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ASYMPTOTIC EXPANSIONS FOR THE DISTRIBUTION
OF THE CROSSING NUMBER OF A STRIP BY
A MARKOV-MODULATED RANDOM WALK
V. 1. Lotov and N. G. Orlova UDC 519.21

Abstract: We obtain complete asymptotic expansions for the distribution of the crossing number of
a strip in n steps by sample paths of a random walk defined on a finite Markov chain. We assume
that the Cramér condition holds for the distribution of jumps and the width of the strip grows with n.
The method consists in finding factorization representations of the moment generating functions of
the distributions under study, isolating the main terms in the asymptotics of the representations, and
inverting those main terms by the modified saddle-point method.

Keywords: Markov-modulated random walk, factorization representation, boundary crossing problem,
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§ 1. Introduction

Consider a finite homogeneous irreducible Markov chain {s, }»>0 with the set of states D={1, ..., m},
the matrix of transition probabilities P = ||p;||jkep, and the stationary distribution 7 = (71,...,7p),

m; > 0, j € D. Denote by {5](.2)}, n > 1, j,k € D, a family of independent random variables that are
independent of {s,} and identically distributed for fixed j and k.

Introduce the Markov process {Sy,, #n }n>0 Whose evolution is determined by the initial value {0, >}
and the relation S, 11 = S, + gﬁ}jﬁ,;? .1, n > 0. The distribution of {Sy, s, }n>0 will be completely defined
by the distribution of s and the matrix

Flu) = H 7ewyd1@<sl <yyom = ko = j)H — ISl W

. ()
where fj (1) = Ee*k .
Given a random walk {S,,}>° ,, define the stopping times

h = 5 =0, 77 = inf{n > Titl : 5, < —a},

mt=inf{n>71:S5,>b}, i>1, a>0, b>0,

(2
and consider the random variables 7; and 7y equal respectively to the numbers of upcrossings and
downcrossings of the strip —a < y < b on the coordinate plane of the points (z,y) by a sample path
of the random walk {(n, S,)}72,. It is obvious that the events {1 > k} and {7;” < co} coincide. As
follows from [1], the random variables n;, i = 1,2, are finite with probability 1 for each initial state s of
the chain {,} if, for instance, the “stationary” expectation of the random variable Si,

E 51 = Z ijjkEfj(-llg),
k=1
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exists and differs from zero. For this case, in the article we find the asymptotics of the probabilities
P(m > k,%ﬂ:r =1/x=35)

as a + b — oo, which is the content of Theorem 2. Because of symmetry, we only consider the random
variable n; here and in the sequel.

If E;S1 = 0 then we introduce the random variable ng) equal to the number of upward crossings of

the strip by the path {(n, S,)} 2, within the time span from 0 to n. Here 77,(11) =max{i > 0: 7" <n}
In Theorem 5 we obtain a complete asymptotic expansion of the probability
]P’(ny(ll) =k/x = s)

in the powers of 1/4/n as n — oo assuming that the numbers a and b grow as y/n, and the number &
is fixed.

Our study is carried out by factorization technique in several stages, following the scheme proposed by
A. A. Borovkov in [2] and subsequently implemented by many authors (see [3-5], for instance). The first
stage involves constructing various kinds of factorization identities for the Fourier—Stieltjes transforms of
the unknown distributions. In our case these are factorization representations of the matrix function

Qz,u, k) = HIE(ZTI:r exp{w,S’le};T];|r < 00,54 = [/ = S)H, s,l=1,...,m, (2)

and the function

Qi1(z,k,s) = ZanP’(m(ll) =k/x = s), s=1,...,m.
n=1

The results of this stage are not knew; they were published in [6], and we recall them in Section 3.
Putting 4 = 0 and z = 1 in (2), we obtain

IP(m > k:,%ﬂ:r =1/xy=3s)|| = |[P(r < 00, %+ = /79 =s)|| = Q(1,0,k).

Thus, for E;S; # 0 this problem can be approached by studying the asymptotic behavior of Q(z,0, k)
in a neighborhood of the point z = 1 as a — oo and b — o0; after that we put z = 1. In order to
determine the asymptotics of the probability P(n,(zl) =k/n = s) by contour integration, we also have to
study the asymptotics of Q1(z, k, s) in a neighborhood of 1 as a — oo and b — oo; after that we estimate
this function outside the neighborhood using a suitable method. This constitutes the second stage of
our study; we collect the so-obtained results in Theorems 1, 3, and 4.

At the final stage, while finding asymptotic expansions of the probability IP’(m(ll) =k/x = s), we
perform contour integration of the function Q1(z,k, s), show that the main contribution to the integral
comes from the behavior of the function in a neighborhood of 1, and then use the asymptotic representa-
tion of Q1(z, k, s) of the previous stage. It includes the main part and a remainder. The remainder can be
neglected; the asymptotics of the integral of the main part can be obtained by the modified saddle-point
method of [2]. Implementing that, we use some technical tricks of [7]. Here we only consider the most
important case of a and b growing as y/n although, as shown in [7], this method of asymptotic analysis
enables us to obtain similar results in other situations compatible with the requirements a — oo, b — 00,
and a + b = o(n).

