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ASYMPTOTICALLY NORMAL EXPLICIT ESTIMATION
OF PARAMETERS IN THE MICHAELIS–MENTEN

EQUATION

YU. YU. LINKE AND A. I. SAKHANENKO

1. Introduction

1.1.In many biochemical and physical experiments, the data of an experiment
are assumed to satisfy the following two-parameter equation:

v(s) =
V s

K + s
, K, V, s > 0, (1.1)

where K and V are some unknowns. For example, in study of chemical reactions,
equation (1.1) is known as the Michaelis–Menten equation which describes the the-
oretical interrelation between the speed of reaction v(s) and the amount of reagent
s. In this case the parameter V has the meaning of a maximally possible speed of
reaction and the parameter K is the value of s for which the speed of reaction is
at twice as less than the maximal. In 1913 Michaelis and Menten published their
research [1] on this equation, and now they are considered as founders of modern
enzymology. The interest in study of this seemingly particular equation is aroused,
first of all, by its various applications in practice of natural sciences. By way of
example, we mention the article [2] in which the systems that can be described by
equation (1.1) are considered in more detail.

In this article we deal with the problem of estimation of the unknown parameters
K > 0 and V > 0 for the regressive Michaelis–Menten model

vi =
V si

K + si
+ σiξi, i = 1, . . . , N, (1.2)

when in result of a series of N trials, N →∞, we observe a sequence of independent
random variables vi, i = 1, . . . , N . The numbers si > 0 in (1.2) are assumed to
be known. Concerning the measurement errors σiξi, we assume that ξi are inde-
pendent identically distributed random variables satisfying the following natural
assumption:

Eξi = 0, Dξi = 1, i = 1, . . . , N.

The values of the random variables ξi and, in general, the behavior of the variances
σ2

i = DXi > 0 are assumed unknown.
This problem is a particular instance of a nonlinear regression problem. How-

ever, solution of nonlinear regression problems faces a row of essential difficulties.
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2 Estimation of Parameters in the Michaelis–Menten Equation

For example, finding estimators by the least squares method involves various itera-
tion procedures, which raises a number of problems related to the choice of an initial
approximation and the properties of the so-constructed estimators.

In this article, which is an immediate continuation of the preceding two articles
[3, 4] by the authors, the problem of estimation of the parameters K and V in
the Michaelis–Menten equation is solved by some new method that enables us to
obtain asymptotically normal explicit estimators of the unknown parameters in
a rather simple way for the model (1.2) as well as for more general linear-fractional
regression problems; moreover, the estimators often have a minimal asymptotic
covariance matrix.

It turns out that under very general assumptions we can choose numbers cKi

and cV i so that the (rather simple) statistics

K∗ = −
N∑

i=1

cKivi

(
N∑

i=1

cKivi/si

)−1

, V ∗ =
N∑

i=1

cV i(1 + K∗/si)vi (1.3)

are asymptotically normal estimators of the parameters K and V . In the case
when we have some information on the behavior of the variances {σ2

i } we can
choose functions {γKi(K, V )} and {γV i(K, V )} so that for

γ∗Ki = γKi(K∗, V ∗), γ∗V i = γV i(K∗, V ∗)

the “improved” estimators

K∗∗ = −
N∑

i=1

γ∗Kivi

(
N∑

i=1

γ∗Kivi/si

)−1

, V ∗∗ =
N∑

i=1

γ∗V i

(
1 + K∗∗/si

)
vi (1.4)

are in some sense asymptotically effective.
The main goal of this article is to study the asymptotic properties of the esti-

mators (1.3) and (1.4).
All ideas of the estimation method under consideration are exposed in detail in

[4] for a multidimensional linear-fractional regression problem. The most impor-
tant properties of these estimators are described in the same article under certain
additional assumptions. We note that [3] contains a complete mathematically rig-
orous study and justification of this method for a simplest one-dimensional linear-
fractional regression problem. In the present article, majority of the conditions in
assertions for a two-parameter model (1.2) are obtained in a more lucid form, which
was frequently impossible for a general multidimensional problem.

In particular, in the construction of the estimators K∗ and V ∗ we recommend
choosing the constants of (1.3) in the form

cV i = ci

/ N∑
i=1

ci, cKi = ci/si − cV i

N∑
i=1

ci/si, (1.5)

where ci > 0 are some constants. Similarly, we recommend restricting in (1.4) to
the functions

γV i(K, V ) = γi(K, V )
/ N∑

i=1

γi(K, V ),

γKi(K, V ) = γi(K, V )/si − γV i(K, V )
N∑

i=1

γi(K, V )/si, (1.6)
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where γi(K, V ) > 0 are continuously differentiable functions. As we show in § 3, to
increase the accuracy of the so-defined estimators we should choose the numbers
ci and functions γi(K, V ) in (1.5) and (1.6) so that the quantities ci(1 + K/si)3σ2

i

and γi(K, V )(1 + K/si)3σ2
i depend on i as less as possible.

Organization of the article. In § 2 we describe a method for constructing
two classes of the mentioned estimators. In § 3 we obtain necessary conditions
for their optimality and give some practical recommendations. In § 4 we formulate
conditions for consistency and asymptotic normality of estimators whose derivation
is given in § 5 and § 6. Concluding remarks reside in § 7.

Notation. Summation over i is always carried out from 1 to N . All limits are
taken as N → ∞, unless otherwise stated. The symbol

∑
without indices is used

only for
∑N

i=1, i.e., only if the summation is carried out over i in the indicated
range. The other notations appear in due course.

2. Construction of Estimators

2.1. First of all, we note that (1.2) can be rewritten as

vi =
V

1 + K/si
+ σiξi. (2.1)

It is easy to see that (2.1) is a particular instance of the equation

vi =
a0i + a1iθ1 + a2iθ2

1 + b1iθ1 + b2iθ2

+ σiξi (2.2)

for

m = 2, θ1 = K, θ2 = V, a2i = 1, b1i = 1/si, a0i = a1i = b2i = 0. (2.3)

Thus, the equation (2.1) under consideration is a particular case of (2.2). Some
method for estimation of the parameters in the latter equation was proposed in [4].

Following the recommendations of [4], we should choose some numbers c11, . . . , c1N

and c21, . . . , c2N and seek the estimators K∗ and V ∗ as solutions of the equations

K∗
∑

c1ivi/si +
∑

c1ivi = V ∗
∑

c1i, K∗
∑

c2ivi/si +
∑

c2ivi = V ∗
∑

c2i.

(2.4)
It is easy to see that solutions to (2.4) can be represented in the form (1.3) for

cV i = c2i

/∑
c2i, cKi = c1i − cV i

∑
c1i. (2.5)

In particular, in this case the estimators K∗ and V ∗ are well defined whenever∑
c2i 6= 0,

∑
c2
1i > 0.

