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ESTIMATES FOR THE ACCURACY OF COUPLING IN
THE CENTRAL LIMIT THEOREM

A. I. SAKHANENKO

1. INTRODUCTION
Let &1, ..., &y be independent random variables such that
Vi Mg =0, 0<B?=) D¢ <. (1.1)

(Here and in the sequel, the symbol > indicates that summation is performed over
the variable j varying from 1 to N.) Put

S=> "¢, La=B"") Mg~ (1.2)

By the central limit theorem, under certain assumptions the distribution of the ran-
dom variable S/B is close to the distribution of the random variable Z having the
standard normal law

P(Z<z)=%(x)= / (2m) Y2 exp(—y?/2) dy. (1.3)

The problem of estimating closeness between the distributions of S/B and Z

was studied by many authors in various directions (see, for instance, [1, 2]). In the
present article we obtain estimates for the difference

A=|S/B-Z| (1.4)

under the assumption that the random variables S and Z are realized in a special
way on a common probability space. We prove among other results that, with S
and Z suitably constructed on some probability space, the estimate

MA® < (Ca)* ) Mumin{[¢;/B|**2, |¢;/B|"} (1.5)

holds for o > 2, where C is some positive absolute constant. In particular, in this
case we have
MA® < (Ca)*Lat2 YVa > 2. (1.6)

In §2 we also present a series of assertions stronger than (1.5) and (1.6).

To illustrate, we consider an important particular case in which & = (;/n'/?,
where (1, (3, ... are independent random variables such that
Vi MG =0, D¢ =1, MG|* < pa. (L.7)
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In this case we introduce the notations
n
1/2
Sn=> ¢, Ap=|S/n'? - 2|
j=1

Under the above assumptions, (1.6) implies that

MAS < (Ca)®pata/n*'? Va > 2. (1.8)
Thus, with (1.7) valid, we have

MA? = O(n=*/2)  for pata < oo

We still distinguish a more particular case as compared to (1.7) in which
PG =1)=P(=-1)=1/2 (1.9)
Since n + S, takes only even values, the event {n'/2A, < 1/2} implies one of
the events
Apn ={l(n+2)—2k| < 1/2}, k=0,1,...,n.
By the local limit theorem (see [1, p. 231] and [2, p. 152]),
2 zn: P(Ap,) —1= ; (2P(Agn) —P(n+ S, =2k)) — 0
k=0 k=0

as n — oo. Therefore, with (1.9) valid, we have

n
P(A, >n1?/2) 21> P(A,) —1/2 asn— 0.
k=0

From the last relation we infer unimprovability of the exponent of n in (1.8).

Estimates for MA® have played an important part in studying estimates for
the convergence rate in the invariance principle when Ju. V. Prohorov’s method
is used of constructing a common probability space (see [3,4]). In particular, in
[3] Ju. V. Prohorov established estimate (1.6) (to within the logarithm) for o = 1.
The inference of the estimate essentially used the equality

MA = / IP(S/B < 2) — P(Z < 2)| dx.

In the article [4], the Ebralidze inequality [5]

MA® <2971y / 2|*"YP(S/B < z) —P(Z < z)|dx (1.10)
— 0o
was used in the derivation of estimates for MA® for a > 1.

However, the use of (1.10) with & > 1 in the problem under study leads to a very
rough estimate. Indeed, in the particular case of (1.9) the right-hand side of (1.10)
is O(n=1/2) instead of the true estimate O(n~%/2) which can be extracted from
(1.6).

In the present article, the derivation of estimates for MA® is based on straight-
forward estimation of A. An essential part is played by the estimates in the central

limit theorem which account for large deviations and were obtained by the author
in [6].
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Let us agree that the symbol O signifies the end of a proof and that multiplication
always precedes division, so that ab/2cd = (ab)/(2cd).