The coefficients in asymptotic expansions are given by a series of formulas, which requires much
notation. Thus, we formulate the final result (Theorem 5) after the proof.

Henceforth we always assume fulfilled the following Cramér-type conditions:

I. There exists an entry of the matrix F'(u) such that the inverse Fourier image of its nth degree for
some integer n > 1 includes an absolutely continuous component.

IL. For all j, k € D the integrals in (1) converge absolutely for vy < Imy < v_; here vy < 0 and v_> 0.

In [7] the authors obtained complete asymptotic expansions for the distribution of the crossing number
of a strip by a sample path of an integer-valued random walk whose jumps are independent and identically
distributed, which corresponds to the case m = 1. In this article we consider a more general construction
(m > 1 is arbitrary); and in order to avoid repetitions, instead of the integrality of the random walk, we
impose Condition I, given above, concerning the existence of an absolutely continuous component.
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§ 2. Preliminaries

In this section we collect some useful results of [3,4].

Denote by V(«, 3) the Banach algebra of matrices of size m whose entries are the Fourier—Stieltjes
transforms of left-continuous functions ¢(z) of bounded variation on each finite interval and such that
[72 e |dp(z)| converges absolutely for @ < Imu < 3. Denote by V; () the subset of V(«, 3) consisting
of the matrices of the form H I ei“ydgojk(y)H; denote by V_(3) the subset of V(«, 3) consisting of the
matrices of the form || fjooo e"dpj(y)|-

For |z| < 1 and vy < Imp < v_ the matrix function E — 2F(u) (here E is the identity matrix)
admits factorizations of the two types

E—2F(p) = R () Req (b)) = Ly ()L (1), (3)

called the right and left factorizations, respectively.

We mention some properties of the components of the factorization (3). The positive components
L,i(p) and R, (1), as functions of p, belong to V4 (v4); the negative components L,_ () and R,_(u) be-
long to V_(v_). As functions of z taking values in the normed rings Vi (v4 ), the factorization components
are analytic in the circle |z| < 1; and, moreover, they have analytic continuations into a neighborhood of
each point on the boundary of that circle for E;S; # 0. If E;S; = 0 then the factorization components
are analytic functions of the variable ¢ = iv/z — 1 in a neighborhood of z = 1.

Suppose that each entry of some matrix function f(u) = | fjx(p)| admits, for Impy = 0, some
representation
o oo
fin) = [ emaFnty), [ aFat)| <,
—00 —0oQ
and F(y) = ||F]k(y)|| In this case, for brevity, we write
e .°]
f = [ emdF(). @
—0o0

It is known [4] that the functions RZ} (1) and LI (1) admit representations of the form (4) for |z| < 1
and Im g = 0. Given some function f of the form (4), define the operators

(o f)(z,m) = [FW L) L (),

(Z1)(z 1) = [F) R )] "™ Roy (),

where we use the notation

[ 78% dﬁ(y)} ’ = / e™dF(y), DCR.

— 00 D

The function f can also depend on z.
Using these operators, in [7] we obtained the following factorization representations of the functions
Q(z, 1, k) and Q1(z,k,s) which are applicable for |z| < 1 and Im y = 0:

Q(z,u, k) = HE(zTIj exp{i,uST;r};T,: <00, 7,4 = /g =3s)|| = (BAVE) (2, 1),

Qu(z,k, ) = % Y (B2 E)(2,0) = (B) " E)(z,0)} ||
=1



It is clear from these equalities that in order to obtain asymptotic representations of the functions
Q(z,0,k) and Q1(z,k,s) we have to find an asymptotic representation of the operator ((4.%)*E)(z,0),
which is carried out below.

Denote by A(u) the eigenvalue of F'(x) maximal in magnitude. Henceforth we assume that A(ivy) > 1
if E;S1 > 0, and also that A(iv_) > 1 if E;S; < 0. If Condition IT is fulfilled for some §; > 0 then
the equation 1 — zA(iv) = 0 has at most two real solutions v = p4(z) with py(z) < 0 < p_(z) for
z € [1 — 01, 1]. The functions py(z) and p—(z) admit analytic continuation into some d-neighborhood of
the interval [1 — d1, 1] for E;S71 # 0, and into the same neighborhood, but with a cut along the ray z > 1
in the case E;S71 = 0.

Write g4 = p4(1) and p— = p—(1). For each sufficiently small § > 0 there exists v > 0 such that if
|z —1] >4, |2| = 1, then

Rl(n) € Va(us F9), Ll(n) € Va(us F ).