2.2. If the estimators K∗ and V ∗ have been already constructed then, following
the recommendations of [4], we can enlarge the class of estimators. To this end, we
should choose functions γ1i(K, V ) and γ2i(K, V ) and take the estimators K∗∗ and
V ∗∗ to be solutions of the equations

K∗∗
∑

γ∗1ivi/si+
∑

γ∗1ivi = V ∗∗
∑

γ∗1i, K∗∗
∑

γ∗2ivi/si+
∑

γ∗2ivi = V ∗∗
∑

γ∗2i

(2.6)
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for γ∗1i = γ1i(K∗, V ∗) and γ∗2i = γ2i(K∗, V ∗). It is easy to see that solutions to
(2.6) can be represented in the form (1.4) for

γV i(K, V ) = γ2i(K, V )
/∑

γ2i(K, V ),

γKi(K, V ) = γ1i(K, V )− γV i(K, V )
∑

γ1i(K, V ). (2.7)

2.3. We now give simple arguments that lead readily to estimators of the form
(1.3). We first rewrite (2.1) as

(1 + K/si)vi = V + ηi for ηi = (1 + K/si)σiξi. (2.8)

It follows from (2.8) that for arbitrary cK1, . . . , cKN , cV 1, . . . , cV N

K
∑

cKivi/si +
∑

cKivi = V
∑

cKi +
∑

cKiηi,

∑
cV i

(
1 + K/si

)
vi = V

∑
cV i +

∑
cV iηi. (2.9)

Now, let cKi and cV i be arbitrary constants satisfying the conditions∑
cKi = 0,

∑
cV i = 1. (2.10)

Inserting (2.10) in (2.9), we obtain the representations

K = −
∑

cKivi∑
cKivi/si

+
∑

cKiηi∑
cKivi/si

,

V =
∑

cV i

(
1 + K/si

)
vi −

∑
cV iηi. (2.11)

It is natural to suppose that the weighted sums of the measurement errors in (2.11)
are small as compared to the other summands in these equations. Therefore, if
in (2.11) we discard the weighted sums of the measurement errors and replace
the parameters K and V by their estimators then we arrive at the representation
(1.3) for the statistics K∗ and V ∗.

2.4. Subtracting (2.11) from (1.3), we come to the following useful identities:

K∗ −K = −
∑

cKiηi/
∑

cKivi/si,

V ∗ − V =
∑

cV iηi + (K∗ −K)
∑

cV ivi/si, (2.12)

using which we can guess the asymptotic behavior of the random variables K∗−K
and V ∗ − V . However, such an investigation leads to cumbersome calculations.
Therefore, proceeding along the lines of [4], it is sometimes more convenient to pass
to matrix notation.
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3. Optimization of Estimators

3.1. As in [4], the notation A = Am×n means that A is a matrix with m rows
and n columns. The entry at the intersection of the pth row and qth column of
this matrix is denoted by (A)pq. Henceforth the symbol > stands for transposition
of a vector or matrix. If t is a vector with coordinates t1, . . . , tN then t is treated
a column vector, whereas t> = (t1, . . . , tN ) is treated a row vector. The symbols
I = In×n and 0 = 0n×n stand for the identity and zero matrices of corresponding
dimensions. We denote by Ta the diagonal (N ×N)-matrix with diagonal entries
a1, . . . , aN . In particular, TDη is the covariance matrix of a random vector η =
(η1, . . . , ηN )> with independent coordinates.

If A is a random matrix or vector (whose entries may depend on N) then by
the convergence A

p→ A0 we mean the coordinatewise convergence in probability for
the entries of this matrix or vector (as N →∞). The convergence A =⇒ Φ2(0,B)
means that the distribution of the vector A may depend on N and it converges
weakly (as N →∞) to the 2-dimensional normal distribution with mean zero and
covariance matrix B.

If for some statistics (K̃∗ and Ṽ ∗) and a nondegenerate matrix A = A2×2 we
have

A−1(K̃∗ −K, Ṽ ∗ − V )> =⇒ Φ2(0, I),

then we say that the two-dimensional statistic (K̃∗, Ṽ ∗) is an asymptotically normal
estimator of the parameter (K, V ) with the asymptotical covariance matrix AA>.

If B is a nonnegative definite matrix then we denote by B1/2 the only nonnegative
definite symmetric matrix that satisfies the equality

(B1/2)2 = B = B1/2B1/2>.

We agree that the inequality B1 ≥ B2 between nonnegative definite matrices B1

and B2 means that the difference B1 −B2 is a nonnegative definite matrix too.

3.2. As mentioned (see (2.2) and (2.3)), the problem under consideration in
this article is a particular instance of a more general problem of [4]. Therefore, we
follow [4] and introduce the matrices

C = C2×N and Γ = Γ2×N for (C)ki = cki and (Γ)ki = γki(K, V ).

Taking (2.3) into account, we define the matrix

Λ = Λ(K, V )2×N for (Λ)1i = −V
/
(K + si) and (Λ)2i = 1, (3.1)

which will play an important role in the sequel. We note that in our case

Λ = QoΛoT−1
1+K/s (3.2)

for

Qo =
(
−V 0
K 1

)
, Λo =

(
1/s1, 1/s2, . . . , 1/sN

1, 1, . . . , 1

)
.

We introduce the following set of matrices: M =
{
F = F 2×N : ∃

(
FΛ>o

)−1}.
Henceforth we assume that M is nonempty. This means that the matrix Λo has
rank 2 and that all matrices in M have rank 2 as well. Therefore, for F ∈ M we
can introduce the notation

B(F) ≡ (FΛ>)−1FTDηF>(FΛ>)−1> for F ∈M.
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Throughout the sequel we assume that C,Γ ∈ M. It was shown in [4] that
under some additional assumptions we have

(B(C))−1/2(K∗ −K, V ∗ − V ) =⇒ Φ2(0, I), (3.3)

(B(Γ))−1/2(K∗∗ −K, V ∗∗ − V ) =⇒ Φ2(0, I). (3.4)
As mentioned, (3.3) and (3.4) mean that the statistic (K∗, V ∗) is an asymptotically
normal estimator of the two-dimensional parameter (K, V ) with the asymptotic
covariance matrix B(C), whereas (K∗∗, V ∗∗) is an asymptotically normal estimator
of this parameter with the asymptotic covariance matrix B(Γ).

3.3. It is clear that, among the constructed classes of statistics (K∗, V ∗) and
(K∗∗, V ∗∗), those estimators are preferable whose asymptotic covariance matrix is
less. Therefore, the question arises naturally of optimizing the matrices B(C) and
B(Γ). We introduce the matrices Γo and Bopt by setting

γo
i = (1 + K/si)−3σ2

i , Γo = ΛoTγo , Bopt ≡ B(Γo).

Theorem 1. Let H = H2×2 be an arbitrary nondegenerate matrix. Then

∀Γ ∈M B(Γ) ≥ Bopt = B(HΓo).

Corollary 1. For any c put

γopt
i = cγo

i =
cσ2

i

(1 + K/si)3
, c 6= 0.

Then the matrix

Γopt ≡ ΛoTγopt ≡ cΓo ≡
(

γopt
1 /s1, γopt

2 /s2, . . . , γopt
N /sN

γopt
1 , γopt

2 , . . . , γopt
N

)
(3.5)

is one of the optimal matrices for which the equality in Theorem 1 is achieved.

Remark 1. We emphasize that, for determining the optimal entries (Γopt)ki,
k = 1, 2, in the Michaelis–Menten equation, it suffices to construct only one se-
quence {γopt

i } and, constructing optimal matrices, to restrict by (3.5) only to
the matrices representable in the form

Γγ ≡ ΛoTγ ≡
(

γ1/s1, γ2/s2, . . . , γN/sN

γ1, γ2, . . . , γN

)
. (3.6)

Such matrices play an important role in the second half of the article.
The members of the sequence {γopt

i } may depend in general on the unknown
parameters K and V as well as on the variances {σ2

i } (see an exception below in
Example 2). This circumstance is one of the causes for which it can be reasonable
to use the matrices Γγ with specially chosen functions {γi} in place of the optimal
matrices Γopt determined by the unknown functions {γopt

i }.
3.4. Now, we discuss the question of the extent to which the covariance matrix

B(Γ) differs from the optimal covariance matrix Bopt in the case of using a nonop-
timal matrix Γ. The following theorem gives one of the possible answers to this
question.