2. THE MAIN RESULTS

Given an arbitrary real h, put
L(h) = B™> " M]g;[Pelil. (2.1)

As shown in [6], L(h) is a natural dominant for the Lyapunov ratio of the third
order for the “conjugate distributions”; i.e., the distributions resulting from ap-
plying the Cramér transformation. Below in the condition (2.3) of Theorem 1 we
assume that this quantity is not too large. Also, we need one more modification of
the Lyapunov ratio:

L(a,h) = B " MI¢; | exp(min{16a¢? /B2, |hg;|}). (2.2)

Throughout the article, we assume that the random variables {{;} are indepen-
dent and satisfy (1.1), with S, Z, and A defined by (1.2)—(1.4).
Theorem 1. Let A > 0 be such that

60ABL(2)) < 1. (2.3)

Then there is a random variable Z defined on a common probability space with S,
having the standard normal law, and such that the following inequality holds for
a>1:

MA®M/8 < 5(600) L (v, 2)) + 8(30)*(AB) e B/8, (2.4)

We bring one simple corollary in the case when the variables {{;} are bounded;
i.e.,
ViP(§l <y) =1, y<oo. (2.5)
Corollary 1. Suppose that (2.5) holds. Then (2.8) and hence the claim of
Theorem 1 are valid for all @ > 1 and 0 < A < Ay, where

A\ = (4y) " 'In(1 + y/15BL3). (2.6)

Since L3 < y/B by (2.5) and (1.2); therefore,
A1 > (4y) "M In(1 +1/15) > (64y) "t (2.7)

Thus, in view of (2.7) estimate (2.4) always takes place with A = (64y)~!. However,
such choice of A may fail to be best possible.
We now waive the assumption (2.5) of boundedness of the random variables {;}.
Corollary 2. Let

L(a,00) = B3 ZM|£j|3616°‘512'/Bz < 00. (2.8)
Then there exists a random variable Z satisfying (1.3) and such that
MA%AM/8 < 8(Char)* L* (av, 00) (2.9)
forall a > 1 and 0 < X < Ao, where
A3 =4aB?In(1+4C; % ' L% (a, 00)) (2.10)

and Cy is some positive absolute constant.
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Now, we apply Corollary 2 to truncated random variables. We put
La(a,b) = B~ Y M{|§[% a < [¢] < b},
Li(o,y) = By Mg Pe? 8/ B )| <y,
Gop.0 k() = min{|z[*MN/5; K 2|7},
N(a,y) = aB™? In(1+ Ci2a L7« Y)).
Theorem 2. Suppose that 0 <y, K < co and
a>1l, >2 0<A< ) (a,y). (2.12)
Then there exists a random variable Z satisfying (1.3) and such that
Mga,p.ax(A) < 8(2Coa)* LI (e, y)
+4(968)°* K Ly (y, 00) + (48)° K L (y, <),

where the absolute constant Cy is the same as in Corollary 2.
Corollary 3. If a > [ > 2 then there exists a random variable Z having the
standard normal law and such that

Mmin{A%, A®} < (Ca)*L§(0, B/a'/?) + (CaB)??La(B/at/? 00),  (2.14)

where C' € (0,00) is some absolute constant.

Note that we choose the truncation level equal to B/a'/? in Corollary 3 in
order to obtain in (2.14) a constant of the form (Ca)® which has the same order of
growth in « as the corresponding constant in (2.13). We now choose a more natural
truncation level B.

Corollary 4. Under the conditions of Corollary 3, the random variable Z defined
therein satisfies the inequality

M min{A% AP} < (Ca)*La2(0, B) + (CaB)?/?Ls(B, ). (2.15)

(2.11)

(2.13)

1/2

Estimate (1.5) mentioned in the Introduction ensues from (2.15) with o = 3.

3. PROOF OF THEOREM 1

The proof of Theorem 1 splits into a succession of lemmas, of which the central
ones are Lemmas 1, 2, and 3. The proof is based on using quantile transformations
(see Lemma 1) and estimates for them obtained in [6] (see Lemma 2).

Put

F(z)=P(S<x), F'(t)=sup{z: F(z) <t}

Lemma 1. There exits a random variable Z having the standard normal law

and such that
F(S)<®(Z) < F(S+0). (3.1)

Proof. From the familiar properties of quantile transformations we infer that,
given a random variable Z* with the standard normal law, the random variable
S* = F~Y(®(Z*)) has F(x) as its distribution function. Conversely, as shown by
A. V. Skorohod in [7], given a random variable S, it is possible to enlarge the proba-
bility space and find a random variable Z so that the pair (Z,5) is distributed iden-
tically with the pair (Z*,S*). In particular, in this case we have S = F~1(®(2));
i.e., (3.1) holds. O
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Unless the contrary is indicated, we henceforth assume the following conditions
to be satisfied:

B=1, G60AL(2\) <1, a>1. (3.2)
Lemma 2. If
A>1 and [S|<A (3.3)
then
1S — Z| < (5% 4 60)L(2S) (3.4)
and in particular
AS —Z| <1+ S5%/60. (3.5)

