(T =n,S; €dy,x, =8, /x = j))
n=0 +

=

—_

0 [e.e]
X < Z zil /eiuyP( sup Sm < Si175i1 € dyv My = l/%O = S)) Rl(li) (Z7ILL)>

=1 0 0<m<iy

m
—1 t, 1
= > [Gl R )] R (2, m).
1=1
Summing the resultant expressions, we obtain one of the assertions of the theorem. The other assertion
can be proven by analogy. The theorem is proven.

3. Factorization Representations of the Moment Generating Functions

1. Start with considering the problem of the first exit time from an interval (or from a strip if we
consider paths on the plane) for the random walk (1). Let @ > 0 and b > 0 be arbitrary numbers.
Introduce the random variable

N = N(a,b) =min{n >1: S5, ¢ (—a,b)}

which is equal to the first exit time from the strip. Put

Tjn(z,A) =Y 2"P(Sy € A,N =mn, 56, = k[ =j), AC (—00,—a]U[b,o0),

n=1
—a+0 00
Ql(znu) = H / eiuyjjjk(zvdy) 9 QQ(ZMU/) = H/eluyj}k(z,dy)H
—0o0 b

For brevity, we put &/, = &/ and %, = 4.
Theorem 2. For |z| <1 and Impu =0,

Ql(znu) = (ﬂE)(%M) - (%QQ)(Z,,U,), Q2(Z7M) = (‘%E)(Zau) - (‘@Ql)('zvu)

These relations were proven in [4] by the Wiener—Hopf method. We show that they follow easily
from Theorem 1. For instance, consider the second assertion of the theorem. The summand (ZE)(z, i)
(the dual transform of the joint distribution of the first passage time across the level b and of the location of
a walking particle at that time) corresponds to all trajectories starting from zero and hitting the level b
for the first time. Among these trajectories, we distinguish the trajectories that have the first exit
from a strip through the upper boundary (to them there corresponds Q2(z, 1)) and trajectories that
first leave a strip through the lower boundary and then hit the level b (to them there corresponds
the summand (£Q1)(z, i)).

Inserting one of the resultant relations into the other, we arrive at the identities

Qi(z,p) = (G E)(2,p) = (FBE) (2, p) + (7 BQ1) (2, 1),
Q2(Zalu) = (‘@E)(Zvu) - (‘@%E)(Z’:U‘) + (%dQQ)(Zvﬂ)

We can use these relations as the basis for a recurrent process, which actually is realization of the well-
known principle “inclusion—exclusion” [6]. Recall that these relations gave grounds for obtaining the
asymptotic expansions of the probabilities in [4].
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2. Given arbitrary a > 0 and b > 0, we consider the random variables n,(ll) and 77§L2) respectively equal

to the number of crossings of the strip —a < y < b on the coordinate plane of points (z,y) from below to
above and from above to below by a sample path of the random walk {(n, S,)}22,.
Using Theorem 1, we obtain the factorization representations for the moment generating functions

of the probabilities P(nﬁf) =k/xy = s) and ]P(nﬁf) =k/xy = s). Put
o0
i(z, k, s) Z —k:/%():s) i=1,2.

For the random walk under consideration, we define the stopping times Tgr =1 =0,7, =inf {n >
7,005 < —a}, TZ-+ = inf{n > 71 1S, > b}, 1> 1.
From Theorem 1 follows that

BT exp{ins s }imt < 00,51 =1/30 = 5)|| = (B7)°E) (2, ) (3)

for |z| < 1 and Impu = 0. Consider another sequence of stopping times: VS_ =1, =0, 1/;' = inf{n >
Vi_y:8, > b}, v, =inf{n > 1/i+ : Sp < —a}, 1> 1. Then

|E(z" eXp{WSV,;}?Vk_ < 00,5, = /39 =s)|| = (A B)*E)(z, ). (4)

Putting ¢ = 0 in (3) and (4), we obtain the moment generating functions of the probabilities P(7;" = i,
s =1/s9=5s) and P(v, =1, =1/ =s):

> ZP(rf =i, =1/ = s)|| = (B2)"E)(2,0),

i=1

Py, =i, =1/30=s)||= (o B)FE)(z,0).

Note that

We now obtain the representation for Q1(z, k, s). We have

"IF’ >/<:%+—l/%0—s %ZZZ/%():S)

:;i;«%ﬂ%Ex%m.

=(14+z+224+...) -

e .
Zzl]P’(Tk+ =i, =1/7 = s)
i=1

Analogously,

"P(n >k+1%+ =1/ =s)

_Z«@dﬁHEx%m.
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Observe that

m

(1 — —5) = (1) = =
P(n\) =k/» = s) ;P(% > k,%ﬂ:r 13 = s)
—ZP(ng) >k + 1’%T;j+1 =1/ =s)
=1
and, hence,
(2,k,5) )FE)(2,0) — (B E)(2,0)}
sl
The representation for Q2(z, k, s) can be obtained similarly. We have thus proven
Theorem 3. For every k > 0 and |z| < 1,
ENOEDS —{ (B)E)(2,0) - (BT E)(2,0)}
=1 sl
(2, k,5) )FE)(2,0) — (/B)* 1 E)(2,0)}
sl
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