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1. Introduction

Let ξ, ξ1, ξ2, . . . be a sequence of independent identically distributed random
variables such that

Mξ = 0, Dξ = 1. (1)
Put Sn = ξ1 + · · ·+ ξn, and denote by η a random variable with standard normal
distribution.

The technique of smoothing is employed somehow in many articles devoted to
studying the rate of convergence of the distribution of Sn/

√
n to the normal law.

We dwell on one of such results.
Suppose that a random variable ν is independent of Sn and η and has a density

v(x). Then the random variable (Sn + ν)/
√

n has the density

fn(x) =
√

nMv(
√

nx− Sn). (2)

Since by the Central Limit Theorem the distribution of Sn/
√

n is close to that of
η, the following natural question arises: under which conditions the density fn(x)
is close to the normal density ϕ(x) = (2π)−1/2e−x2/2 of the distribution of η or to
the density ϕn(x) of the distribution of η + ν/

√
n which obviously equals

ϕn(x) =
√

nMv(
√

nx− η) =

∞∫
−∞

ϕ(x− y/
√

n)v(y) dy. (3)

The following useful assertion was obtained by V. V. Yurinsky in the article [1]
devoted to estimations of the Prokhorov distance between distributions in the Cen-
tral Limit Theorem. It provides one of the possible answers.

Theorem A. Suppose that the distribution of ξ satisfies (1) and

M|ξ|3 = γ < ∞, (4)

where γ is a fixed number. Then there exist a density v(·) and a number C > 0
such that

∞∫
−∞

|fn(x)− ϕn(x)| dx ≤ Cγ/
√

n. (5)
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2 Smoothed distributions in CLT

In the proof, V. V. Yurinsky used a specific density v(·) of the form v(x) =
v0(x/γ)/γ which, in particular, satisfies the condition

v̂(t) = 0 for |t| ≥ c0/γ, (6)

where c0 > 0 and

v̂(t) = Meitν =

∞∫
−∞

eitxv(x) dx (7)

is the characteristic function of the random variable ν.
Since condition (6) on the smoothing density is often of purely technical nature,

it seems to be a natural step to eliminate it in order to enlarge the class of possible
smoothing densities. However, the following assertion shows that (6) is in a certain
sense necessary for (5) to be valid.

Theorem 1. Suppose that the density v(·) and the number γ are such that (5)
holds for all n and for all possible distributions of a random variable ξ satisfying (1)
and (4). If

γ ≥ 73/2/35/2 ≈ 1, 19 . . . , (8)
then (6) is necessarily true with c0 = 2π.

This result, surprising in the authors’ opinion, will emerge after we examine in
§ 2 the behavior of fn(x) in the case of an arbitrary lattice distribution of ξ along
the lines of [2].

2. Asymptotic Properties of Densities of Smoothed Lattice
Distributions

Suppose that a random variable ξ satisfies (1) and has a lattice distribution with
maximal span h. In this case for some a ∈ [0, h) and for all n∑

m

P(Sn = na + mh) = 1.

Also, by the local limit theorem (see [3, p. 231] and [4, p. 152])

αn ≡ sup
m
|
√

nP(Sn = na + mh)− hϕ(xn,m)| → 0,

βn ≡
∑
m

|P(Sn = na + mh)− n−1/2hϕ(xn,m)| → 0
(9)

as n →∞, where xn,m = (na + mh)/
√

n, with
∑
m

standing for summation over all

integers m here and in the sequel.
For t ∈ [0, h) put

vh(t) =
∑
m

v(mh + t), vn,h(t) =
∑
m

min{1,mh/
√

n}v(mh + t). (10)

Since
h∫

0

vh(t) dt =
∑
m

m+h∫
m

v(x) dx =

∞∫
−∞

v(x) dx = 1, (11)

the function vh(·) is the density of a probability distribution concentrated on the
interval [0, h). In line with [5, p. 270] we assume the density vh(·) to be obtained
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by “winding” the density v(·) on a circle of length h. In particular, from (11) we
see that for almost every t ∈ [0, h)

vh(t) < ∞. (12)

For every t ∈ [0, h) such that (12) holds, put

∆n,m(t) = fn(xn,m + t/
√

n)− hϕ(xn,m)vh(t),

∆n(t) = n−1/2
∑
m

|∆n,m(t)|. (13)

Theorem 2. If t ∈ [0, h) satisfies (12) then

sup
m
|∆n,m(t)| ≤ αnvh(t) + ϕ(0)hvn,h(t), (14)

∆n(t) ≤ (βn + 2n−1/2)vh(t) + 2vn,h(t). (15)

Observe that the inequalities (14) and (15) remain consistent for all t ∈ [0, h), if
only we assume that

|∆n,m(t)| = ∆n(t) = ∞ if vh(t) = ∞.