Theorem 2. There exists a nonnegative definite symmetric matrix Bo such that
the relation

B(Γ)−Bopt = (ΓΛ>)−1((Γ−HΓo)Bo(Γ−HΓo)>)(ΓΛ>)−1> (3.7)

holds for all matrices Γ ∈M and all nondegenerate matrices H = H2×2.
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Now, we consider in more detail the important particular case in which the ma-
trix Γ = Γγ is defined by (3.6). Note that in this case

Γγ − Γopt = Λo(Tγ − cTγo) = ΓoTγ/γo−c.

Corollary 2. The relation

B(Γγ)−Bopt = (ΓγΛ>)−1Γo(Tγ/γo−cBoTγ/γo−c)Γ
o>(ΓγΛ>)−1> (3.8)

holds for every collection of functions {γi} and every constant c.

Remark 2. Identity (3.7) can be interpreted as follows: The more precisely
the matrix Γ is approximated by some optimal matrix Γopt = HΓo, the closer
the asymptotic covariance matrix B(Γ) is to the corresponding estimator of the op-
timal matrix Bopt. Moreover, the matrix (Γ−HΓo)Bo(Γ−HΓo)>, arising in
(3.7), characterizes the degree of proximity.

Similarly, the matrix Tγ/γo−cBoTγ/γo−c with the entries

{(γi/γo
i − c)(Bo)ij(γj/γo

j − c)}

in (3.8) characterizes the degree of this proximity in terms of the relative errors
{γi/γo

i } of the approximation of the chosen quantities {γi} by the optimal {γo
i }.

From this fact we can conclude that the estimators K∗ and V ∗ constructed in (1.3)
and (1.5) are as more precise as less the quantities ci(1 + K/si)3σ2

i depend on i.
Similarly, to increase the accuracy of the estimators K∗∗ and V ∗∗ defined by (1.4)
and (1.6) we recommend choosing the functions γi(K, V ) so that the quantities
γi(K, V )(1 + K/si)3σ2

i be closer to some constant c as much as possible.

3.5. We note that all assertions of this section are of a “conditional” character;
i.e., they are valid provided that (3.3) and (3.4) hold. The question of the restric-
tions under which (3.3) and (3.4) hold will be discussed in the next section, but
some practical recommendations for the choice of the entries of the matrices C and
Γ are given in the current subsection.

Example 1 Let
σ2

i ≡ σ2/Wi(K, V ),
where Wi(K, V ) are known functions, while the parameter σ2 may be unknown.
Then we can put c = 1/σ2 in Corollary 1 and take

γopt
i ≡ Wi(K, V )/(1 + K/si)3 and (Γopt)ki =

{
γopt

i /si, k = 1,
γopt

i , k = 2.

Observe that this example includes two cases that, according to [5], are most
important in practice: one in which the variances σ2

i = σ2 are constant and the other
in which σ2

i = σ2/(1 + K/si)2, i.e., the variances σ2
i are proportional to the mean

of the random variables vi.
Example 2 Let

σ2
i = σ2/w0i(1 + K/si)3,

where w0i are known numbers, while the parameter σ2 may be unknown. Then
the quantities

γopt
i ≡ w0i

are independent of the unknown parameters K, V , and σ2; i.e., in this case we
can determine the optimal constants that minimize the covariance matrix even at
the first step by setting γopt

i ≡ w0i in Corollary 1.
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3.6. Thus, in Examples 1 and 2 (of course, assuming validity of (3.3) and
(3.4)) in quite general cases we constructed asymptotically normal estimators with
the optimal asymptotic covariance matrix Bopt.

Remark 3. Constructing the estimators K∗ and V ∗ in Example 1, we can put,
for instance, ci = γopt

i (Ko, Vo) with some Ko and Vo chosen in advance.
Remark 4. If an exact form of the variance σ2

i is unknown then we cannot
find the sequence {γo

i } and construct the estimators K∗∗ and V ∗∗ for Γ = cΓo.
In this case we can recommend taking the entries of Γ to be functions of which
we may assume that they “differ slightly” from the unknown entries of the matrix
cΓo. Then, by Remark 2, the “better” the chosen entries of the matrix Γ approx-
imate the entries of the optimal matrix cΓo, the less the asymptotic variance of
the resultant estimators differs from Bopt.

Remark 5. If there is no information about the behavior of the variance σ2
i

then we can recommend to take at the first step c1i = s2
i /(Ko + si)3 and c2i =

s3
i /(Ko + si)3 for some Ko. In this case the estimators K∗ and V ∗ are as more

precise as closer the chosen value Ko is to the unknown true value of the parameter
K and as closer the unknown values (1 + K/si)3σ2

i are to some σ2.

3.7. It only remains to prove the above-stated assertions. First of all, we note
that Theorem 1 and Corollaries 1 and 2 are immediate from Theorem 2. To prove
Theorem 2, we use the results of [4]. Observe that Theorem 4 of [4] differs from
our Theorem 2 only by the presence of the matrix RΛ(θ)V−1 instead of HΓo.
However, in our case, by (2.8) and (3.2)

V = TDη ≡ T(1+K/s)2σ2 and Λ = QoΛoT−1
1+K/s.

Therefore,

RΛ(θ)V−1 = RQoΛoT−1
1+K/sT

−1
(1+K/s)2σ2 ≡ HΛoT−1

(1+K/s)3σ2 = HΓo

for H = RQo.
3.8. Remark 6. Suppose that the errors ξi are independent and have standard

normal distribution while the variances σ2
i are independent of the parameters K

and V . Then

Bopt = I−1
N ,

where IN is the Fisher information for the sample v1, . . . , vN (see [4, Remark 3]).
By analogy to the Rao–Cramér inequality, we should thus expect a certain unim-
provability of the estimators K∗ and V ∗ in case we choose C = Γopt, and the esti-
mators K∗∗ and V ∗∗ in case we choose Γ = Γopt.

4. Conditions for Consistency and Asymptotic Normality

4.1. It is obvious that the question of consistency and asymptotic normality
of the constructed estimators depends essentially on the choice of the constants
{cki}, functions {γki}, and behavior of the unknown variances {σi}. However,
consistent and asymptotically normal estimators for K and V may fail to exist
without additional assumptions on the behavior of the numbers si.

For example, if si ≡ s then we can estimate only V
1+K/s , but cannot estimate K

or V separately.
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Of the two main assumptions to be imposed on the behavior of si below, the first
is as follows: there exists a distribution function F (x) such that

]{i : si < x}
N

→ F (x), (4.1)

where the symbol ]A stands for the number of elements in a set A.
Remark 7. If si are chosen at random in a real experiment then we should take

as F (x) the distribution function of the random variable si.
Remark 8. If we “plan” the choice of si (for example, choose half of si near K

and the other half “as far as possible” (see [6]) then the distribution function F (x)
describes the asymptotic behavior of such a “plan” (see, for instance, [7]).

From assumption (4.5) formulated below, it follows in particular that the distri-
bution function F (x) is not concentrated at a single point.