Assume that z € Ls = {z : |2| < 1, |[z—1| < ¢} and § > 0 is sufficiently small. Take a row eigenvector
I(p) and a column eigenvector [(u) corresponding to the eigenvalue A(u) such that I(p)I(pn) = 1. Following
[3, 4], write

ar =v+ F1, Az:l: = I(iui(z))l(i,ui(z)),
Foi(p) = E — (px(2) — ax)(ip + ps(2)) ' As
and then
F 1 (n) = B+ (ux(2) — ax)(ip + ax) " Az,

and

o (1) Loy (1) € Vi (vy),
o~ (W) Fo—(p) € V_(v-).

ot (p) = Roy (W For (1) € Vi(vy), Zoy(p)
Ko () = Foe ()R (p) € V_(v-),  Zoe()

Furthermore, for z € Lg there exists v > 0 such that
R (1) € Value F7v), L' () € Ve (us T 9)-

§ 3. Asymptotic Representations for Q(z,0,k) and Q1(z, k, s)
As in [5], consider the functions
V(2 p) = =(ip+ p4(2) 7 (g (2) = a4) Aoy B (i (2)) Ror (),
Uz p) = —(ip+ p-(2)) " p-(2) — a-)Aen L7 (i (2)) Lo ().
It is known that ¥ (z,pu) € Vi (vy) and % (2, 1) € V_(v_). Write
Hi(z) = % (2,ip4(2)),  Ha(z) =V (z,ip-(2)), H(z) = Ha(2)Hi(2),
p(z) = ettt mn-(2),

Below we write down inequalities between matrices and the operation of taking the absolute value
of a matrix assuming that all those apply to each entry. Denote by the symbol C, possibly with indices,
square m X m matrices with constant positive entries. The symbol ¢ (with or without indices) always
denotes positive constants, possibly distinct in different formulas.

Theorem 1. There exist sufficiently small § > 0 and v > 0 such that for z € Ls the representation
Q2 0, k) = ph =00 () Hy () HEL(2)eb G0 (2, ) + A2, b) (5)

is valid, where
IA(z, k)| < e(u+*u—*7)(a+b)Mk*1(z)C’

(ast) 1+ —7)(a+b) e~ (n—+7)(a+b)
M (z) = Co|p'*t)(2)] It Feneew | 1T o Renm@m |-

We need a few lemmas to prove this theorem.



Lemma 1. There exist § > 0 and v > 0 such that for z € Ls the representations

Robp) = ~EE LA B 2+ 0 )

L =~ 2 )+ -G,

in which ¥4 (z, 1) € Vi(us F7), are valid.

PROOF OF LEMMA 1. It is known that the functions %, (u) and Z,_(u) for some 6 > 0 and v > 0
provide the canonical V-factorization (see Lemma 5.1 in [4]) of the function

By (W)(E = 2F () For () = Zoe (1) %+ (1)

for z € Ls and py — v < Imp < p_ ++. In addition, 2, () € Vi(uy — ) and Z; 1 (u) € Vo (u— +7).
Further,

R (1) = Foy ()% (1) = (B — (- (2) — as)(ip + p (2) 7 Az )22 (1)

= )~ P T g = ()

i+ (2)
() —ay L . R () — Z (pg ()
Z.'u T ,LL+(2) Az+ <@z+ (ZM+(Z)) + (Z,U, + :U-F(z)) UL I M+(Z)
- —mm@zim(z» iz,

The function 4 (z, ) lies in Vi (u4 — ) by Proposition 5.2 in [4]. Similarly we obtain the claim for
L7'(u). Lemma 1 is proved.

Write
[e%) 0
velep) = [ @AV (), b = [ v ().
0 —00

Lemma 2. 1. There exists 6 > 0 such that for z € Ly and Imp > p, for each function g(u) =
fi)oo e’ dG(y) € V_(0) the representation

(B9)(z, 1) = e+ g (ip () (2, 1) + Az, 1) R (1)

is valid, where

Az, p) = 7&% dyo(z,y) = 7&% dy< /0 07 (z,y — t)dGT(t)>T
b b —00

(here the superscript T denotes transposition).
2. If g(z, ) = g(z, u)(=>~% € V_(0) then

7\dys0(z,y)! < ]aldG(y) /ooldy‘h(z’y)l-
b —00

b+a



Lemma 3. 1. There exists § > 0 such that for z € Ls and Im pu < p_ for each function g(u) =
Iy~ €*dG(y) € V4(0) the representation

(79)(z, 1) = e 1-CDoG(ip_ ()% (2, 1) + B(z, 1) Lo (1)

is valid, where

—a —a o0 T
Az, p) = /ei“ydyﬁ(z,y) = /ei“ydy(/\ll 2y —t)dGT (¢ )) .
—00 —00 0
2. If g(p) = g(w)1>) € V,(0) then
—a 0 —(a+bd)
[1asewl< [lacw [ 149Gyl
0 b —o0

Lemmas 2 and 3 were stated and proved in [5]. Here we only slightly modified their statements on
using the notation we introduced. Note also that the statements of Lemmas 1-3 in the case m = 1 can
be found in [§].