Proof. Since ®(z) is monotone, to each z there is a unique solution ¥(z) of
the equation

F(z) = &(¥(x)). (3.6)
As proven in Corollary 6 of the author’s article [6], under the conditions
A>1 and |z| <A (3.7)
the following inequality holds:
| (z) — a(z)| < 60L(2z). (3.8)
Here a(x) is some function for which Theorem 4 of [6] gives the estimate
la(z) — 2| < 22K (2x)/4; (3.9)
furthermore, it is proven in Corollary 2 of [6] that
K(h) <4L(h) Vh>0. (3.10)

Inserting (3.9) and (3.10) in (3.8), we see that, with (3.7) valid, the following
inequality holds:

|W(z) — 2| < (2 + 60)L(2z). (3.11)
Comparing (3.1) and (3.6), we find that
U(S)<Z<¥(S+0). (3.12)

To achieve the claim (3.4) of Lemma 2, we must put z = .S in (3.7) and (3.11) and
make use of (3.12).
Inequality (3.5) follows from (3.4) and (3.3). O
Put
g(z) = |z|*eM/® for a > 1 and X > 0,
Eo(w) = M{g(S — 2); |8 < ul, (3.13)
Eu(u) = M{g(S — 2); +8 > u}.
We further proceed with estimating the quantity
Mg(A) =Mg(S — Z) = Ey(u) + Ey(u) + E_(u) (3.14)

in several steps.
Lemma 3. If a function k(y) > 0 satisfies the condition
E(y) = M{exp(2a|S|ly| + §2/50); |S| < A} < k*(y), (3.15)
then
Eo(X) < e'/3(600Ko)*  for Ko =Y MI&[Pk(E). (3.16)
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Proof. Introduce a probability measure G on the real axis by setting
G(A) = Kq ' Y M{IgPk(&); & € A
In view of (2.1) and (3.17), we then obtain

oo

Ky L(h) = / k1 ()G dy).

— 00

By the Holder inequality, we in particular have

Kiero( < [ eke(y)Gldy) = K.(h),
From Lemma 2 and (3.13) we deduce that, under the condition (3.3),
g(S — Z) < (60 + S?)*L(2S) exp(1/8 + S?/8 - 60)
< e!/8(60a)*L(2S) exp(S?/60 + S?/8 - 60).
Inserting (3.18) and (3.19) in (3.13), we find that
Eo(\) < e'8(600)* K¢ M{exp(52/50) - K.(25); |S| < A}

261/8(6004K0)a/E(y)k:_a(y)G(dy).

— 0o

Now, (3.16) is immediate from the preceding relation and (3.15).
Lemma 4. If |h] < 2\ then

Me"S < exp(h?/2 + |h|>L(2))/6).

Proof. For £ = ¢&; and |h| < 2\, we have

(3.17)

(3.18)

(3.19)

(3.20)

Me s < M(1 + hé + h2€2 /2 + |nePel™ /6) < 14 h2De/2 + |hPM¢2e®El /6

< exp(h®DE/2 + |h|*MI¢[*e*M el /6).
Next,

S = ﬁ Me"% < eXp(h2 D DG2+ Y M|§j|3€2k|£"/6>'
j=1

It is easy to verify that the right-hand side of this relation coincides with (3.20). O

From (3.2) and (3.20) we deduce that
MehS < (1H1/90h%/2 g |h| < 2.
Lemma 5. If0 < x < 3\ then
P(|S| > z) < 2e /3,

Proof. From (3.21) with 2 > 0 and 0 < h < 2\ we have
P(£S > z) < e "Met" < exp(3h?/4 — ha).

Inserting h = 2x/3 < 2\ in (3.23), we easily obtain the required assertion.