4.2. Suppose that a random variable ν(N) takes the values 1, . . . , N with equal
probabilities, i.e.,

P(ν(N) = i) = 1/N for i = 1, . . . , N.

Denote a random variable with the distribution function F (x) by s. In this case,
assumption (4.1) can be rewritten as

sν(N) =⇒ s, P(s < x) = F (x) for every x. (4.2)

We say that condition (A) holds for A2
0(·) if (4.2) is satisfied and moreover

1
N

N∑
i=1

A2
0(si) ≡ EA2

0(sν(N)) → EA2
0(s) < ∞. (4.3)

We emphasize that in each of the assertions of this section we use its own specially
chosen functions A2

0(·) = A2
0(·,K, V ) ≥ 0 which each time are continuous in their

first argument. We note that by Helly’s theorem (see [8]), convergence (4.3) follows
from (4.2) whenever the function A2

0(·,K, V ), continuous in its first argument, is
bounded. If the function A2

0(·,K, V ) is unbounded then (4.3) is supplementary
to (4.2).

4.3. We now turn to studying the estimators K∗ and V ∗ defined by (1.3).
Throughout the sequel, we assume that the numbers cV i and cKi in (1.5) are
representable in the form

cV i ≡ c2(si)
/∑

c2(si), cKi ≡ c1(si)− cV i

∑
c1(si), (4.4)

where c1(·) and c2(·) are specially chosen continuous functions. Below we frequently
use the following constraints on these functions:

Ec1(s)E
c2(s)
K + s

6= Ec2(s)E
c1(s)
K + s

, Ec2(s) 6= 0. (4.5)

In what follows we also assume that the variances of the random variables {ηi =
(1 + K/si)ξi} satisfy the extra conditions

∀i (1 + K/si)2σ2
i ≡ Dηi = w2

i σ2 > 0 for wi = w(si,K, V ),

where w(·, ·, ·) is some positive function continuous in its first argument.

Theorem 3. Suppose that conditions (4.5) and (A) hold for

A2
0(·) = (|c1(·)|+ |c2(·)|)(1 + w(·,K, V )).

Then K∗ and V ∗ are consistent estimators of the parameters K and V .
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4.4. We turn to studying the conditions of asymptotic normality of the estima-
tors K∗ and V ∗. We need the following notation:

aK =
∑ cKi

K + si
, aV =

∑ cV i

K + si
, b2

K =
∑

c2
Kiw

2
i , b2

V =
∑

c2
V iw

2
i ,

bKV =
∑

cKicV iw
2
i , ρKV = bKV /b2

K , b2
V V = b2

V − b2
KV /b2

K .

Theorem 4. Suppose that conditions (4.5) and (A) hold for

A2
0(·) = (|c1(·)|+ |c2(·)|) +

(
c2
1(·) + c2

2(·)
)
w2(·,K, V ).

Then(
aKV (K∗ −K)

σbK
,
(V ∗ − V ) + (aV /aK + aKρKV V )(K∗ −K)

σbV V

)>
=⇒ Φ2(0, I).

Corollary 3. Under the assumptions of Theorem 4, the estimators K∗ and V ∗ are
consistent and (3.3) holds.

The asymptotic covariance matrices in Theorem 4 and Corollary 2 depend essen-
tially on the unknown parameters K and V and perhaps on the unknown variances
σ2

i . Therefore, while constructing confidence intervals and testing hypotheses, it
should be good to have an assertion in which at least one of these matrices is re-
placed by a known matrix. We give some solution of this problem for the estimators
of the first step. We put

η∗i = vi + K∗vi/si − V ∗, (4.6)

a∗K =
∑

cKivi/si, a∗V =
∑

cV ivi/si, b∗2K =
∑

c2
Kiη

∗2
i , b∗2V =

∑
c2
V iη

∗2
i ,

b∗KV =
∑

cKicV iη
∗2
i , ρ∗KV = b∗KV /b∗2K , b∗2V V = b∗2V − b∗2KV /b∗2K .

Theorem 5. Suppose that conditions (4.5) and (A) hold for

A2
0(·) =

(
c2
1(·) + c2

2(·)
)
(1 + w2(·,K, V )).

Then(
a∗K(K∗ −K)

b∗K
,
(V ∗ − V ) + (a∗V /a∗K + a∗Kρ∗KV )(K∗ −K)

b∗V V

)>
=⇒ Φ2(0, I).

Corollary 4. Suppose that the functions ck(x) in (4.4) are representable in the form

c1(x) = c(x)/x and c2(x) = c(x) for x > 0; (4.7)

moreover,
P(s = t) < 1 for every t and P(c(s) > 0) = 1, (4.8)

where c(·) is some continuous function. Suppose that condition (A) holds for

A2
0(x) = c2(x)(1 + 1/x2)(1 + w2(x,K, V )).

Then all assertions of Corollary 3 and Theorems 3–5 are valid.

4.5. We turn to studying the estimators K∗∗ and V ∗∗ defined by (1.4). Through-
out the sequel, we assume that the statistics γ∗V i and γ∗Ki in (1.4) are representable
in the form

γ∗V i ≡ γ2(si,K
∗)
/ N∑

i=1

γ2(si,K
∗), γ∗Ki ≡ γ1(si,K

∗)− γ∗V i

N∑
i=1

γ1(si,K
∗), (4.9)

where γj(s,K) > 0, j = 1, 2, are specially chosen positive functions.
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We say that condition (D) holds if the functions {γj(si,K)} are continuous in
the first argument, differentiable in the second, their partial derivatives with respect
to the second argument satisfy the condition

sup
K/2≤t≤2K

∣∣∣∣∂γj(si, t)
∂t

∣∣∣∣ ≤ M(si,K) < ∞, j = 1, 2,

and the function M(·, ·) is continuous in its first argument.
We need the following notations:

ãK =
∑ γKi

K + si
, ãV =

∑ γV i

K + si
, b̃2

K =
∑

γ2
Kiw

2
i , b̃2

V =
∑

γ2
V iw

2
i ,

b̃KV =
∑

γKiγV iw
2
i , ρ̃KV = b̃KV /b̃2

K , b̃2
V V = b̃2

V − b̃2
KV /b̃2

K .

Also, we will use the condition

Eγ1(s)E
γ2(s)
K + s

6= Eγ2(s)E
γ1(s)
K + s

, Eγ2(s) 6= 0. (4.10)

Theorem 6. Suppose that conditions (4.5), (4.10), (D), and (A) hold for

A2
0(·) = (|c1(·)|+ |c2(·)|+ |γ1(·,K)|+ |γ2(·,K)|+ M(·,K))

+
(
c2
1(·) + c2

2(·) + γ2
1(·,K) + γ2

2(·,K) + M(·,K)2
)
w2(·,K, V ).

Then(
ãKV (K∗∗ −K)

σb̃K

,
(V ∗∗ − V ) + (ãV /ãK + ãK ρ̃KV V )(K∗∗ −K)

σb̃V V

)>
=⇒ Φ2(0, I).

Corollary 5. If all assumptions of Theorem 6 are satisfied then (3.4) holds.

Remark 9. Suppose that the functions γj(·, ·) in (4.9) are representable in
the form

γ1(x,K) = γ(x, K)/x and γ2(x,K) = γ(x,K) for x > 0,

where γ(·,K) ≥ 0 is some function continuous in its first argument. As follows
from the forthcoming Lemma 21, in this case the conditions

P(s = t) < 1 ∀t and 0 < E(1 + 1/s)γ(s,K) < ∞

guarantee validity of (4.10).