PROOF OF THEOREM 1. Applying Lemmas 2 and 3 successively, we obtain the representation

(B0 B) (2, ) = { bt =00 (2 Hy () R (2)

k

£ nEE @Az, g (2)) L (i (2) B (2)
i=1

+ i plm e =m0 () A (2, i (2)) Res (in— (2)) Hi (2) H 'H_l(z)}

<l O (2, 1)+ Ag(z, 1) R (1), (6)
Put 4 =0 in (6); then
(BA) E)(2,0) = ph 0D (o) Hy (2) HE (2)et+ O ¥ (2,0) + Az, k),

where

{Zu D) ()R, 2 (2)) L i () H(2)

k—1
3 u IO ) Az, i (2)) Re (i (2) H (2) H ’”l(z)}

xe“+(z)b7/(zv 0) + Ak(2,0)R.4(0).

In order to estimate |A(z, k)|, we have to estimate |A;(z,ipy (2)] and |A(z,ip_(2))|. To this end,
we prove two lemmas. Write

(Bg) (=) = / M, GP (2 y), V(2 p) = / A v(zy),  Rup(n) = / M1z, y).
b 0 0

Henceforth, ¢ is always a sufficiently small positive number.

6



Lemma 4. For each function g(z,u) = [~2 e d,G(z,y) € V_(0) the inequality

/ 4y G (2,9)| < / 1d,G (=)W (2)]
b —00

holds for z € Lg, where
Wi(z) = Ci(e Rept(2)(a+d) 4 o(u+—7)(atDd) ).

PROOF OF LEMMA 4. Start with finding an expression for G?(z,%). We have

(Bg) (2, p) = e TrtElg(ip (2))¥ (2, 1) + Az, 1) Roy (1)

oo

= el treEDlg iy (2)) / e dyv(z,y) + / e™dyp(z,y / " dyr(z,y)
0

0 b
00 00 y—>b 00
= "+ (iu (2 /e“yd v(z,y —b) —|—/ei“y dy / o(z,y —t)dir(z,t) = /ei“y dy,GB(2,y).
b b 0 b
Consequently,
y—b
GP(ay) = Pglin (o(y -0 + [ eley—0dr(z0, y=b
0
Furthermore,

[e%s) Yy—
[ 1,67 )l < e gl (2) / dyo(z,y — b) / ey = ) dir(z.t)
b 0

b

o0 -

< |et+ @] / ’e—w(z)y”dyG(z,y)\ / |dyv(z,y —b)| / / o(z,y —t) dtr(z,t)‘
—00 b b

< en+(ENern) / 4,Gz,1) / ol + [ ot / dir(,1)

b

<yeﬂ+2><a+”\/\dazy!/ldvzy>\+e“+ 7””*’/!dGz:uIC/ldﬂ‘Zﬂ

dyG(z,y)|( |er+)at) dyv(z,y)| + e+ ‘”b)C’ |d r(z,y)]
y

< / |dyG(z,y)|cl(eReM+(z)(a+b)_’_6(#+—W)(a+b)).

Lemma 4 is proved.

Similarly, write

—a 0 0

o) = [ @mi,6l ), W= [ Mduey), Lo(= [ i)

—0o0 —0o0 — 00



Lemma 5. For each function g(z,pu) = [, € dyG(z,y) € V,(0) the inequality

/ dyGA(z, )] < / 1d,G (2, )| Wa(z)
J J

holds for z € Lg, where
Wa(z) = Ca(e” Rep—(2)(atd) e*(ﬂ—+’7)(a+b)).

PROOF OF LEMMA 5 goes similarly to the proof of Lemma 4.
Return to proving Theorem 1. Applying Lemmas 4 and 5 in turn, we obtain

Riley i (2))] < / e G| d, B, (2, )| < [eb+ ] / 1dy6:(z,y)|
—00 —o0

—(a+bd)

<l [1,6P07 ) [ 1av )
b —00
< |e*‘+(z)“(W1(z)WQ(z))i_l|e_(“*+7)(“+b)03.
Similarly, ‘
Az, i (2))] < le =B (Wy(2) Wi (2)) W (2)]els DOy
Write
Cs = Sup max(Ch, Cy, C3, Cy, |H1(2)|, [Ha(2)], | Rot (ip—(2))]; | Rot (0)], [ Lot (ip4- (), [V (2, 0)).
z€Ls
Then

k
Sl = Z /Jl(kfi)(a+b) (Z)Ai(za 1M+(2’))L2_ (ZM+ (z))kal(z)al/(z, O)6u+(‘z)b
=1

k
< 6—(,u7+7)(a+b) ‘eRe ;ur(z)(a—&-b)‘ Z |u(k—i)(a+b) (Z)|(Wz(z)Wl(z))i—lcg(kfz)JrS
=1

k
< elur—pu——7)(a+b) Z |u(k—i)(a+b)(Z)|(6Reu+(z)(a+b) + e(u+—v)(a+b))i—1
i=1
(e~ Rep—(2)(a+b) 4 e—(/,L7+*y)(a+b))i—lcg(ifl)cg(kfi)Jri’)

- |N(k—1)(a+b)(z)|e(u+—uf—v)(a+b)cg(k—1)cg
k (s —)atb) \ " ~(u—t)att) \ T
e e
X Zl (1 + eRe p(2)(a+b) 1+ e— Repu—(z)(a+b)

(@+b) e(+=7)(atb) e~ (1—+7)(a+b) )
w1 oo )\ R e | &

— e(p+—p——7)(a+b) j k-1 (2)Co.