(3.21)

(3.22)

(3.23)
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Lemma 6. Condition (3.15) holds for
k(y) = 4% exp(min{16ay?, 2\|y|}). (3.24)

Proof. Consider the monotone function
f(@) = exp(2alyllz| + 2*/50) (3.25)
and successively use (3.15) and (3.22) to obtain

A
ﬂmgnﬂmmﬂ&An:ﬂm+/Pmﬂ>m#@>
0 (3.26)

A o
<f0)+ [ 207 Paf(o) < [ flmingo D d(-2e )
0 0
From (3.25) and (3.26) we find that
E(y) < el /6362/50 d(—Qe_zz/?’) < g2yl /(496/3)6”2/6 dx = 4e?*Ml (3.27)
0 0

Furthermore, since 2a|y|z < 16(a|y|)? + 22 /16, it follows that

< /f(gc)d(—2e"‘2/3) < /elﬁ(a\y|)2+w2/16+12/507302/3(41_/3) dx
0 0

oo (3.28)
< el6(alyl)? /e_x2/6(4a:/3) dz = 4e6°V"
0
Now, (3.27) and (3.28) yield (3.15) with k(y) defined by (3.24). O
Lemma 7. If u > max{\, 1} then
Ei(u) < 2(30)A\ e /8, (3.29)
Proof. First of all, observe that
P(£S>1)<1/2. (3.30)

This fact follows from the Cantelli inequality which gives
P(£S > z) < DS/(DS + 2?).
Thus, (3.1), (3.30), and the symmetry of the random variable Z imply that
sign Z =sign S for |S| > 1. (3.31)
Consequently, for u > 1
Ei(u) <M{g(S); S >u}+M{g(Z); Z > S > u}. (3.32)
We now use the relation

g(x) _ |x|ae>\|m\/8 < (304)04)\7046)490\/4 (3.33)
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which ensues from the chain of the inequalities y = 8(y/8) < 8e¥/8~1 < 3e¥/8 for
y = Alz|/a. By (3.33)

g(S) < (Ba)* N A 2B/DAT for G >y, (3.34)
From (3.21) and (3.34) for A < u we obtain
M{g(S); S > u} < (3a) N\~ “e M/2Me3/HrS

3.35
S (3a)a)\—ae—ku/ze(4/3)(3/4)2)\2/2 S (30[)(1)\_&6_)\“/8, ( )

Replacing S in (3.35) with the normally distributed variable Z, we can easily
find that

M{g(Z); Z > u} < (3a) N\~ /8, (3.36)
Deriving (3.36), we must use the identity

MehZ = /2 (3.37)

rather than (3.21).

The required inequality (3.29) for E, (u) follows from (3.32), (3.35), and (3.36).
Replacing S and Z in (3.31)—(3.37) with —S and —Z respectively, we easily obtain
an analogous estimate for E_(u). O

Lemma 8. If \ > 1 then

Mg(S — Z) < 4(30)* A% /8

o (3.38)
+5(600)* (- Mg ¥ exp(min{16a82; 22|&1}))

To prove this assertion, we have to use (3.14) with v = X\ while inserting in it
the estimates for E () given by Lemma 7 and the estimate for Ep(A) obtained in
Lemmas 3 and 6.

Lemma 9. If A <1 then

Mg(S — Z) < 8(3a)* A\~ %e~ /8, (3.39)

Proof. First, observe that
|IS—Z|<1+|Z] for |S|<1.
From this relation and (3.33) we have
Eo(1) < Mg(1+ |Z]) < Ba)*A~eMiMeM21/4

3.40
< (304)&/\_a6>\/4 : 26()‘/4)2/2 < 4(30&)()‘/\_0‘@_)‘2/8' ( )

Deriving the last inequality, we have used (3.37) together with the condition A < 1.

Inserting (3.40) and (3.29) with v = 1 in (3.14), we come to the required assertion
(3.39). O

Lemmas 8 and 9 readily yield the validity of all assertions of Theorem 1 for B = 1,
because in this case the conditions (3.2) coincide with those in the hypothesis of
Theorem 1 and the right-hand sides in (3.38) and (3.39) do not exceed the right-
hand side of (2.4).

To eliminate the last constraint, we should replace A, S, and {{;} in these lemmas
with AB, S/B, and {{;/B} respectively.
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4. PROOF OF COROLLARIES AND THEOREM 2

Lemma 10. Under the condition (2.5), we have (2.3) for A = A1, where Ay is
defined by (2.6).
Proof. For A > 0 and & = &;, we have

AyMEP AN < Ay M < (e — 1)MIEP.
Consequently, definition (2.1) of L(2\) implies that
60ABL(2)\) < (15B/y)(e* —1)L3. (4.1)

Inserting the value A = Ay of (2.6) in (4.1), we arrive at the required inequality
(2.3). O

Corollary 1 is immediate from Lemma 10.

Lemma 11. Under the condition (2.8), we have (2.3) for A\ = o, where Ay is
defined by (2.10).