4.6. We now describe the idea behind the proofs of Theorems 3–6 and their
corollaries. The proofs themselves are exposed in § 5 and § 6. As we have repeated
constantly, the problem under consideration is a special particular case of a general
problem of [4] under the assumptions (2.3). And the proofs below are as a rule
based on verification of the conditions of more general assertions of [4].

By analogy to [4], we introduce the following notations:

η = (η1, . . . , ηN )>, v = (v1, . . . , vN )>,

X = X2×N , (X)1i = −vi/si, (X)2i = 1, Ψ = −(X−Λ),
where Λ = EX is defined by (3.1). Moreover, we need the matrices

U =
(

N1/2/bK 0
−N1/2ρKV /bV V N−1/2/bV V

)
, R =

(
1 −

∑
c1(si)

/∑
c2(si)

0 N
/∑

c2(si)

)
.

(4.11)
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Finally, we denote by Γ(K), R(K), and Ũ the matrices that result from substituting
γ1(s,K) for c1(s) and γ2(s,K) for c2(s) in the definitions of the respective matrices
C , R, and U.

Remark 10. Note that the matrices R and R(K) are chosen so that

RC =
(

cK1, . . . , cKN

NcV 1, . . . , NcV N

)
, R(K)Γ(K) =

(
γK1, . . . , γKN

NγV 1, . . . , NγV N

)
, (4.12)

and the matrices U and Ũ are chosen so that the assertions of Theorems 4 and 6
can be rewritten in the form

σ−1N−1/2URCΛ>(K∗ −K, V ∗ − V ) =⇒ Φ2(0, I), (4.13)

σ−1N−1/2ŨR(K)Γ(K)Λ>(K∗∗ −K, V ∗∗ − V ) =⇒ Φ2(0, I). (4.14)

Moreover, the random variables σ−1N−1/2URCη and σ−1N−1/2ŨR(K)Γ(K)η
have the identity covariance matrices; i.e.,

UR(CT2
wC>)R>U>/N = I, ŨR(K)(Γ(K)T2

wΓ>(K))R>(K)Ũ>/N = I.
(4.15)

Thus, with the above notations, equations (2.4) and (2.6) defining the estimators
θ∗ and θ∗∗ can be rewritten in the following equivalent matrix form:

CX>(K∗, V ∗)> = Cv, Γ(K∗)X>(K∗∗, V ∗∗)> = Γ(K∗)v. (4.16)

As noted in Remark 5 of [4], these equations do not change if we multiply them
from the left by arbitrary nondegenerate matrices:

RCX>(K∗, V ∗)> = RCv, R(K∗)Γ(K∗)X>(K∗∗, V ∗∗)> = R(K∗)Γ(K∗)v.
(4.17)

On using (4.12), it is easy to check that the first equation in (4.17) coincides with
(2.9) for cKi and cV i defined by (2.5); i.e., it coincides with a system of equations
whose coefficients satisfy (2.10) and immediately yield the estimators K∗ and V ∗

of the first step. The second equation in (4.17) leads immediately to the improved
estimators K∗∗ and V ∗∗.

Therefore, in this article, while studying estimators we will ground on equations
(4.17) rather than on less convenient equations (4.16). Using the general results of
[4], we will replace in them the matrices C by RC, Γ(θ∗) by R(K∗)Γ(K∗), and
the matrices U and UΓ by σ−1N−1/2U and σ−1N−1/2Ũ respectively.

Remark 11. Observe that, in view of relations (4.13)–(4.15), Corollaries 3 and
5 are immediate from the corresponding Corollaries 5 and 6 of [4].

4.7. To simplify proofs, henceforth we do not indicate dependence of some
quantities on the true values of the parameters K and V which are assumed to be
fixed. In particular, we will use the notations

w(s) = w(s,K, V ), wi = w(si,K, V ), k(s) ≡ (K + s)−1, ki = k(si) = (K + si)−1,

M(s) = M(s,K, V ), γj(s) = γj(s,K), γKi = γKi(si,K), γV i = γV i(si,K).

Furthermore, we assume that

∆ = Γ(K∗)− Γ(K), δji ≡ (∆)ji = Γj(si,K
∗)− Γj(si,K), j = 1, 2.
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5. Proofs of Theorems 3–5

5.1. As a preliminary, we prove some auxiliary assertions.

Lemma 1. If condition (A) holds then

1
N

N∑
i=1

A(si) → EA(s) (5.1)

for every function A(s) continuous in the first argument and satisfying the condition

∀x |A(x)| ≤ C0

(
1 + A2

0(x)
)

(5.2)

with some constant C0.

See a proof in, for instance, [9, Proposition 5].
Remark 12 Thus, if some continuous function A(·) satisfies conditions (5.2)

and (A) then, in addition to (5.1), we also have the convergences

1
N

∑
A(si)ki → EA(s)k(s),

1
N

∑
A(si)k2

i → EA(s)k2(s),

since k(si) ≤ 1/K. If for all x

A2
1(x) + A2

2(x) ≤ C0(1 + A2
0(x))

for some continuous functions A1(·) and A2(·) then Lemma 1 trivially implies
the convergences

1
N

∑
Aj(si) → EAj(s),

1
N

∑
A2

j (si) → EA2
j (s) for j = 1, 2,

1
N

∑
A1(si)A2(si) → EA1(s)A2(s).

Lemma 2. Suppose that E|ζ| < ∞ and that condition (A) holds for A2
0(s) = |a(s)|,

where a(s) is some continuous function. Then for every α > 0

D0,N ≡
∑

Emin
{∣∣∣∣a(si)ζ

N

∣∣∣∣1+α

,

∣∣∣∣a(si)ζ
N

∣∣∣∣}→ 0. (5.3)

Proof. Rewrite (5.3) in the following equivalent form:

D0,N =
1
N

∑
E
(
|a(si)||ζ|min

{(
|a(si)||ζ|

N

)α

, 1
})

, (5.4)

and use the inequality

min
{

(|a(si)| |ζ|)α

Nα
, 1
}
≤ min

{
|a(si)|α

Nα/2
, 1
}

+ min
{
|ζ|α

Nα/2
, 1
}

. (5.5)

Then, from (5.4) and (5.5) obtain

D0,N ≤ 1
N

∑
fN (si)E|ζ|+

1
N

∑
|a(si)|Emin

{
|ζ|1+α

Nα/2
, |ζ|
}

, (5.6)

where

fM (s) = min
{
|a(s)|1+α

Mα/2
, |a(s)|

}
. (5.7)
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Observe that, for each fixed M > 0, the function fM (s) is continuous in s and that
|fM (s)| ≤ |a(s)| ≡ A2

0(s). Hence, by Lemma 1

1
N

∑
|a(si)| → E|a(s)| and

1
N

∑
fM (si) → EfM (s).

Thus, from the last two relations we find that

1
N

∑
fN (si) ≤

1
N

∑
fM (si) → EfM (s) ∀M > 0.

However, by Lebesgue’s theorem and in view of definition (5.7)

EfM (s) = Emin
{
|a(s)|1+α/Mα/2, |a(s)|

}
→ Emin{0, |a(s)|} = 0

as M →∞. Hence,

lim
1
N

∑
fN (si) = 0. (5.8)

From Lebesgue’s theorem we also immediately obtain

Emin
{
|ζ|1+α/Nα/2, |ζ|

}
→ 0. (5.9)

Inserting (5.8) and (5.9) in (5.6), we now arrive at (5.4).