< e(t—p——)(a+d)

Co

Similarly we obtain the inequalities

k—1
Sy = Z pFDat == (AN (2 ip_ (2)) Rag (ip—(2))
=1

xﬁki1(2)H1(2)6“+(Z)b“//(z,0)’ < eltrmr==att) A rh=1 () ¢y,

A (2,0)Ror (0)] < et —h=—(0 A1k ()G,



Adding up these inequalities, we arrive at the claim of Theorem 1.
Suppose now that

m
E:S1 = Z ijjkEfj(’? < 0.
]7k:1
Then the equation 1 — A(iv) = 0 has two roots py = 0 and u_ = h > 0. Using the inequality
H]P’(m >k, %le = Z/%O = 3)” = Q(LO? k)
and letting z go to 1 in (5), we obtain the following
Theorem 2. IfE;S; < 0 then for each k > 1
IP(m > k, 5, =150 = s)|| = e " ED H (1) HEY (1) 7/(1,0)(E + ©(a, b, k)),
k
where |©(a, b, k)| < e 7@t Cy 4 > 0, and Cy, is a matrix with constant nonnegative entries.
From now on we assume that the crossing number of the strip in question is infinite with probability 1.

(1) ;

As was mentioned already, this is so provided that E;S7 = 0. Recall that 7, ’ is the number of upcrossings

of the strip —a < y < b up to and including time n, and

oo
Qi(z,k,s) =Y 2"P(n) = k/0 = 5).
n=1
Below we use the following assertion of [5].
The vector I(ip(z)) is an eigenvector of the matrix H(z) corresponding to the eigenvalue h(z). The
function h(z) is analytic in a neighborhood of zero in the variable ¢t = iv/z — 1, and h(1) = 1.

Theorem 3. Suppose that E;S1 = 0. Then there exist § > 0 and v > 0 such that for z € Ls the
representation

Qu(z,k,s) = L) Z{IIM’“’+ =08 (2)e+ DREL (2) Hi(2) ¥ (2,0)

1—=z2
=1

1
# T IAGR) = A+ Dl

is valid, where
A(z, k)| < eI ME(2)C,

(a+b) e~ 1(atb) e~ (att)
O e L

PROOF OF THEOREM 3. It is known [3] that

Qulz,kys) = 7= Y (2 B)(z,0) — (B E) 2,00}l
=1

Consequently,
Q1(z,k, s) 721@ 2,0,k) — Q(2,0,k +1)| 5.
Theorem 1 yields
NE Z{nu‘w* (=00 (2)etr OB (2)(1 — P H (2)

KHA Y Ol 4 1 I R) — Ao+ Dl
It remains to use the definition of ¥ (z, u) and the statement before Theorem 3. Theorem 3 is proved.

For subsequent contour integration of the moment generating function Q1(z, k, s) we need to estimate
it on the set Iy = {|z — 1] > 4, |z| = 1}.



Theorem 4. Suppose that E;S1 = 0 and 6 > 0 is arbitrary. Then there exist positive constants
~v > 0 and ¢, > 0 such that for all s =1,...,m and z € l; we have |Q1(z,k,s)| < cpeV(atbk,

PROOF OF THEOREM 4. In order to estimate Q1(z,k, s) it suffices to estimate ((%<)*E)(z,0) on
the set {;. Write

o0

fulesn) = (B E) ) = [ €9, Diz,0)
b

and show that

[14,De(z)] < evervrC, (7)

where C' is a matrix of positive constants. Use induction; take kK = 1 and write

[e.o]

0
/ e™dl(z,y), R;l(n) = /ei“ydr(z,y).

0

Then
—a 0
(B en) = [L20] T L) = [ e die) [ i)
—a 0 —a
— /ei“ydy /7(z,y—t) dil(z,t) = /ei“’ydyDoA(z,y).
—00 y+a —00
Further,
i [b,00) s e T [b,00)
[ apucariw] = |([emare [enapgen) |
—00 0 —0o0
oo . a T o0 . B
:/ewydy</rT(z,y—t)dthA(z,t)) :/e”‘ydyDOBA(z,y).
b —00 b
Therefore,
filz,p) = /emydyDOBA(Zay)Rz+(.u) /Cuyd Dopal(z,y /G“yd r(z,y)
b b 0
0o y—b 00
/ g / (z,y — t)dir(z,t) = /ei“ydyDl(z,y).
0 b
Estimate