Below we present a series of simple corollaries to Theorem 2.
Corollary 1. For almost every t ∈ [0, h)

sup
m
|∆n,m(t)| → 0 and ∆n(t) → 0 as n →∞.

Corollary 2. As n →∞
∞∫

−∞

|fn(x)− ϕ(x)| dx →
h∫

0

|vh(t)− h−1| dt, (16)

∞∫
−∞

|fn(x)− ϕn(x)| dx →
h∫

0

|vh(t)− h−1| dt. (17)

Corollary 3. If
∞∫

−∞

|fn(x)− ϕn(x)| dx → 0 as n →∞, (18)

then
vh(t) = h−1 for almost every t ∈ [0, h) (19)

and, in particular,

v̂(2πk/h) = 0 for k = ±1,±2,±3, . . . . (20)

Thus, convergence in variation (18) of the smoothed distributions implies the
vanishing of the characteristic function of the smoothing density at some points.

Observe that whether (18) holds or fails depends solely on the distribution of ξ
and on the density v(·). Moreover, in view of Corollary 2 the fact that (18) holds
for some lattice distribution of ξ having maximal span h and satisfying (1) implies
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that (18) is true for all such distributions with the same span h, if only the density
v(·) is fixed.

We now strengthen Corollary 3 in the case when a sufficiently large class of
distributions of ξ meets (18).

Corollary 4. Suppose that a density v(·) and a number H > 0 are such that for
all h ∈ (H/2,H) there exists a random variable ξ satisfying (1), having a lattice
distribution with maximal span h, and such that (18) holds. Then

v̂(t) = 0 if |t| ≥ 2π/H. (21)

Theorem 1 of § 1 will be obtained as a particular case of Corollary 4 for H = γ.
Condition (8) in Theorem 1 is essential, as illustrated by the following example.
Example. Let the random variable ξ take the values +1 and −1 with equal

probability and let v(·) be the density of the uniform distribution on the interval
[b, b+2l], where l is a natural number. It is easy to verify that in this case (18)–(20)
hold for h = 2. Moreover, using the estimates of [3, p. 255] instead of (9) in the
local limit theorem, we easily see that

∞∫
−∞

|fn(x)− ϕn(x)| dx ≤ C(l)/
√

n;

i.e. (5) holds also for all n.
Remark. For γ = 1 Theorem 1 fails. Indeed, in this case it only the distribution

of ξ presented in the above example that satisfies both (1) and (4). Consequently,
for γ = 1 inequality (5) is true, for instance, for the density v(·) of the uniform
distribution on the interval [−1, 1] for which v̂(t) = t−1 sin t.

We have thus shown that Theorem 1 is not true without condition (8). However,
the question remains open whether the constant on the right-hand side of (8) can
be diminished.

3. Proofs

For notational simplicity, we put

pk = P(Sn = na + kh) = P(Sn/
√

n = xn,k),

ϕk = n−1/2hϕ(xn,k), εk =
∑
m

|ϕm − ϕm−k|.
(22)

Using this, from (9) and (2) we have

αn =
√

n →
l

sup |pl − ϕl|, βn =
∑

l

|pl − ϕl|,

fn(xn,m + t/
√

n) =
√

n
∑

l

plv(mh− lh + t).
(23)

Consequently, by definitions (9) and (13)

n−1/2∆n,m(t) =
∑

k

pm−kv(kh + t)− ϕm

∑
k

v(kh + t). (24)



A. I. Sakhanenko and K. V. Chumachenko 5

We first prove several auxiliary statements. Put

δn,m(t) = ϕ(xn,m + t/
√

n)− ϕ(xn,m), δn(t) = n−1/2
∑
m

|δn,m(t)|. (25)