Lemma 3. Suppose that condition (A) holds for A2
0(s) = |a(s)|, where a(s) is some

continuous function. Then
1
N

∑
a(si)ξi

p→ 0.

Proof. This statement is a particular instance of the Law of Large Numbers
for a scheme of series (see [8, Chapter 8, Theorem 3]). Therefore, it suffices to
demonstrate that

D1,N ≡
∑

Emin
{(

a(si)ξi

N

)2

,

∣∣∣∣a(si)ξi

N

∣∣∣∣}→ 0. (5.10)

The quantities ξi in this expression can be replaced with ξ1, as their distributions
coincide. Now, the needed convergence in (5.10) follows from Lemma 2 with ζ = ξ1

and α = 1. �

Lemma 4. Suppose that condition (A) holds for A2
0 = b2(s), where b(s) is some

continuous function. Then

1√
N

∑
b(si)ξi =⇒ Φ1(0,Eb2(s)).

Proof. Since Eb(si)ξi = 0 for all i and

D
(

1√
N

∑
b(si)ξi

)
=

1
N

∑
b2(si) → Eb2(s) < ∞

by (4.3), this statement is a particular instance of the Central Limit Theorem for
a scheme of series. Therefore, it suffices to check (see [8, Chapter 8, Theorem 5])
fulfillment of the conditions

D2,N ≡
∑

Emin
{(

b(si)ξi√
N

)2

,

(
b(si)ξi√

N

)3}
→ 0.



Yu. Yu. Linke and A. I. Sakhanenko 15

However, since the sequence {ξi} is identically distributed, the representation for
D2,N can be rewritten in the following equivalent form:

D2,N =
∑

Emin
{(

b2(si)ξ2
1

N

)1+ 1
2

,
b2(si)ξ2

1

N

}
→ 0. (5.11)

Convergence (5.11) is now immediate from Lemma 2 with a(s) = b2(s), ζ = ξ2
1 , and

α = 1/2. �

Lemma 5. Suppose that the conditions of Lemma 3 are satisfied. Then
1
N

∑
a(si)(ξ2

i − 1)
p→ 0.

Proof. The claim of the lemma is a particular instance of the Law of Large
Numbers for a scheme of series. Therefore, by analogy to the derivation of Lemma
3, it suffices to check the convergence

D1,N ≡
∑

Emin
{(

a(si)(ξ2
i − 1)

N

)2

,

∣∣∣∣a(si)(ξ2
i − 1)

N

∣∣∣∣}→ 0.

Since the sequence {ξi} is identically distributed, the latter convergence is imme-
diate from Lemma 2 with ζ = ξ2

1 − 1 and α = 1. �

5.2. We now state some corollaries to the proven assertions.

Lemma 6. Suppose that condition (A) holds for A2
0(s) = |c1(s)|+ |c2(s)|. Then

1
N

∑
cj(si) → Ec1(s),

1
N

∑
cj(si)ki → Ecj(s)k(s), j = 1, 2.

Lemma 7. If condition (A) holds for A2
0(s) = (|c1(s)|+ |c2(s)|)w(s) then

1
N

∑
cj(si)w(si)ξi

p→ 0,
1
N

∑
cj(si)w(si)kiξi

p→ 0, j = 1, 2.

Lemma 6 is immediate from Remark 12 and Lemma 7, from Lemma 3 and
the same Remark 12.

Lemma 8. Suppose that conditions (4.5) and (A) hold for A2
0(s) = (c2

1(s) +
c2
2(s))w

2(s). Then
CTDηC>/N → V0,

where V0 is some nondegenerate function.

Proof. The convergence

CTDηC>/N → σ2

(
Ec2

1(s)w
2(s) Ec1(s)c2(s)w2(s)

Ec1(s)c2(s)w2(s) Ec2
2(s)w

2(s)

)
≡ V0

is immediate from Remark 12. Were the function V0 degenerate, we would have
the equality

Ec2
1(s)w

2(s)Ec2
2(s)w

2(s) = (Ec1(s)c2(s)w2(s))2. (5.12)
However, as indicated in the well-known derivation of Schwartz’s inequality, equality
(5.12) is possible only in the case of

P((c2(s)− tc1(s))2w2(s) = 0) = 1

for some nonrandom t. The last could hold only if P(c2(s) = tc1(s)) = 1, which
contradicts (4.5). �
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Lemma 9. If the conditions of Lemma 8 are satisfied then

Cη/
√

N =⇒ Φ2(0,V0). (5.13)

Proof. We use the Cramér–Wald method. It suffices to show that

∀t1, t2
1√
N

∑
a(si, t1, t2)ξi =⇒ Φ1(0,Ea2(s, t1, t2))

for
a(s, t1, t2) = t1c1(s)w(s) + t2c2(s)w(s).

This convergence follows from Lemma 4 and Remark 12. �

5.3. We now prove the main lemmas needed for derivation of Theorems 3 and
4.

Lemma 10. If the conditions of Theorem 3 are satisfied then

Cη/N
p→ 0, CΨ>/N

p→ 0, CΛ>/N → Λ0, R → R0,

where Λ0 and R0 are some nondegenerate matrices.

Proof. The first two convergences in the statement of the lemma are immediate
from Lemma 7 and the following two representations:

Cη = σ

(∑
c1(si)wiξi∑
c2(siwiξi

)
, CΨ> = σ

(∑
c1(si)wikiξi 0∑
c2(si)wikiξi 0

)
.

Next, by Lemma 6

CΛ>(θ)/N=
(
−V 1

N

∑
c1(si)ki

1
N

∑
c1(si)

−V 1
N

∑
c2(si)ki

1
N

∑
c2(si)

)
→
(
−V Ec1(s)k(s) Ec1(s)
−V Ec2(s)k(s) Ec2(s)

)
≡Λ0,

R =
(

1 −
∑

c1(si)
/∑

c2(si)
0 N

/∑
c2(si)

)
→
(

1 Ec1(s)
/
Ec2(s)

0 1
/
Ec2(s)

)
≡ R0,

whereas the nondegeneracy of the limit matrices Λ0 and R0 is obvious in view of
(4.5). �

Lemma 11. If the conditions of Theorem 4 are satisfied then all claims of Lemma
10 hold and moreover

U → U0 and σ−1N−1/2URCη =⇒ Φ2(0, I), (5.14)

where U0 is some nondegenerate matrix.

Proof. By (4.11), the entries of the matrix U are continuous functions of the en-
tries of the covariance matrix of the random vector N−1/2RCη which equals
RCTDηC>R>/N . Hence, Lemmas 8 and 10 imply existence of the limit U0 of
the matrices U, and we can pass to the limit in (4.15):

I ≡ URCT2
wC>R>U>/N → σ−2U0R0V0R>

0 U>
0 = I. (5.15)

Furthermore, by Lemma 9 we have

σ−1N−1/2URCη =⇒ Φ2

(
0, σ−2U0R0V0R>

0 U>
0

)
. (5.16)

Comparing (5.16) and (5.15), we arrive at the second assertion in (5.14).
5.4. Proof. of Theorem 3. As follows from Theorem 1 of [4] (after changing

the matrix C to RC in it), while proving Theorem 3 it suffices to verify the fulfill-
ment of the conditions

(RCΛ)−1RCη
p→ 0, (RCΛ)−1RCΨ> p→ 0. (5.17)
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We use Lemma 10. From the last assertion of this lemma we infer that the matrix
R is nondegenerate from some number N onwards. Hence, the relations of (5.17)
can be rewritten in the form

(CΛ>/N)−1Cη/N
p→ Λ−1

0 0 = 0, (CΛ>/N)−1CΨ>/N
p→ Λ−1

0 0 = 0.