/|lezy :/
b

y—
/D zy—t)dtr(zt’ /d DOBAzy\/]dtrzt)]
0

10



On the other hand,

/\dDOBAZy /
b
/l(zy—tdtzt’ /]dlzy]/|dt

/ |dyDoa(z,y |—
—00 y+a

7!dyD1(z7y)! < ]a\dyl(z7y)\ /0 !dtl(zat)\7!dyr(2=y)|7\dyr(z,y)!-
b —00 —00 b b

Furthermore, Rz_i € Vi (—v) and L;! € V_(v); consequently,

—a

/ 7 (z,y — t)d: D4 (2,1)T

—0o0

Therefore,

') 0
/ |d (2, )| < oo, / e dy1(z, )| < oo,
0 —00
Then -
/ d, / V|72, y)] < e / )dy7 (2, )|,
b
/ il [ e gl <e [ i)
—00 —00 —0o0
Thus,

b

/|dtD0Az t) |/|dyrzy

fe'e) —a 0 ) (s}
/ 1dy D1 (2,9)] < & @H) / e |dI(z,y)| / dil(z, 1) / MV|dy (2, ) / dyr(z,9)
—00 —00 b 0

= ¢ (atd)

Y

and so (7) is valid for £ = 1. Show that the validity of (7) for k¥ = v implies its validity for k = v + 1.

Find
(o f) (2 1) = [folz ) L7 ()] L ().
‘We have

0 (%)

—00 b

= / ety dy(

—0o0

T
(z,y —t)d; DT (2, t)) = /ei“ydyDuA(Z,y)7

—0o0

@\8

—a

0
[z ) L2 ()] 7 L () = / ™ dyDya(z,y) / e dyl(z,y)

—a 0 —a
— /ei“ydy /D,,A(z,y—t)dtl(z,t)z /ei“ydyDl,A(z,y).
—o0 y+a -0

11



Find (B4 f,)(z,n). We have

—a —a

[/ewydyDyA(Z,y)Rz_( } [(7 wyd 7T /ei“ydnyA(z,y))T] [b,00)
0

—00 —0o0

[e.9] —a o0

/ eMd < / T(z,y — t)d: D] a(, t))T - /ewydyDvBA(Zvy)v
b

o0 o0 o0
forr(za) = / ¢ 4, Dy (2, y) R (1) = / ¢ 4 Dypa(zy / e 4 (2, )
b 0

b
00 y—b o0
= /ei"y dy / (z,y — t)dir(z,t) = /ei“y dyDy41(2,y).
b 0 b

Estimate

/’d DV—H z y

On the other hand,

/dDVBAZy /
b

/|le/AZy /

The last estimate is

@\8

y—
/D zy—t)dtr(zt‘ /]dD,,BAzy/]dtrzt)]
0

a

/rsz—t)dt
/D,,Azy—tdtzt’ /dD,,Azy|/]dtzt

y+a

—a —a o0 T
/]dDVA(zy\— </sz—tdtDT( )) /\dt ]/\dlzy
—00 —00 b

Thus,

/ dy Dy (2,y)] < @) / 1d, Dy (2, 9)|C.

The estimate (7) is established. It follows that
62,0)| < [ 1, Du(sy)] < 0 0¥CE

Therefore,
|Q1(2,k, )| < cpe O,

Theorem 4 is proved.
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§ 4. Asymptotic Expansions of Probabilities

In this section we derive complete asymptotic expansions of the probabilities P(ng) =k/xy = s) as
n — oo for each fixed k while assuming that a = x14/n and b = z24/n, where x; and zo are arbitrary
fixed positive numbers.

Denote by Iz the contour obtained from the arc {|z — 1| < §,|z| = 1} by bending it inside Ls near
the point z = 1. We have

1 1
P(m(ll) =k/xy=5s) = 27”,/Ql(z,k, §)z27 "tz + 27TZ,/Ql(z,k:, 8)z " 2. (8)
ll l2

By Theorem 4, the first integral in (8) admits the estimate

i —n—1 _ —Cv/n
o7 /Ql(z,k,s)z dz=0(e ).

In the second integral in (8), along the contour lg, replace Q1(z, k, s) with the asymptotic representation
obtained in Theorem 3. Write

_ a+b
Tnkys) = ZZ H / L e e A ) (27 (2, 0)
T

Y
sl

;
sl

Az, k+1)
Ji(n, k,s) = 2mZH/ 1—zz”+1 dz

then .
5 ,/Ql(z,k,s)z_"_ldz = J(n,k,s)+ Ji(n,k,s).
e

Consider the integral Ji(n, k, s). By the choice of the contour Iy we have |1 — z| > d5 for z € I3 and some
09 > 0. Theorem 3 yields the estimate
Az, k)| < Cem 1oV,

hence,
|J1(n, k, 5)| < ce”"@ta2)vn,

Note that the functions u(z), py(2), h(z), Hi(z), ¥ (z,0) and A(z, k) admit series expansions into
the nonnegative powers of 71/z — 1 in some neighborhood of 1 cut along the ray {z = Rez > 1}. This
follows from their definitions and the articles [4,5]. Moreover, h(1) = u(1) = 1. We further make the
substitution ¢ = i(z — 1)'/2 (where we choose the principal value of the root) and, for convenience,
keep the same notation for the functions h, Hi, u, gy, ¥ and A. It is clear that all these functions
(now as functions of t) are analytic in a neighborhood of zero. Denote by I3 a contour obtained from
the contour {|arg(z — 1)| = 7/4,|z — 1| < 0} by bending inside K; near the point z = 1, where

= {|z — 1| < 4,|arg(z — 1)| > w/4}. Denote by l4 and I5 the line segments that join the endpoints of
1 and I3 and lie respectively in the half-planes Imz > 0 and Im z < 0.