Lemma. The following estimates take place:

∈
t

[0, h) → sup δn(t) ≤ 2ϕ(0)/
√

n, (26)∣∣∣∑
m

ϕm − 1
∣∣∣ ≤ 2ϕ(0)/

√
n, (27)

εk ≤ 4ϕ(0)/
√

n + min{2, 2ϕ(0)kh/
√

n}, (28)

→
m

sup |ϕm − ϕm−k| ≤ ϕ(0)(h/
√

n) min{1, e−1/2kh/
√

n}, (29)

∞∫
−∞

|ϕn(x)− ϕ(x)| dx ≤ 2Mmin{1, ϕ(0)ν/
√

n}. (30)

Proof. From the explicit form of the functions ϕ(x) = (2π)−1/2e−x2/2 and
ϕ′(x) = −xϕ(x) it is easy to note that

C1 ≡→
x

sup ϕ(x) = ϕ(0) = (2π)−1/2, C2 ≡→
x

sup |ϕ′(x)| = |ϕ′(1)| = e−1/2ϕ(0),

C3 ≡
∞∫

−∞

|ϕ′(x)| dx = 2ϕ(0) < 1.

(31)
Furthermore, if t ∈ [0, h) then by (25)

√
nδn(t) =

∑
m

∣∣∣∣
t/
√

n∫
0

ϕ′(xn,m + x) dx

∣∣∣∣ ≤
∞∫

−∞

|ϕ′(x)| dx = C3. (32)

From (31) and (32) we infer (26). Moreover,

∣∣∣∑
m

ϕm − 1
∣∣∣ =

∣∣∣∣∣∣
∞∫

−∞

ϕ(x) dx−
∑
m

ϕm

∣∣∣∣∣∣ =

∣∣∣∣∣∣
∑
m

h∫
0

δn,m(t) dt/
√

n

∣∣∣∣∣∣ ≤ δn(h),

implying (27).
Comparing the definitions (22) and (25), we can see that

εk ≤ kε1 = khδn(h) ≤ C3kh/
√

n. (33)

On the other hand, by (22) and (27)

εk ≤
∑
m

ϕm +
∑
m

ϕm−k ≤ 2 + 2C3/
√

n. (34)

From (33) and (34) we immediately derive (28).
For an arbitrary y,

ε(y) ≡
∞∫

−∞

|ϕ(x− y)− ϕ(x)| dx ≤
1∫

0

 ∞∫
−∞

|y||ϕ′(x− ty)| dx

 dt = C3|y|. (35)
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On the other hand,

ε(y) ≤
∞∫

−∞

ϕ(x− y) dx +

∞∫
−∞

ϕ(x) dx = 2. (36)

From (35), (36), and (31) we have

ε(y) ≤ min{2, C3|y|} = 2min{1, ϕ(0)|y|}. (37)

Observe that by (3) the left-hand side of (30) does not exceed Mε(ν/
√

n). From
this fact and (37) we infer (30).

To prove (29), we apply (22), (31), and the elementary inequality |ϕ(x)−ϕ(x−
y)| ≤ min{C1, C2|y|}, with x = xn,m and y = kh/

√
n.

Proof of Theorem 2. By (24)

|∆n,m(t)| ≤
√

n
∑

k

|pm−k −ϕm−k|v(kh + t) +
√

n
∑

k

|ϕm −ϕm−k|v(kh + t). (38)

The inequality (14) follows immediately from (38), (27) and the definition (23) of
αn.

Summing up (38) over all m and recalling the definitions of ∆n(t), βn and εk,
we obtain

∆n(t) ≤
∑

k

βnv(kh + t) +
∑

k

εkv(kh + t). (39)

From (39) and (28) we infer (15).
Proof of Corollary 1. By (10) all terms of the series vn,h(t) vanish as n → ∞,

and the series is dominated by the series vh(t). Consequently,

vh(t) ≥ vn,h(t) → 0 as n →∞. (40)

The claim of Corollary 1 is a consequence of (40), (14) and (15).
Note that by (40) and (11) the Lebesgue Dominated Convergence Theorem yields

the convergence
h∫

0

vn,h(t) dt → 0 as n →∞. (41)