Proof. We use the inequalities

|£‘362>\\£\ < ‘§|3€16a§2/32+)\232/160¢ for £ = £j7 (4.2)
22e” < e** —1 for x = (\*B)?/8a. (4.3)

From (4.2), (2.1) and (2.2) we obtain
L(2)) < B2 (o 00). (4.4)

It follows from (4.4) and (4.3) that

(60ABL(2)))? < 60°L?(ar, 00)(AB)2eN B /8
< 120%aL?(a, oo)(e)‘QBQ/M —-1).
The validity of (2.3) for A = A9 ensues from (2.10) and (4.5) with Cy = 240. O
Proof of Corollary 2. We simplify notation by setting A = Ay, Cy = 240, and
z, = 272C¢aL?*(a, 00). It is easy to verify that in this case A2B? = daIn(1+z; ') >
4a(1 + z,)~ Y, and hence

()\B)_O‘e_VBz/S < (4a)72(1 4 z,)*/? exp(—(a/2)In(1+ ;")) = (46)
(40) /2222 = (Cy/4)*L*(a, 50). '

Inserting (4.6) in (2.4), we immediately obtain (2.9) on observing only that L(«, 2)) <
L(a,00) and 5-60* < 2-Cg, 8-3% - (Cy/4)* < 6C§. O
We turn to proving Theorem 2. We fix a number 0 < y < oo and proceed with
a series of lemmas.
Lemma 12. There is sequence of independent pairs {f}, f}'} of random variables
such that for all j and all B > 1

G=6+¢&, MG=M =0, P(lg]<y)=1 & & =0, (4.7)

Mg/ |” < 2M{ g% Igl = ) (4.8)

If ¢; is symmetrically distributed then we should take as 53- the two-sided trunca-
tion of §; at levels +y. If ; has a continuous distribution function then we should
take &’ to be an asymmetric truncation as described by A. V. Skorohod in [8].

In the general case we additionally have to use randomization (see [9]).
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Put
B SRS s
B' = (DS")Y/?, B" = (DS")'/2, (4.9)
A =|8"/B'—Z|, A'"=|B/B)Z-Z|.
Observe that, by virtue of (4.7)—(4.9),
B? — (B')? = (B")? < 2B Ly(y, ). (4.10)
Lemma 13. Suppose that

B’ > (4/5)B. (4.11)
Then there is a random variable Z satisfying (1.3) and such that
Mg, (A") < 8(2CoaL.(a,y))* = ¢, (4.12)
where o« > 1 and
Gax(x) = |28 0 <X < 2X0(a, ). (4.13)

Proof. We make use of the assertion of Corollary 2, replacing {&;} with {53} in
it. Having this replacement performed in (2.8)—(2.10), we obtain

L(a,00) < 2L, (a,y) and Ay > 2Xo(a, y), (4.14)
if we first observe that the validity of (4.11) implies that
16(¢//B")* < 25(¢//B)?,
17 /(B < /016" /B° < 2l¢ "/ B°.
Thus, Corollary 2 and (4.14) yield the claim of Lemma 13. O

From now on, we assume that B’ satisfies the condition (4.11) of Lemma 13.
To estimate A, we will use the inequality

A< (B'/B)A"+ A" +|5"/B| (4.15)

which is immediate from (4.9) and the equality S = S’ + S”.
Lemma 14. The following inequality holds for all y > 0 and 8 > 2:

M(A” +18"/B|)? <", (4.16)

where
8" = (28)° L (y, 00) + 4(24BLa(y, 00))"/2. (4.17)

Proof. We use the inequality

M|S/l|ﬁ < CBZMK;IW + zecCB/Q(B/l)ﬁ forc=1 + 5/2 < ﬁ (418)
which was proven in [10]. By (4.9), (1.3), and (4.18), we have
M(A")? = (1 — B'/B)’M|Z|P < 2¢+P/235/2(1 — B'/B)P. (4.19)

Observe that
1-B'/B=(B*>-(B")?*/(B*+ B'B) < (5/9)(B")?/B? <5B"/9B.  (4.20)

Deriving (4.20), we have used (4.10).
Now, we apply the inequality

o+ 27 <2771 (2P +121°), B >2, (4.21)
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with x = A” and z = |S”/B]|. After coarsening constants, (4.18)—(4.21) imply
M(A” +|8"/B))? < (1/2)28)° B> M|¢/|” + 4(4eB)*/*(B"/B")°.  (4.22)