Write

a+b t
Z H t2 L D et gy O ) 11 17 (0,0)

sl

13



Let I', I's, 'y, and ['s be the images of the curves I3, ls, l4, and [5 in the plane of the variable t respectively.
By the Cauchy Theorem and Theorem 4 for

d(n) = / I0(t) dt = / T0(t) dt — / T0(t) dt
I

I'4Ul's I'y

we have the estimate
|d(n)| = O(ckerkErte)vm),

Write
T(n, k) = / () dt.
T
Then
J(n, k) = J(n, k) + O(cFevk@ite)viny
Consider

tl

sl

1 m 11— a+b t
l 1 p

m

1 L—h(t)  jat(em1)byp s ()b k-1
—_ = "\") ka H
- IE_Z H i tz)wu ()= PR () H(6)7 (8,0)
- r

sl

1™ 1—pot plat (k=1)b (et (b pk
2> H/ t(1 - t2) n+1 (t)er+ PR (8 Hy (1) ¥/ (£, 0) dt
T

=1
/ D#)enf® gt
T sl 1=

=Ii(n) + (a+b)12(n)

sl

Lot )enrf® dtda:

1 m
_EZ

=1

In order to obtain the last equality, we use the representation

1

t)—u—(t))(a+b
elb+ () —n-(#)(a+b) _ 1 _ /e(u+(t)—u(t))(a+b)x dz,

(bt (t) — p—(t))(a + b)

change the order of integration in the double integral, and introduce the notation
@%Hl(tw(t,m, D(t) = WHl( YV (t,0),
F(t) = pe () (kxy + kxo)my — p(t)(kxy 4 (k — 1)zo)T + ko log h(t) — log(1 — t2),
f(t) = pe(t) (21 + z2)z + kxy + kxo)mi — p—(t)((z1 + z2)x + kz1 + (B — Dag)n1
+k7ylog h(t) — log(1 — t2),
T =1/\/n, m=1/n.

Here we choose the principal value of the logarithm. Recall from [5] that in a neighborhood of zero we
have the expansions

D(t) = —

pe(t) = Fabut + ot® £ pgt® + ..., Yy > 0.

14



Consider the equations

Fi(t, 21, 22) = [(1, () (kw1 + ko) — 1 () (kay + (k — D))z + k’;’((f)) ot s ftﬁ —0, (9
Fy(t, 21, 22) = W, () (w1 + )z + ka1 + kxg) — p(£) (w1 + 22)z + ka + (b — 1)x2)]21
PPN (10)
M) 12

The functions Fj(t, z1, 22), j = 1,2, are analytic at the point 0 = (0,0, 0), with F;(0) = 0 and 8%50) =2;
consequently, by the Implicit Function Theorem there exist solutions t1(z1,22) and ta(z1,22) to (9)
and (10) respectively representable in some neighborhood A = {|z;| < 7,j = 1,2} by converging double

power series in z; and z. Note that f/(t) = Fi(t, 71, 7) and f'(t) = Fy(t, 11, 7). Write

h(t) =1+ hit+hot> +..., logh(t) =mt+mt>+..., log(l —t?)=—t>— = — — —

Recall that 7 = 1/ v/n and 7 = 1/n. Then the expansions for the saddle points fo and tq of the functions
f(t) and f(t) respectively have the form

- 2k —1 1
to = —1 <kﬂ?1 + 5 352) ﬁ

_ (’“;” — 2p1h3 e (k:cl + 72";2_ 13:2)) %-ﬁ- 0 ((\/15)3) ,

2k —1 1
to = —1 ((.’El + .%’Q)CC + kx1 + .”L‘g) —

2 vn
- (kgl — 21930 ((351 +z2)x + k1 + 2k2_ 1962)) % + O ((\fln)?’> :
Note that
f(t) = 2k 2k — 1 L ke )t L ki 41) e
7o) = (@b -+ 2k = Do) S k) e+ (waa b +1)
+ (¢3(2k$1 + (Qk — 1).’1)2)\}5 + kngi) 34 .. -
f(t) = <¢1(2(3:1 + zo)x + 2k + (2k — 1)56‘2)\}5 + kmi) t
4 <¢2x2\}ﬁ + km% + 1) £ <¢3((x1 + 29)a + 2wy + (2h — 1)@)\/15 + kmi) By

Then

o 2k -1 \?1 2k — 1
fto) = —y? (k9€1+ 5 wz) 5—1/)1 (kI1+ 5 mz)

X (km — 1322 <k961 + %; 106‘2)) (\/15)3 + 0 (é) ,

2%k—1 \?1 2k — 1
f(to) = —@D% ((:L‘l + Ig)l‘ + kiIl + 5 332) E — 1/)1 ((ml + $2).’17 + k:ml + 5 :L‘g)

X <k771 — P13 ((wl + z2)x + k1 + %2_1372)) (\/%)3 +0 (:2) .
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Further,

+ (2kn2 — 3¢1ep3(2kay + (2k — 1)@)2)% o ((\}1)3) ’

}”@0)::2-+2¢@xzwzl

f”(to) =2+ 2¢2$2\}ﬁ + (2k7]2 - 31/)11p3(2(m1 + :Cg)ﬂ? + kal
1 1
+(2k — D22)*) - + 0 (W) .