Proof if Corollary 2. Introduce the notation

ρn,m(t) = fn(xn,m + t/
√

n)− ϕ(xn,m + t/
√

n),

ρn(t) = n−1/2
∑
m

|ρn,m(t)|, ρ =

h∫
0

|h−1 − vh(t)| dt.
(42)

Representing the real axis as a union of intervals of the form [xn,m, xn,m+1), we see
that

ρn ≡
∞∫

−∞

|fn(x)− ϕ(x)| dx =

h∫
0

ρn(t) dt. (43)

Definitions (13), (25), and (42) yield the identity

∆n,m(t) = ρn,m(t) + δn,m(t) + ϕ(xn,m)(1− hvh(t)). (44)

With (44) taken into account, the following inequality is straightforward:

| |ρn,m(t)| − hϕ(xn,m)|h−1 − vh(t)| | ≤ |∆n,m(t)|+ |δn,m(t)|. (45)
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Recalling the notations of (22) and (42), from (43) and (45) we have

|ρn −
∑
m

ϕmρ| ≤
h∫

0

∆n(t) dt +

h∫
0

δn(t). (46)

To derive (16) from (46), it suffices to observe that by (26) and (41) the right-
hand side of (46) vanishes as n →∞ and that by (27)

∑
m ϕm → 1.

Convergence (17) ensues from (16) and (30).
Proof of Corollary 3. If (18) is satisfied then (19) is apparent from (17).
Furthermore, by definitions (7) and (10) we have

v̂(2πkh) =

∞∫
−∞

ei2πkx/hv(x) dx

=
∑
m

h∫
0

ei2πkm+i2πkt/hv(mh + t) dt =

h∫
0

ei2πkt/hvh(t) dt.

(47)

With (19) holding, from (47) we obtain

v̂(2πk/h) =

h∫
0

ei2πkt/h dt/h =

2π∫
0

(cos kx + i sin kx) dx = 0

for k = ±1,±2, . . . , which proves (20).
Proof of Corollary 4. Under the assumptions made and in view of (20)

v̂(t) = 0 for all t ∈ U, where U =
⋃
k 6=0

(2πk/H, 4πk/H). (48)

Since the characteristic function v̂(t) is continuous, the set U in (48) can be replaced
by its closure U0. To obtain (21), it remains to observe that U0 = (−∞,−2π/H]∪
[2π/H,∞).

Proof of Theorem 1. We apply Corollary 4 with H = γ. To prove Theorem 1,
it suffices to proceed as follows. Given an h in the interval (γ/2, γ), construct
a symmetrically distributed random variable ξ satisfying (1) and (4), taking the
values 0, ±h, and ±2h, and having maximal span h.

Put

P(|ξ| = h) = p1(h) ≡ h−3(2h− γ), P(|ξ| = 2h) = p2(h) ≡ h−3(γ − h)/4. (49)

Verify that ξ is a required random variable. We have to check that the functions
p1(h) and p2(h) in (49) meet the following conditions for all h ∈ (γ/2, γ):

h2p1(h) + (2h)2p2(h) = 1, h3p1(h) + (2h)3p2(h) = γ,

p1(h) > 0, p2(h) > 0, p1(h) + p2(h) ≤ 1.
(50)

It is clear that for such h only the last relation in (50) may be not automatically
true. However, since the function p1(h) + p2(h) on the interval (γ/2, γ) attains its
maximal value at h = 9γ/14 while p1(9γ/14) + p2(9γ/14) = 3−573/γ2, all relations
of (50) hold for γ2 ≥ 3−573 = 343/243. The so-obtained restriction on γ coincides
with (8).
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Veroyatnost. i Primenen., 20, No. 1, 1–12 (1975).

[2] C. G. Esseen, Fourier analysis of distribution functions. A mathematical study of the Laplace–

Gaussian law. Acta Math., 77, No. 1–2, 1–125 (1945).
[3] V V. Petrov, Sums of Independent Random Variables. [in Russian], Nauka, Moscow (1972).

[4] I. A. Ibragimov and Yu V. Linnik, Independent and Stationarily Connected Variables. [in Rus-

sian], Nauka, Moscow (1965).
[5] W. Feller, An Introduction to Probability Theory and Its Applications. Vol. 2, John Wiley,

New York (1971).

Novosibirsk