Estimating the right-hand side of (4.22) by means of (4.8) and (4.10), we easily
obtain (4.16) for §” defined by (4.17). O
Lemma 15. The claim of Theorem 2 is valid under the conditions (2.12) and
(4.11).
Proof. Using the notations of (2.11) and (4.13), we have
9o p 2K (T + 2) < Gop 0k (2]2]) + gop.0. 5 (2]2]),

Ja,8,0, K (7) = min{ga x(z), K‘ﬂﬁ}
Therefore,
Ga sk (T +2) < 2% on(2) + K2°[2)°. (4.23)
In (4.23), put
x=(B'/B)A" <A, z=A"+|5"/B|. (4.24)
Since A < x4 z by (4.15), we infer from (4.23), (4.24), and Lemmas 13 and 14
that

Mga s x(A) < 2% +2°K§". (4.25)

To obtain (2.13), we have to insert in (4.25) the expressions for ¢’ and 6" given by

(4.12) and (4.17). O
Lemma 16. For all B > 2, the following inequality holds:

Mg s (D) < (1/2)(26)° K Ly (0, 00) + 4(126)°/2K. (4.26)

Proof. Observe that we always have

Mga,px(A) < KM|A|. (4.27)

Moreover,
A<A"+|8"/B| fory=0. (4.28)
Successively applying (4.27), (4.28), and (4.22), we obtain (4.26) on observing that
B" = B and £ = ¢ for y = 0. O

Proof of Theorem 2. If (4.11) holds then Theorem 2 ensues from Lemma 15.
Now, assume that (4.11) fails. By (4.10), we then have

1/3<1-(4/5)> <1—(B'/B)* = (B"/B)* < 2Ls(y, o0).
Consequently, in this case
1 < 6Ly (y,00) < (6Ly(y,00))/? for B> 2. (4.29)
Furthermore, by Chebyshev’s inequality
1< 6Ly(y,00) < 6B Ly(y,00)/y" >
i.e., in the case under study
y? 72 <6BP2Ls(y, 0).
Therefore, in view of (2.11)
Ls(0,00) = Ls(0,y) + Ly(y, o) < y*~2B2/B° + Ly(y, 00) < TLs(y, ). (4.30)
Inserting (4.29) and (4.30) in (4.26), we obtain
Mo,k (A) < 4(28) K Ls(y, 00) + 4K (728La(y, 00)) /.
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Thus, Theorem 2 is also true in the trivial case in which (4.11) fails. O
To derive Corollaries 3 and 4, we need
Lemma 17. If v >0 and r > 1 then

Ly (a,0) < Lot (a,b). (4.31)

Proof. By analogy to the proof of Lemma 2 in [1, p. 173], we introduce the prob-
ability measure

p(A)=B72> M{¢:, & € A}
In this case
Lav(ab) = B [ [al"uda). (4.32)
[a,b)

Consequently, by Hoélder’s inequality
Ly () B [ fol ulde). (4.33)
[ab)

From (4.32) and (4.33) we deduce (4.31). O
Lemma 18. If the conditions

y=B/at? X=0, K=1, a>§>2 (4.34)
are satisfied then the right-hand side of (2.13) does not exceed
271 (CaLs(0,9))* + 2 ta~H(CaB)?/? Ls(y, o) (4.35)

with C < max{16 - 2¢*Cp, 10-96}.
Proof. From (2.11) and (4.34) we obtain

Lu(a,y) < e®L3(0,y), (4.36)

La(y,00) < a7/ L (3, ) (437)
for v > 0. By setting v = 2(8 —2)/8 > 0 in (4.31) and (4.37), we infer that
15 (y,00) < a7 Lg(y, 00). (4.38)

To reach the required assertion of Lemma 18, we must insert (4.36) and (4.38) in
(2.13) and use the inequality 4% < 371(96)%/2 while estimating the constants. [
Corollary 3 is immediate from Lemma 18.
Proof of Corollary 4. Assume that (4.34) holds. In this case Lemma 17 yields

L5(0,y) < Laya(0,y). (4.39)

Furthermore, from definitions (2.11) and Chebyshev’s inequality we obtain
Lﬁ(y7 OO) = Lﬁ(y7 B) + Lﬂ(Bv OO), Lﬁ(yv B) < (al/Q)a+2_ﬁLa+2(y7 B) (4'40)
Inserting (4.39) and (4.40) in (4.35), we come to the desired assertion (2.15). O
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