Apply to I;(n) and Ir(n) the modified saddle-point method. Since f/(Zy) = 0, f'(to) = 0, each pair of the
curves Re}(t) = }(fo) and Re f(t) = f(to) splits the neighborhoods of the points o and tg respectively
into four rectangular sectors, in which in turn Re f(t) < f(fo), Re f(t) < f(to) and Re f(t) > f(%o),
Re f(t) > f(to). For sufficiently large n the endpoints of the contour I' lie inside the sectors Re f(t) <
f(to), Re f(t) < f(to). In Ii(n) and I(n) modify the contour I' so that, while remaining inside those
sectors, it passes through the points ty and .

Denote by g; s and g; s the coefficients of 2! in the products

1 ~ ~ ~ ~ 1
;(DQ+D12+...)(f12:+f222+...)S, Q(D0+Dlz+...)(f12+f222+...)8

respectively, where

=~  DM@E) L fmD()
D —— "\ _ 1 7o)
(m) (m+2)
Dm:Q—ﬁQ, mzi——@l m=0,1,....
m! (m+2)!

Then for each ¢ > 1 the Laplace method for estimating integrals yields

m q—1
1~ 7 1 =~ 7
_ _nf(t nf(t
I1(n) = l}% Z) WQje (O) + WRqe (O) Sl, (11)
= j:
mogl 1 . 1
_ nf(t nf(t
IQ(R)—Z ZW/Q]e (0) dm+w/Rq€ (0) d.']: l, (12)
=0 "75=0 0 0 s
5 _ D2 R
Q; = > Gjs(—fo) TITAT( + s+ 1/2), (13)
s=0
(-2 & e
Q=" > g25s(—fo) I + 5 4+ 1/2). (14)
s=0

Under our assumptions, enf (50), end(to) @j and Q; admit series expansions into the powers of n~1/2:

__1x2>2}<14—§;7ﬁb2ﬁy(kngmﬁ), (15)

end(bo) = exp{—wf (kxl + 2k

. 2%k —1 \? <1
enf(to) _ exp{—iﬁ ((:cl + zo)x + k1 + 5 .7;2) }(1 + Z ij(k,xl,xg)), (16)

j=1
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o0

~ 1 —

Qj - Z n]/Q j(kaxh-T?)? (17)
7=0
|

Qj = Z mMj(k, .Tl,xz). (18)
7=0

Note that m;(k, z1,x2), m;(k, x1,z2), @j, and @; are polynomials of degree at most 37 in each variable.
Insert the expressions (15)—(18) into (11) and (12), multiply the series, and regroup the terms to combine
them like powers of n=/2. As a result, we obtain expansions of the form

m 14—
a2 T 2k:—1 2 1
Il(n) =e i (kz1+=5— Z Z ]+1 /2 k 331,.1’2) W\Pc(ll)(kaxla-r2) l’ (19)
=1 o .
3 i —2((x1+x2)z+ke 4 2k=1, )2
z; Zn(aﬂ)/z /La(kawl,mz) i (@1+a2 . 22 g
0
1
2k—1
n(q+1 /2 /\I’ (k 117,$1,:v2)e_¢%(($1+w2)$+kz1+ Le2)? g | 20)
0 s

It can be shown that \I/él)(k,xl,xg) and the last integral in (20) are bounded. In the case m = 1 this
was done in [7]. Write

Ii(n) + (a +b)Ix(n) = Ii(n) + (z1 + z2)vnla(n)
-3

1
P Zmﬂ (ks 21, 22) + nq/2\11’1(k’m1’m2) . (21)
The main term in the expansion (21) is equal to
Z HUO(k, 1, -732)Hsl _ Z wl wl + .’E2 /@ w ((1+x2) x+km1+ )2dIL'I(O)l(O)
=1 1=1 3 sl
=2 (CI)O 1 (¢1 (2(k + 1)(z1 + x2) — :L‘z)) —®p <¢1(2k(I1 + x9) — mg))) , (22)
V2 " \V2
where ®q 1(x) is the function of the standard normal distribution.
Summarizing the above, we obtain the following
Theorem 5. Let k = const, k > 1, a = x14/n, and b = x9+/n and let n — co. Then for ¢ > 1
m q—1 1
P(nr(ll) = k/;{o = 3) = lz; > n k .T1,$2) W\Pq(k’ml)aa) Sl) (23)
=1 'j=

where Uj(k,x1,x2) and Vy(k,x1,x2) are determined by (15)—(20), and the main term of the expansion
(23) is computed in (22).
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