�
Proof. of Theorem 4. In accordance with Corollary 1 and Remark 2 of [4],

the conditions

σ−1N−1/2URCη =⇒ Φ2(0, I), URCΨ>(RCΛ>)−1U−1 p→ 0 (5.18)

guarantee (in our notations) the convergence of (4.13). It remains to note that
validity of (5.18) is immediate from Lemmas 10 and 11 if we apply the assertions
of these lemmas to the matrix products in (5.18).

5.5. We now establish several auxiliary assertions needed in derivation of The-
orem 5. Given nonrandom t1 and t2, put

b(s) = t1c1(s) + t2c2(s), bi = b(si).

Lemma 12. Suppose that condition (A) holds for

A2
0(s) =

(
c2
1(s) + c2

2(s)
)
(1 + w2(s)).

Then
1
N

∑
b2
i w

2
i → Eb2(s)w2(s) ≡ b0,

1
N

∑
b2
i k

2
i → Eb2(s)k2(s) < ∞, (5.19)

1
N

∑
b2
i w

2
i ξ2

i → b0,
1
N

∑
b2
i k

2
i w2

i ξ2
i → Eb2(s)k2(s)w2(s). (5.20)

Proof. Both assertions in (5.19) ensue from Remark 12. From this fact and
Lemma 5 with a(·) ≡ b2(·)w2(·) and a(·) ≡ b2(·)k2(·)w2(·) we find that

1
N

∑
b2
i w

2
i

(
ξ2
i − 1

) p→ 0,
1
N

∑
b2
i k

2
i w2

i

(
ξ2
i − 1

) p→ 0. (5.21)

From (5.21) and (5.19) we deduce (5.20). �

Lemma 13. Under the assumptions of Theorem 5,
1
N

∑
b2
i η
∗2
i

p→ σ2b0.

Proof. We introduce the following notations:

δ∗ =

√
1
N

∑
b2
i η
∗2
i −

√
1
N

∑
b2
i η

2
i , δc =

√
1
N

∑
b2
i η

2
i − σ

√
b0.

Observe that by (2.8), (4.2), and (4.6)

ηi = σwiξi, η∗i − ηi = (K∗ −K)vi/si − (V ∗ − V ). (5.22)

In particular, from the first equality in (5.22) and Lemma 12 we obtain

δc
p→ 0. (5.23)

We emphasize that the quantity
√

1
N a2

i possesses all properties of a norm for
every sequence {a1, . . . , aN}. From this fact and (5.22) we deduce the inequalities

|δ∗| ≤
√

1
N

∑
b2
i (η

∗
i − ηi)2 ≤ |K∗ −K|

√
1
N

∑
b2
i v

2
i /s2

i + |V ∗ − V |, (5.24)
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1
N

∑
b2
i v

2
i /s2

i ≤
√

1
N

∑
b2
i k

2
i +

√
1
N

∑
b2
i k

2
i w2

i ξ2
i . (5.25)

By Lemma 12, both summands on the right-hand side of (5.25) have finite limits.
From this fact and (5.24) we find that

δ∗
p→ 0, (5.26)

for it merely suffices to recall that the estimators K∗ and V ∗ are consistent because
the assumptions of Theorem 5 are more stringent than those of Theorems 3 and 4.

Now, (5.23) and (5.26) imply the required conclusion of the lemma. �

Lemma 14. Under the assumptions of Theorem 5,

(CTη∗2C>)jk/N → (V0)jk, j, k = 1, 2, (5.27)

where V0 is the matrix in Lemma 8.

Proof. Setting b(s) = cj(s) in Lemma 13, we readily obtain the convergence in
(5.27) for k = j. To prove the convergence for j = 1 and k = 2, we should use
Lemma 13 with b(s) = c1(s)± c2(s), observing that

c1(s·)c2(s·) = [(c1(s·) + c2(s·))2 − (c1(s·)− c2(s·))2]/4.

�
5.6. Proof. of Theorem 5. We introduce the matrix U∗ that appears if in

the definition (4.11) of the matrix U we replace the quantities bK , bV V , and ρKV

with the respective quantities b∗K , b∗V V , and ρ∗KV . Since the entries of the matrix
U∗ are continuous functions in the entries of the matrix (CTη∗2C>)/N , it is easy
to see that U∗ p→ σ−1U0 by Lemma 14. From this fact and Lemma 11 we obtain

σU∗U−1 p→ U0U−1
0 = I. (5.28)

Now, we note that the claim of Theorem 5 can be rephrased as

N−1/2U∗RCX>(K∗ −K, V ∗ − V )> ⇒ Φ2(0, I). (5.29)

However, as follows from (3.7) in [4], the convergence in (5.29) amounts to

σU∗U−1(σ−1N−1/2URCη) ⇒ Φ2(0, I). (5.30)

Relation (5.30) now follows from (5.28) and Lemma 11, as the assumptions of
Theorem 5 are more stringent than those of Theorem 4. �

6. Proofs of Theorem 6 and Corollary 4

6.1. We begin with proving two auxiliary assertions.

Lemma 15. Suppose that a sequence of numbers {Ai} satisfies the conditions

d2
N ≡ bK/a2

K =
∑

c2
Kiw

2
i

/(∑
cKiki

)2

→ 0, (6.1)

d2
N

1
N

∑
M2

i A2
i w

2
i → 0. (6.2)

Then

τ1,N ≡ 1√
N

∑
δjiAiwiξi

p→ 0, j = 1, 2.
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Lemma 16. Suppose that a sequence of numbers {Ai} satisfies (6.1) and

dN
1
N

∑
Mi|Ai| → 0. (6.3)

Then

τ2,N ≡ 1
N

∑
δjiAi

p→ 0, j = 1, 2.

Proof. of Lemmas 15 and 16 We will apply the results of [3], wherein a similar
estimator K∗ was studied. We bind the quantities in [3] (writing them on the left-
hand sides) with those in this article as follows:

ai = 1, bi = 1/si, ci = cKi, αi = ki, βi = σwi, dc = σdN ,

Xi = vi, θ = K, θ∗ = K∗, γi(θ) = Aiγ(si,K), Ki = AiMi.

Inspecting § 5 of [3], we can easily see that it is possible to define an estimator
K̃ analogous to θ̃ of [3] so that it possesses the following properties:

K̃ = K∗, provided that K/2 ≤ K∗ ≤ 2K;

|Aiδji| ≤ |Ai|Mi · |K̃ −K|, provided that K̃ = K∗; (6.4)

P(K̃ 6= K∗) → 0 as dN → 0. (6.5)

Moreover, in this case the assertions of Lemmas 8 and 12 of [3] can be restated as
follows:

E|K̃ −K|2 ≤ 16σ2d2
N , (6.6)

E{|τ1,N | : K̃ = K∗} ≤ 17σdN

√
1
N

∑
M2

i A2
i w

2
i . (6.7)

The claim of Lemma 15 is immediate from (6.5) and (6.6). To prove Lemma 16,
we note that by (6.4)

|τ2,N | ≤
1
N

∑
|Ai|Mi · |K̃ −K|, provided that K̃ = K∗.

Using (6.6), whence we infer

E{|τ2,N | : K̃ = K∗} ≤ 1
N

∑
|Ai|Mi

√
E|K̃ −K|2 ≤ 4σdN

1
N

∑
|Ai|Mi.

The last inequality and (6.5) yield the conclusion of Lemma 16. �

6.2. We need several consequences of the above assertions.

Lemma 17. If the conditions of Theorem 6 are satisfied then there exists a number
d0 such that

Nd2
N ≡ NbK/a2

K → d2
0.

Proof. By (4.4), (4.5), and Lemma 6 we have

aK

N
=

1
N

∑
c1(si)ki−

1
N

∑
c2(si)ki ·

∑
c1(si)∑
c2(si)

→ E
c1(s)
K + s

−E
c2(s)
K + s

·Ec1(s)
Ec2(s)

6= 0.

(6.8)
Since σ2bK equals the variance of the first coordinate of the vector RCη, it follows
from Lemmas 8 and 10 that σ2bK/N → (R0V0R>

0 )11. From this convergence and
(6.8) we infer the conclusion of the lemma. �
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Lemma 18. If the conditions of Theorem 6 are satisfied then all conditions and
conclusions of Lemmas 15 and 16 hold for Ai ≡ 1 and Ai ≡ ki. In particular,

1
N

∑
δjivi/si

p→ 0,
1√
N

∑
δjiwiξi

p→ 0,

1
N

∑
δji

p→ 0, γ∗j ≡
1
N

∑
γj(si,K

∗)
p→ Eγj(s,K), j = 1, 2.

Proof. The convergence d2
N → 0 is immediate from the preceding lemma. Fur-

thermore, by the conditions of Theorem 6 and Remark 12
1
N

∑
M2

i w2
i k2

i → EM2(s)w2(s)k2(s),
1
N

∑
M2

i w2
i → EM2(s)w2(s),

1
N

∑
Miki → EM(s)k(s),

1
N

∑
Mi → EM(s).

Hence, in view of (6.1) we have (6.2) and (6.3). To derive the last assertions of
the lemma, it suffices to observe that∑

δjivi/si = V
∑

δjiki + σ
∑

δjiwikiξi,

γ∗j ≡
1
N

∑
γj(si,K

∗) =
1
N

∑
δji +

1
N

∑
γj(si,K).

�

6.3. We now prove two lemmas that play a key role in derivation of Theorem 6.

Lemma 19. Under the assumptions of Theorem 6,

Γ(K)η/N
p→ 0, Γ(K)Ψ>/N

p→ 0, Γ(K)Λ>/N → Λ̃0,

R(K) → R̃0, Ũ → Ũ0 and N−1/2ŨR(K)Γ(K)η =⇒ Φ2(0, I),

where Ũ0, Λ̃0, and R̃0 are some nondegenerate matrices.

This statement is immediate from Lemmas 10 and 11 if we replace the functions
cj(·) in them with γj(·,K), j = 1, 2.

Lemma 20. Under the assumptions of Theorem 6,

N−1/2∆η
p→ 0, N−1∆X> p→ 0, R(K∗)

p→ R̃0.

This statement is immediate from Lemma 18 if we observe that

R(K∗) =
(

1 −γ∗1/γ∗2
0 γ∗2

)
, ∆η = σ

(∑
δ1iwiξi∑
δ2iwiξi

)
,

∆X> =
(
−
∑

δ1ivi/si

∑
δ1i

−
∑

δ2ivi/si

∑
δ2i

)
.

6.4. Proof. of Theorem 6. As shown in Theorem 3 of [4], it suffices to check
the fulfillment of the following conditions:

W0 ≡ σ−1N−1/2ŨR(K)Γ(K)η =⇒ Φ2(0, I), (6.9)

W1 ≡ σ−1N−1/2Ũ(R(K∗)Γ(K∗)−R(K)Γ(K))η
p→ 0. (6.10)

W2 ≡ ŨR(K∗)Γ(K∗)X>(Γ(K)Λ>)−1(R(K))−1Ũ−1 p→ I, (6.11)
Condition (6.9) is immediate from Lemma 19. This condition and Lemma 20 yield
(6.10), since

W1 = σ−1ŨR(K∗)(N−1/2∆η) + Ũ(R(K∗)R−1(K)− I)Ũ−1W0.
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To check the fulfillment of (6.11), it suffices to apply Lemmas 19 and 20 to
the matrix product and observe that

Γ(K∗)X>/N = Γ(K)Λ>/N + Γ(K)Ψ>/N + ∆X>/N
p→ Λ̃0 + 0 + 0.

6.5. Corollary 4 is obvious from the following

Lemma 21. Conditions (4.8) imply validity of (4.5).

Proof. Put f(x) = x−1(K + x)−1c(x) > 0. Then in view of (4.7) the first
condition in (4.5) can be rewritten in the form

δ ≡ [E(K + s)f(s)][Esf(s)]− [Es(K + s)f(s)][Ef(s)](1)

= [Esf(s)]2 − [Es2f(s)][Ef(s)](2)

= [E(sf1/2(s))f1/2(s)]2 − [E(sf1/2(s))2][E(f1/2(s))2] 6= 0.(3)

Thus, the equality δ = 0 may hold only if

P(sf1/2(s) = tf1/2(s)) = 1

for some nonrandom t. But this contradicts (4.8).
If we put c(x) = γ(x,K) in Lemma 21 then we come to the assertion mentioned

in Remark 9. �

7. Concluding Remarks

Remark 13. It must be emphasized that, due to extensive practical use of
the Michaelis–Menten equation, there are many publications devoted to the problem
of estimating the parameters of this equation, and many methods were proposed for
estimating the unknown parameters in this problem which is very important from
a practical viewpoint (see, for instance, [1, 2, 5, 6, 10–14], and the references therein).
Among the found estimators we distinguish the following (see, for instance, [2]):

Ṽ =
∑

v2
i /s2

i

∑
v2

i − (
∑

v2
i /si)2∑

v2
i /s2

i

∑
vi −

∑
v2

i /si

∑
vi/si

, (7.1)

K̃ =
∑

v2
i

∑
vi/si −

∑
v2

i /si

∑
vi∑

v2
i /s2

i

∑
vi −

∑
v2

i /si

∑
vi/si

. (7.2)

They are most close to the estimators that we propose in the present article.
However, as far as the authors know, none of these methods has a satisfactory

theoretical justification. A detailed study of the methods and comparison with
the estimators obtained by the method of this article will be carried out in a forth-
coming article of the authors. For example, we will demonstrate that the estimators
(7.1) and (7.2), known as Johansen–Lavry estimators, despite their explicit form,
have an essential shortcoming in comparison to the explicit estimators that we con-
structed in the present article. Namely, the estimator K̃ of the parameter K is
unbiased only in one particular case, whereas the estimator Ṽ for the parameter V
is always biased.

Remark 14. Throughout the article, K and V are unknown parameters. More-
over, the variances {σ2

i } may be unknown too. Thus, most conditions in all asser-
tions of the article are restrictions on quantities which contain unknown parameters.
It is clear that for practical application of these assertions we must verify all such
conditions for all possible values of all unknown parameters (as this is done, for
instance, in [9]).
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